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Lattice QCD
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> link variables U, (x) = exp(i [*"*" A, dz")
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> Wilson line U, (7, 7) = exp(i [J A, dz") = [[ U,
» path-ordered product of link variables, on-/off-axis
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» plaquette, Wilson loop W (R, T)), static Q) pair
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Motivation

» hybrid mesons (valence glue, exotics, XYZ), (hybrid) static-light

» identify bound states using Born-Oppenheimer approximation
Braaten et al. (2014), Capitani et al. (2019)

» observation of (hybrid) string breaking in QCD, e.g., Bali et al.
(2008), Bulava et al. (2019)

» calculate the (hybrid) static potential with high resolution
= on the lattice we have to work with off-axis separated quarks

v

the spatial part of the Wilson loop has to go over stair-like paths
through the lattice — not unique, computationally expensive

= alternative operator which ensures gauge invariance of the

quark-anti-quark Q()U,(Z, 7)Q (%) trial state p --

> required gauge transformation behavior: //,,’_;
2,7 U (2.7 G (7 Wil=

Us(x,y) = G(x)Us(x,y)G (y) //7-_:

TI0;
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Laplace trial states

> idea taken from Neitzel et al. (2016) SU(2)
> eigenvectors v(Z) of the 3D covariant lattice Laplace operator
» gpatial Wilson line: U/(Z, ) = G(2)U, (%, 7)GT(7)
v (@)'1() = G@) (@) (§ET(H)
» Wilson loop of size (R = || = |7 — ¢/]) x (T = |t; — to])
W (R, T) = (tr [Uy(; to, t1)Us (&, 5 1)U} (§ to, 1)UL (Z, 5 to)])
= (X0 o [U(@)p; (t1)v; (Z, )0} (7, 01) U (§)pi (to )i (7 o) o] (. )

: U V() v(y)
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Static Perambulator

static perambulator 7, (i, to, t1) = v (&, t0) Uy (Z; to, t1)v; (7, t1)

N,
Q(t) =Y (> mij(& to, to +1))
Zito 0.J
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expectation value should vanish, no single quarks... //77‘;
A
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Optimal trial state results

» Gaussian profile functions: p!"(\,) = exp(—A2/202)

> define correlation matrix 17}, using 7 different oy, ;, SVD (uy, ;)
> GEVP: W (t)v"™) = pu™W (to)v™, u™) give effective energies
» optimal profiles ﬁg)(/\i) = V,in)um exp(—A?/20?)

> 243 x 48, 3 =5.3, Ny = 2, k = 0.13270, a = 0.0658 fm

1 —+— Laplace trial state ® correlators 15 32 /202
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Static-hybrid potentials

Hybrid static potentials are characterized by the following quantum
numbers A¢, Bali et al. (2005), Bicudo et al. (2015):

7’
> A=0,1,2,3,... =3, 11,A, @, ..., the absolute value of the total

angular momentum with respect to the axis of separation of the
static quark-antiquark pair

» n=+4,— = g,u, the eigenvalue corresponding to the operator
P oC, i.e. the combination of parity and charge conjugation

» ¢ =+, —, the eigenvalue corresponding to the operator P,
which denotes the spatial reflection with respect to a plane
including the axis of separation (A > 0 degenerate)

= derived from the continuous group D..,, which leaves a cylinder .
along a chosen axis invariant, with irreducible representations ///__=
(irreps): AT (S1), AF (1), B (Iw), B3 (As), B (@), ... 2

— on the lattice we have D, with 10 irreps: A, AT, B, By, B+

= subduction relations A}, — A{,, B — E*, By — Bf @ By ...
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Hybrid Mesons

Wilson loop static-hybrid states

standard construction with handles, e.g. >, Capitani et al. (2019)
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Laplacian static-hybrid states

> we can realize gluonic excitations via covariant derivatives
Vipo(@) = §[Un(@)0(@ + k) — UL (F — k)o(@ — k)]

» derivative based operators that transform according to the 10
irreps of the cubic group Oy: V,(T1), B; = €%V, Vi(T1),
Di = leijkl V; Vi(T2), Bi = Qiji’V; Vi(E), V(A1)

> since Dy, is a subgroup of O;, we have the subduction relations
AT = Af, Af - BE, E* - AT @ BE, T — AT ¢ E* and
Ty — By @ E*

> the three components of V; get separated into one that

transforms like A, (along the separation axis) and two that
transform like £ (the two orthogonal to the separation axis)

» with excited gluons also exotic quantum numbers accessible ///_—‘.
JPC =07=,0" 17+, 2t 3=+ 4t 57+ .. ///=
Y 3 7 ) /

» in the pure quark model P = (—1)“*! and ¢ = (—1)"+, with /7';
orbital angular momentum L € {0,1,2,...} and spin S € {0, 1} 72
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Hybrid Mesons

Laplacian static-hybrid states

»E;’U(—f)’(ﬁ(f) o---of H....Tq:....HT

> 2 Vao(—2)v(Z) + o(—2) [Vzo(2)]F

> il el Fo-- T ofTe...alFe...0l]e

V(&) (@) F o(~8) [V (@]

v(—2)[Vzv(=02)]Tv(=82) v (&) Fo(—2) VT (62)[V zv(82)]vT (Z)

Biu (=)0’ (%) + v(—7)[Bju(2)]f
Dyv(—=2)v'(Z) £ v(~7)[Dpo(a)]

»Ai:@)-'-.Ti.n.@T |®|....T:|:....‘®|T

Bzv(—2)v!(Z) + v(—7)[Bzv ()]t
Dyv(—Z)v! (&) £ v(—2)[Dzv()]F
> ...
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Laplacian static-hybrid states

> XHR,T)=3

Z,t0,%,5

(b1 [Un(F; to, t1) p(Ag )0 (&, 1) 0] (7, 1)U (3 o, t1) p(Na)oi (3, o)) (7, 0)] )

> ST(RT) =3 i jile

(tr [U(&: to, t1) o)V o) (&, 1) vl (7, 1) 05 (2, 80) [V i) (7, 41) }

UL (F: to, 1) p(N){ [V il (7, to)v] (2, to) +vi (3, 1) [V v T (&, 0) }]

~

> Hu/g(R= T)= JNES (R.T) = Zf,to,i,j,EJ_F
(i [0 0, PO (T )(@ 00 5t 0, 3, 0) V] 7t

U (5 to, t1)pON [V uil (7, to) o] (7, to) i (7 10) [V o] (710 ) 1 %
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Laplacian static-hybrid states

» check the relevant symmetries to characterize hybrid mesons
listed above using the following operations, starting with a
counter-clockwise 90° rotation R in the uv-plane:

R: ), =-x, T, =1z,
U(x) = Uy, (2) Uy(z) — U/Jlr,(x/ — i)
C: Uglx) = Ui(x) v(x) = v*(x)
P Ulwo, ) — Ul (o, —F — k) v(wo, @) = v(z0, —7),
Py: Vi v— =V 0 VIEHFU — V];”Fv,

> for on-axis separations the potential in the continuum II-- repr.
can be obtained from the E representation of D,

» for off-axis separations we technically do not have Dy, /// -

» we seem to be fine for off-axis separations in a 2D plane /
(rather than the 3d volume)

» on-axis only for derivatives along the separation axis
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Laplacian static-hybrid states
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Hybrid Mesons

Optimal trial state profiles

Optimal profiles for %, (R=2a) on Em1 (48x24°) Optimal profiles for Z, (R=2a) on Em1 (48x24°
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Born-Oppenheimer Approximation

» solve the radial Schrédinger equation: EAZ;L’H\IIAG

0

La(r) =

nrt

1 a2 L(L+1)—=2A% + Jpe(Jae +1)

— 5 1 7 V € \II c-In
( 241 dr? * 2ur? T (T)> Agin(7)
w=mqmeg/(mqg +mg), for m. = 1628 MeV or m;, = 4977 MeV

> parametrization of potentials V. (r) from Capitani et al. (2019)
VZ:;(T) =V —ajr+or
Vnu (7") = Al/T + Ag + A3T2
> EAfI;L,n contain the self-energies of the static quarks
= Maccin = Bacin = Egrip -+ -a
with 72 the spin averaged mass Workman et al. [PDG] (2022) /
Me = (M, (18),exp T 3MT/0(15)exp) /4 = 3069(1) MeV /7‘;
My = (M, (15),exp T 3MY(15)exp) /4 = 9445(1) MeV 793
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Born-Oppenheimer Approximation

L =0, mg=m,=1628 MeV: Braaten et al. (2014)
state \ n=1 n=2
Me 4333(19)
mJ/q, (nS) | 3096.900(6) 3674(1)
I, | 4692(15)

L =0, mg=my =4977 MeV:

state | n=1 n=2 n=3 n=4
sf e 10381(17)  11103(20)  11707(19)
T(nS) | 9460.4(1) 10023.4(5) 10355.1(5) 10579.4(1.2) .
M, | 11417(15) ///4,/—::
X —
///,I/E_
m, — mps = 932(20) ¢ BE(25) — BF (15) = 2397(1) MeV Y

R. Hollwieser, Hybrid static potentials from Laplacian eigenmodes 15/3


http://arxiv.org/abs/1402.0438

Visualizations

Spatial distribution of Laplace trial states

» ftrivial plaquette scans color field in Wilson loop

» ‘test-charge’ v'v in Laplace trial state
NU
»™ (2, R) = < SO Zﬁg)(% Xj)oi(Z, )] (Z,t)v; (2, t)o] (F+R, t)||2>
Z,t ij

with optimal profiles 57" (A, ;) = 32, v ug e N /Aot e/

n=2~0 n=1 n =2
25 25 25

20 20 20

0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
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Spatial distribution of Laplace trial states (2 = 10a)
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Spatial distribution of hybrid states

Ren-( %

Z k|7 I

[Vévl(x,t)vz (2, t)y; (z,t)v;(f—{— 7, t) ///4-_%
—
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Spatial distribution of hybrid states (2 = 10a)

Yo n=0 n=1

n=2

n=1

I, : n=>0
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Spatial distribution of hybrid states (2 = 10a)
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Static-light meson operators

1 A= if= i -
Cyt) = — Z Q(Z,to +1)Oq¢" (Z,to + 1)7' (T, 10)120Q(Z, to)
Nt oo
= — Z <t1“ e,d (O D(Z, to + t;Z,t0)va O Up(Z; to, to + t) P— > >
Zto light propagator static propagator
| 0 | J7 [ 47 [[On]not |
V5, V5V V 0" [17] | (1/2)” || A | S
1,7V 0 [17] | (1/2)F P_
71 V1 — 12 Vs (and cyclic) 2T | 3/2)T || E | P.
75 (11 Vi — 72 V2) (and cyclic) 2 [17]] (3/2) Dy
v1VaoVs 4+ 1% V3Vi +v3V1Va 3727 (5/2)_ Ao D+ vy 32
15(11VaVs +72VsVi +1:VaVa) || 3+ [27] | (5/2)F Fy ///4,/—;
—

Cip )==> <tr ed (D(f, to + t; &, t0) Y P U (T o, to + t)> >

Z,to
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Static-light

Static-light meson operators

Cep ()= =210 <P()\1)P()\j)Trd{[UgD1V4Uj](to +t,t0) Py}
Zi’ ’U;-(f, to)Ut(f; to, to + t)’Ui(f, to + t)>

> light perambulators v/ (1) D, }y4v;(t,) from distillation
framework Peardon et al. (2009), Knechtli et al (2022)

» static perambulators o' (7, ) U, (7 to, to + t)v(Z, to + 1)

Merr [MeV]
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» Gaussian profiles p, SVD, GEVP = optimal profiles...
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Static-light

Static-light S-wave meson states
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Static-light

Static-light meson states

ensemble || N2 x N, | Ny M mg (P-) - mys (S) [MeV]
EmA1 243 x 48 2 2.2GeV | 2393.5-1764.9 = 628.6(2.1)
AO heavy || 723 x 24 | 3+1 1GeV 1821 - 1350.4 = 470.6(5.8)
A1l heavy | 96° x 32 | 3+1 1GeV 1815.2 - 1347.2 = 468.0(3.3)
A1 light 96% x 32 | 3+1 | 420MeV 1412 - 1122.7 = 289.3(5.2)
4000 Static-light S-wave (ys) on Al light 5 Static-light S-wave (ys) on A1l light
—m- 1122.7(5.2) e .
3500 n= S
3000 i n=g é’ 0 M /§
2 —— n=2 o
22500 wn=3 24
b | I g 5 . —
€ 2000 k/\ﬁ\/{ g ool ‘ ///4-_5
1500 3 n=2 y////,f
1000 g \ (/;/E,
0 > l(lola © 20 0 20 eigei?/ectorﬁigdex 8 100 /%=
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Static-light

String breaking and tetra-quark operators

» combine static and light(charm)-quark perambulators
» building blocks for observation of string breaking
| = o1 (0)Uo(t) — P, evvve = UT(t)D;ﬁl’M’U(O) —D

| [

c(t) =
mol ] T

Cu(t) — P@P() P = ‘y—x‘>Pi:(1i’Y4)/2

Cu(t) — \/7Trc dP ’YTD(.’E yv ) (27) . -a

Co(t) — f\/iTrC dP )P_pyrDT( J,0) %;_;:

Caa(t) —  NyTr. P(Z)Py (:c 7,t)PT () P_D'(Z,7,0) //E

v ¥
—6i; Tt a[P(&) Py DI (Z,0, )] Tre.a[PT () P_D; (7,0, 1) //%'
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Static potential Hybrid Mesons Born-Oppenheimer Visualizations Static-light

Conclusions & Outlook

alternative operator for a static quark-anti-quark potentials
based on Laplacian eigenmodes, replacing Wilson loop

improved Laplace trial states (optimal profiles) give earlier
effective mass plateaus and better signal

computational advantage for high resolution of the potential
energy as off-axis distances basically come “for free”

hybrid static potentials (hybrid meson masses), instead of
"gluonic handles” (excitations) use derivatives of v

implementation of static-light (charm) correlator using
"perambulators” v(t;) D~ v (t,) from distillation framework

putting together building blocks for string breaking
in QCD (mixing matrix of static and light quark propagators)

more (hybrid) static(-light) and multi-quark potentials
questions, discussion, many possible applications...
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Charmonium spectrum on Em1
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Glueball spectrum on Em1, mq = 1955(75)MeV
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Glueball spectrum on Em1, mq = 1919(63)MeV

o0l ?ptlmal gluonic operator
b 9%, A)
{  Optimal mixed operator
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