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Wilson-fermions and O(a) e�ects
Symanzik e�ective theory (Symanzik ’82; Lüscher et al. ’96; . . . )

Slat ≈ SQCD + aS1 + a2S2 + . . . S1 =
3∑
i=1

∫
d4xωi(g

2)Oi(x)

〈OR〉lat = 〈OR〉QCD − a〈ORS1〉conn
QCD + a〈δO〉QCD + O(a2)

O(a) action counterterms (Sheikholeslami, Wohlert ’85; Lüscher et al. ’96)

O1 = ψσµνFµνψ O2 =
m

4g2
F aµνF

a
µν O3 = m2ψψ

O(a) improvement

Add lattice representatives of Oi to Slat in order to cancel S1-contributions

Slat → Slat + a i
4
csw(g2

0)
∑
x

ψ(x)σµνF
lat
µν (x)ψ(x)

g̃2
0 = g2

0(1 + bg(g2
0)amq) m̃q = mq(1 + bm(g2

0)amq) mq = m0 −mcr

I Fixed a requires �xed g̃2
0 while mR(µ) = Zm(g̃2

0 , aµ)m̃q (Lüscher et al. ’96)

I Strategies to compute csw and bm are known (Lüscher et al. ’97; Divitiis, Petronzio ’98; Bhattacharya et al. ’01; . . . )

I bg only known at 1-loop order in lattice PT (Sint, Sommer ’96)
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Heavy-quark decoupling and Λ
(3)

MS
Decoupling relation (ALPHA Collab. ’20, ’23)

Λ
(3)

MS

µdec
=

(
Λ

(0)

MS

Λ
(0)
s

)
lim

M/µdec→∞

ϕ(0)
s (ḡ

(3)
s (µdec,M))

P0,3

(
M
µdec

/
Λ
(3)

MS
µdec

)


I Λ
(Nf )
s : Λ-parameter of Nf-�avour QCD in scheme s

I ϕ
(0)
s (ḡ

(0)
s (µdec)) = Λ

(0)
s /µdec: Nf = 0 running factor

I ḡ
(3)
s (µdec,M): Nf = 3 coupling in scheme s at the

scale µdec and for a quark mass M

I P0,3(M/Λ
(3)

MS
) = Λ

(0)

MS
/Λ

(3)

MS
at 5-loop order in PT

Challenge
Determine ḡ(3)

s (µdec,M) for µdec = L−1 �M � a−1

µdec ≈ 800 MeV M ≈ 10 GeV L/a = 24− 48 ⇒ aM ≈ 0.25− 0.5

Remark: Nf = 2 + 1 hadronic simulations (Bruno et al. ’15; Bali et al. ’16)

I Can simulate at tr[Mq] = const.⇒ g̃2
0 = const. if g2

0 = const. (Bietenholz et al. ’10)

I Moreover, a ≈ 0.035− 0.075 fm⇒ ams ≈ 0.02− 0.04
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Continuum limit of the massive coupling
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ḡ
2 z

z =1.972
z =4.0
z =6.0
z =8.0
z =10.0
z =12.0

Fit ansatz[
ḡ

(3)
GFT(µdec,M)

]2
= C(z)+p1[α

(3)

MS
(a−1)]Γ̂(aM)2 +p2[α

(3)

MS
(a−1)]Γ̂

′
(a/L)2 + bg-error

Line of constant physics (ALPHA Collab. ’17, ’18)

I
[
ḡ

(3)
GF(µdec)|M=0

]2
= 3.95 ⇒ (g̃2

0 , L/a) ⇒ µdec = L−1 = 789(15) MeV

I z = M/µdec = 2, . . . , 12 ⇒ am̃q ⇒ M ≈ 1.5, . . . , 9.5 GeV

Simulation parameters
[
mq = m0 −mcr(g

2
0)
]

z = (L/a)ZM(g̃2
0)am̃q g2

0 = g̃2
0/(1 + bg(g̃2

0)amq)
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ḡ

(3)
GFT(µdec,M)

]2
= C(z)+p1[α

(3)

MS
(a−1)]Γ̂(aM)2 +p2[α

(3)

MS
(a−1)]Γ̂

′
(a/L)2 + bg-error

Line of constant physics (ALPHA Collab. ’17, ’18)

I
[
ḡ
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Large-mass extrapolation of Λ
(3)

MS
Pure-gauge running (MDB, Ramos ’19)

I ḡ
(0)
GFT(µdec)

def.
= ḡ

(3)
GFT(µdec,M)

I Λ
(0)

MS
/µdec = (Λ

(0)

MS
/Λ

(0)
GF)ϕ

(0)
GF(χ(ḡ

(0)
GFT(µdec)))

Example[
ḡ

(3)
GFT(µdec, 3.2 GeV)

]2
= 5.316(70)[(62)bg ]

⇒ Λ
(0)

MS
/µdec = 0.719(16)

Master formula

ρP
(5-loop)
0,3 (z/ρ) = Λ

(0)

MS
/µdec

ρ = Λ
(3)

MS,eff
/µdec

z = M/µdec

µdec = 789(15) MeV
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M
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Λ
(3)

MS,eff
= A+

B

z2
αMS(m?)

Γ̂m

Result
[
z ≥ 6 ; Γ̂m = 0

]
Λ

(3)

MS
= 336(10)(6)bg (3)Γ̂m

MeV
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The coupling from decoupling
More decoupling

Λ
(3)

MS

P
(5-loop)
3,4 (Mc/Λ

(4)

MS
)

−→ Λ
(4)

MS

P
(5-loop)
4,5 (Mb/Λ

(5)

MS
)

−→ Λ
(5)

MS

β
(5-loop)
MS
−→ α

(5)

MS
(mZ)

Final result (ALPHA Collab. ’22)

α
(5)

MS
(mZ) = 0.11823(69)(42)bg (20)Γ̂m

(9)3→5 = 0.1182(8)

FLAG 21: α(5)

MS
(mZ) = 0.1184(8) PDG 21: α(5)

MS
(mZ) = 0.1179(9) (FLAG ’21; PDG ’21)

0

10

20

30

40

50

µdec bg Λ
(0)

MS
/µdec ḡ2GFT(µdec,M) others

%

Contribution to relative error squared of αs

µdec uncertainty2

I 55% comes from
√

8t?0 [MeV]
(Bruno et al. ’17)

I Correlated w/ ALPHA 17:

α
(5)

MS
(mZ) = 0.1185(8)

(ALPHA Collab. ’17)
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Non-perturbative improvement condition for bg
Basic idea
Physical small-mass dependence of a gluonic obs. Og in �nite-volume is O(M2)
whereas bg-term ∝ O(aM)

Mass-dependence

I Nf-even: ψ → γ5ψ ψ → −ψγ5

⇒ 〈Og〉(M)
QCD = 〈Og〉(−M)

QCD

I Nf-odd: ψ → e
i π
Nf
γ5 ψ ψ → ψ e

i π
Nf
γ5

(MDB, Giusti, Pepe ’20)

⇒ 〈Og〉(M)
QCD

M→0

= 〈Og〉(0)
QCD + O(M2)

Remark: True if NO SSB and bcs. compatible w/ chiral symmetry

Master formula
[
z = LM = LZMm̃q

]
(Sint ’13; ALPHA Collab. in preparation)

∂〈ORg 〉
∂z

∣∣∣∣
z,g̃20 ,L/a

=
1

LZM
(1− 2bmamq)

(
∂〈ORg 〉
∂mq

∣∣∣∣
g20

− ag2
0bg

∂〈ORg 〉
∂g2

0

∣∣∣∣
mq

)
+ O(a2)

Remark: Di�erent Og ’s result in bg ’s that di�er by O(a)-e�ects
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Lattice set-up and parameters
Action and bcs.

I Nf = 3 O(a)-improved Wilson quarks and LW gauge action (Lüscher, Weisz ’84; Bulava, Schaefer ’13)

I Periodic for gluons and anti-periodic for quarks in all 4d

⇒ Simulations @ M = 0 feasible!

Observable(s) (Lüscher ’10; Fodor et al. ’12; Fritzsch et al. ’13)

σ(c) ≡
〈t2E(t)δQ(t),0〉pbc

〈δQ(t),0〉pbc

∣∣∣∣c=
√

8t/L

T=L

E(t, x) = tr{Gµν(t, x)Gµν(t, x)}

Line of constant physics (LCP) (ALPHA Collab. ’17, ’18)

ḡ2
GF(µdec) = 3.95 ⇒ β ≈ 4.3− 5.2 L/a = 12− 48 M = O(a2)

Simulation params.

β ∈ [4.3, 5.2] + 6, 8, 16 L/a = 12− 24 L/a = 24 for β ≥ 4.7

Remark: L-dependence of bg is an O(a)-e�ect!

Numerical derivatives

σ(c, amq)|g20 ,L/a =

nm∑
k=0

ck(amq)k ⇒ ∂σ(c)

∂amq

∣∣∣∣
g20 ,mq=0
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amq-derivatives (β = 4.7, L/a = 24)
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σ
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Remarks

∂2
amq

σ(c)

∂amqσ(c)
= Zm

L

a

O(1)︷ ︸︸ ︷
∂2
zσ(c)

∂zσ(c)︸ ︷︷ ︸
O(a/L)

a→0

∝
(
L

a

)2

Fit type ∂σ(c)/∂amq bg

nm = 1, amq = ±0.025 0.01786(54) 0.1080(33)
nm = 1, amq = ±0.015 0.01806(55) 0.1092(33)

nm = 2, 5 pts. 0.01796(38) 0.1086(23)
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g20-derivatives (L/a = 24)
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Choosing a �ow time
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L-dependence of bg (β = 4.9)
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L-dependence of bg (β = 4.9)
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Results for bg from t2E(t)
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) na−1∑
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Results for bg from HYP-smeared Creutz ratios
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How do we plan to correct for bg?
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g

1-loop PT: b1-loop
g

Fit ansatz[
ḡ

(3)
GFT(µdec,M)

]2
= C(z) + p1[α

(3)

MS
(a−1)]Γ̂(aM)2 + p2[α

(3)

MS
(a−1)]Γ̂

′
(aµdec)2

Bare coupling

g2
0 |b1-loop

g
= g̃2

0/
(
1 + b1-loop

g (g̃2
0)amq

)
⇒ g2

0 |bNP
g

= g̃2
0/
(
1 + bNP

g (g̃2
0)amq

)
Massive coupling

ḡ2
GFT(µdec,M) = ḡ2

GFT(µdec,M)|
b
1-loop
g

+
∂ḡ2

GFT

∂g2
0

×
(
g2

0 |bNP
g
− g2

0 |b1-loop
g

)
O(a)-ambiguous bg

bg(g2
0) ≡ bNP

g (g2
0)− c0(aµdec) bg(g2

0)|β=4.3
L/a=12 = fb1-loop

g (g2
0) f = O(1)
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Conclusions & Outlook
Conclusions

I Devised a viable strategy for a non-perturbative
determination of bg (at least for β ≥ 4.3)

I Large deviation from 1-loop PT for 4.3 . β . 5.2

(do not extrapolate conclusions to smaller β’s!)

Outlook

I Reanalysis of Λ
(3)

MS
using the non-perturbative bg

I Tackle the remaining sources of uncertainty in αs

Expectation

α
(5)

MS
(mZ) = 0.11823(72)(42)bg

⇒ α
(5)

MS
(mZ) = 0.118??(72)

0
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(0)

MS
/µdec ḡ2GFT(µdec,M) others

%

Contribution to relative error squared of αs
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The Schrödinger functional and gradient �ow
Schrödinger functional (SF) bcs.

Gauge �elds (Lüscher et al. ’92)

Ak(x)|x0=0 = Ck Ak(x)|x0=T = C′k

Quark �elds
[
P± ≡ 1

2
(1± γ0)

]
(Sint ’94)

P+ψ|x0=0 = P−ψ|x0=T = 0

ψP−|x0=0 = ψP+|x0=T = 0

x0 = T

x0 = 0

L × L × L

T
GµνGµν

Gradient �ow (GF)

∂tBµ(t, x) = DνGνµ(t, x) Bµ(0, x) = Aµ(x)

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ] Dµ = ∂µ + [Bµ, · ]

X Composite (gauge-invariant) �elds are automatically �nite (Lüscher, Weisz ’11)

X Simple to evaluate in Monte Carlo simulations

7 PT is quite involved



E�ective theory of decoupling and PT matching
Fundamental theory

LQCDNf
=

1

4g2
F 2 +

N∑̀
f=1

ψfD/ ψf +

Nf∑
f=N`+1

ψf (D/ +M)ψf

E�ective theory (Weinberg ’80; . . . )

Leff = LQCDN`
+

1

M2

∑
i

ωiΦi + . . . ⇒ LO : Leff = LQCDN`

Matching couplings in PT (Bernreuther, Wetzel ’82; . . . ; Chetyrkin, Kühn, Sturm ’06; Schröder, Steinhauser ’06)

EFT is matched at LO once the e�ective and fundamental couplings are matched

α(N`)(µ/Λ(N`)) = FO
(
α(Nf )(µ/Λ(Nf )),M/µ

)
O ≡ matching obs.

Matching Λ-parameters in PT

Λ
(N`)

MS
(M,Λ

(Nf )

MS
) = P`,f(M/Λ

(Nf )

MS
) Λ

(Nf )

MS
⇒ P`,f(M/Λ

(Nf )

MS
) =

ϕ
(N`)

MS

(
α?ξ(α?)

)
ϕ
(Nf )

MS
(α?)

where

Λ
(Nf )
X = µϕ

(Nf )
X (αX(µ)) ϕ

(Nf )
X (α) = . . . exp

{
−
∫ α

0

dy

β
(Nf )
X (y)

+ . . .

}

M = mX(µ) ε
(Nf )
X (αX(µ)) ε

(Nf )
X (α) = . . . exp

{
−
∫ α

0
dy
τ

(Nf )
X (y)

β
(Nf )
X (y)

+ . . .

}
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Non-perturbative renormalization by decoupling
Current situation

I δΛ
(3)

MS
∼ 3.5%⇒ room for improvement!

I δΛ
(3)

MS
dominated by NP running 0.2− 70 GeV

I Halving δΛ(3)

MS
by brute force is CPU expensive

Key observations

I P`,f(M/Λ) has small PT and NP corrections for M/Λ & 5

I Λ
(Nf )

MS
is M-independent⇒ same for QCDNf

with any M

I LQCD can access QCDNf
with any M

Master equation 1.0 (ALPHA Collab. ’20, ’22)

Λ(N`)

S(N`)
had

= P had
`,f

(
M/Λ(Nf )

) Λ(Nf )

S(Nf )
had (M)

I Compute Λ
(0)

MS
/S(0)

had in pure Yang-Mills

I Determine S(3)
had(M)/S(3)

had(mphys
u,d,s) and set S(3)

had(mphys
u,d,s) ≡ S

exp
had [MeV]

I Extrapolate for M →∞



Non-perturbative renormalization by decoupling
Current situation

I δΛ
(3)

MS
∼ 3.5%⇒ room for improvement!

I δΛ
(3)

MS
dominated by NP running 0.2− 70 GeV

I Halving δΛ(3)

MS
by brute force is CPU expensive

Key observations

I P`,f(M/Λ) has small PT and NP corrections for M/Λ & 5

I Λ
(Nf )

MS
is M-independent⇒ same for QCDNf

with any M

I LQCD can access QCDNf
with any M

Master equation 1.0 (ALPHA Collab. ’20, ’22)

Λ
(0)

MS
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= P
(n-loop)
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(
M/Λ
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MS
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MS
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Non-perturbative renormalization by decoupling
Is this feasible?

L−1 � S(3)
had(mphys

u,d,s) ∼ ΛQCD �M � a−1

Example

L/a = 100 mπL ∼ 4 ⇒ a−1 ∼ 3 GeV ⇒ M ∼ O(1) GeV

Decoupling in a �nite volume

I Decoupling scale

α
(3)
O (µ

(3)
dec)

e.g.
= 0.3 ⇒ µ

(3)
dec = L−1

dec ∼ 1 GeV

I Massive coupling

α
(0)
O (µ

(0)
dec)

def.
= α

(3)
O (µ

(3)
dec,M) ⇒ µ

(0)
dec = µ

(3)
dec + O(µ2

dec/M
2)

Master formula 2.0 (ALPHA Collab. ’18, ’22)

Λ
(0)

MS

µ
(0)
dec

= P
(n-loop)
0,3

(
M/Λ

(3)

MS

)Λ
(3)

MS

µ
(3)
dec

+ O(αn−1
? ) + O

(
µ2

dec

M2

)
I Determine α(3)

O (µ
(3)
dec,M) with L−1

dec = µdec �M � a−1

Ldec/a = 50 µdec ∼ 1 GeV ⇒ M ∼ O(10) GeV

I Compute Λ
(0)

MS
/µ

(0)
dec = (Λ

(0)

MS
/Λ

(0)
O )ϕ

(0)
O (α

(0)
O (µ

(0)
dec))



Lattice set-up and parameters
Action

Nf = 3 O(a)-improved Wilson quarks and LW gauge action

Finite-volume coupling(s) (Lüscher ’10; Fodor et al. ’12; Fritzsch, Ramos ’13; ALPHA Collab. ’16, ’22)

ḡ2
GF(µ) ∝ 〈t

2Esp(t, x)δQ,0〉SF

〈δQ,0〉SF

∣∣∣∣x0=T/2 , c=
√

8t/L

µ=L−1,T=L,M=0

Esp(t, x) = tr{Gkl(t, x)Gkl(t, x)}

RGI quark mass (ALPHA Collab. ’18)

M = ZM(g̃2
0)m̃q =

(
M

mSF(µdec)

)
ZSF

m (g̃2
0 , aµdec)m̃q z = M/µdec

Line of constant physics (LCP) (ALPHA Collab. ’17, ’18)

I [ḡ
(3)
GF(µdec)]2 = 3.95 ⇒ (g̃2

0 , L/a) ⇒ µdec = 789(15) MeV

I z = 2, 4, . . . , 12 ⇒ m̃q ⇒ M ≈ 1.5, . . . , 9.5 GeV

O(a)-improved parameters (Lüscher et al. ’96)

g̃2
0 = g2

0(1 + bg(g2
0)amq) g̃2

0 = const. ⇒ a = const.

m̃q = mq(1 + bm(g2
0)amq) mq = m0 −mcr
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Results for bg from HYP-smeared Creutz ratios
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σ = 〈t2E(t)〉 χ̂ = −R2∂̃R∂̃T log(W (R, T ))|T=R=L/4
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