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Isospin

Based on the assumption mu = md Isospin is an internal global
symmetry which acts as:(

ψu

ψd

)
→ M

(
ψu

ψd

)
M ∈ SU(2).

Good approximation as long as the target precision is above 1% in
fact: (

md −mu

ΛQCD

)
∼ 0.01

e2 ∼ 0.01.
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Isospin breaking effects

An important phenomenological isospin-breaking effect is the mass
difference for Baryons.
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Figure: Effective Baryon mass differences on a Nf = 1 + 2 + 1
QCD+QED ensemblea.

Some observables need isospin-breaking effects to push the
precision like (g − 2)µ

b.

aBushnaq et al., “First results on QCD+QED with C∗ boundary conditions”.
bAoyama et al., “The anomalous magnetic moment of the muon in the

Standard Model”.
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QED in Finite Volume
Due to Gauss law:

Qtot =

∫
p.b.c.

dx⃗ ∇ · E⃗ (x⃗) = 0.

Possible solutions:
• QEDL

c remove spatial zeroth mode removed from the action,

• QEDM
d massive photon,

• QED∞
e reconstruction of infinite volume QED,

• QEDC
f modify the boundary conditions.

cHayakawa and Uno, “QED in finite volume and finite size scaling effect on
electromagnetic properties of hadrons”.

dEndres et al., “Massive photons: an infrared regularization scheme for
lattice QCD+QED”.

eBlum et al., “Using infinite volume, continuum QED and lattice QCD for
the hadronic light-by-light contribution to the muon anomalous magnetic
moment”.

fKronfeld and Wiese, “SU(N) gauge theories with C periodic boundary
conditions. 1. Topological structure”, “SU(N) gauge theories with C periodic
boundary conditions. 2. Small volume dynamics”.
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C-periodic boundary conditions

Change the spatial boundary conditions to remove the photon
zeroth mode.

χ(x) =

(
ψ(x)
ψC(x)

)
, χ(x + Lk̂) = Kχ(x).

The action in this case is:

S = −1

2

∑
x

χTKCDχ, C = iγ0γ2, K =

(
0 1
1 0

)
.
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The RM123 method
Reweighting

The observable O[U,A, χ] on the full path integralg:

⟨O⟩ =
∫
dUdχdA e−SIso[U,χ]e−SIB[U,A,χ]e−Sγ [A]O[U,A, χ]∫

dUdχdA e−SIso[U,χ]e−SIB[A,χ,U]e−Sγ [A]

=
⟨
∫
dA e−SIB[U,A,χ]e−Sγ [A]O[U,A, χ]⟩Iso
⟨
∫
dA e−SIB[U,A,χ]e−Sγ [A]⟩Iso

=⟨O ⟩Iso − ⟨S IBO⟩Isoγ,c +
1

2
⟨S IBS IBO⟩Isoγ,c︸ ︷︷ ︸

valence−valence

+ ⟨S IBS IBO⟩Isoγ,c︸ ︷︷ ︸
sea−valence

− ⟨S IBO ⟩Isoγ,c +
1

2
⟨S IBS IBO ⟩Isoγ,c +

1

2
⟨S IBS IBO ⟩Isoγ,c︸ ︷︷ ︸

sea−sea

+ o
(
δm2

ud , e
4, e2δmud

)
.

gDivitiis et al., “Leading isospin breaking effects on the lattice”.
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The RM123 method
Perturbative expansion

The isospin-breaking action of Nf = 2 can be written as:

SIB[U,A, χf ] =− 1

2

∑
x

δmud

[
χT
u (x)CKχu(x)− χT

d (x)CKχd(x)
]

− 1

2

∑
x

δm
[
χT
u (x)CKχu(x) + χT

d (x)CKχd(x)
]

− 1

8

∑
x ,µν,f

δc
SU(3)f
SW χT

f (x)CKσµνĜµν(x)χf (x)

+ δβSgluon[U] + SQED[A,U, χf ]
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The RM123 method
Lattice QED Action for O(a) Wilson fermions

SQED[U,A, χf ] =
e

8

∑
xy ,µν,f

qf cfχ
T
f (x)CKσµνÂµν(x)χf (x)

− ie

2

∑
x,f

qf χ
T
f (x)J(x , y)χf (y)

+
e2

4

∑
xy ,f

q2f χ
T
f (x)T (x , y)χf (y)
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The RM123 method
Photon field

The photon fields are generated starting from the photon path
integral: ∫

dA e−Sγ [A] =

∫
dA e−

1
2

∑
k,µν Ãµ(k)Kµν Ãν(k)

Kµν Requires gauge fixing → Coulomb Gauge (Necessary for the
tuning).
Ãµ(k) Gaussian decorrelated variables.
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The RM123 method
Sea-Sea terms

Considering a pure gluonic observable O the disconnected terms
are:

⟨O⟩ =⟨O⟩Iso − δβ⟨SgaugeO⟩Iso,c +
∑
f

δmf ⟨
f

O⟩Iso,c

+e2

[∑
f

q̂2f

(
⟨

f

O⟩Iso,c + ⟨
f

O⟩Iso,c

)

+
∑
fg

q̂f q̂g ⟨
f g

O⟩Iso,c

 .
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The RM123 method
Sea-Sea Diagrams

I fmass =
1

2

∑
x

Re tr
[
D−1
f (x, x)

]
=

f

I ftad = −
1

4

∑
xy

⟨Re tr
[
D−1
f (x, y)T (y, x)

]
⟩γ =

f

I
fg
cur,bub

=
1

8

∑
xyzw,µ

⟨Im tr
[
J(x, y)D−1

f (y, x)
]
Im tr

[
J(z,w)D−1

g (w, z)
]
⟩γ

I
fg
sw,bub

=
cf cs

128

∑
xy,µνρσ

⟨Re tr
[
σµν Âµν (x)D−1

f (x, x)
]
Re tr

[
σρσ Âρσ(y)D−1

g (y, y)
]
⟩γ

I
fg
mix,bub

=
cf

16

∑
xyz,µν

⟨Re tr
[
σµν Âµν (x)D−1

f (x, x)
]
Im tr

[
J(y, z)D−1

g (z, y)
]
⟩γ


=

f g

I fcur,self =
1

4

∑
xyzw,µ

⟨Re tr
[
J(x, y)D−1

f (y, z)J(z,w)D−1
f (w, x)

]
⟩γ

I fsw,self = −
c2f

64

∑
xy,µνρσ

⟨Re tr
[
σµν Âµν (x)D−1

f (x, y)σρσ Âρσ(y)D−1
f (y, x)

]
⟩γ

I fmix,self = −
cf

8

∑
xyz,µν

⟨Im tr
[
σµν Âµν (x)D−1

f (x, y)J(y, z)D−1
f (z, x)

]
⟩γ


=

f
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Algorithms
Girard-Hutchinson trace estimatorh

The trace can be approximated with stochastic sources.∑
x

tr
[
D−1(x , x)

]
=Tr

[
D−1

]
= Tr

[
D−11

]
= lim

Ns→∞

1

Ns

Ns∑
i

η†i D
−1ηi

with:
⟨ηη†⟩ = 1 & ⟨η⟩ = 0

hGirard, “A fast ‘Monte-Carlo cross-validation’ procedure for large least
squares problems with noisy data”; Hutchinson, “A stochastic estimator of the
trace of the influence matrix for laplacian smoothing splines”.
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Algorithms
Hopping Expansion

The Wilson-Dirac operator can be rewritten asi:

D = M︸︷︷︸ + H︸︷︷︸ .

This method allows one to write:

D−1 =
(
1− D−1H

)
M−1

This leads to the general order formula:

D−1 = M−1
m∑

n=0

(
−H M−1

)n
+ D−1

(
−H M−1

)m+1

iThron et al., “Padé-Z2 estimator of determinants”.
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Algorithms
Frequency Splitting

Using the relation:

D−1
mi

− D−1
mj

= (mj −mi )D
−1
mi

D−1
mj

So one can rewritej

D−1
m =

N−1∑
i=0

(mi+1 −mi )D
−1
mi

D−1
mi+1

+ D−1
mN

ml

m

nsrc

ml mc

m

nsrc

jGiusti et al., “Frequency-splitting estimators of single-propagator traces”.
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Ensembles

lattice a [fm] mπ [MeV] mD [MeV] no. cnfg nsrc per lv per cnfg

64× 323 0.05393(24) 398.5(4.7) 1912.7(5.7) 50 400
80× 483 0.05400(14) 401.9(1.4) 1908.5(4.5) 50 100

Table: Configurations used.

Parameters used:

δβ = δc
SU(3)f
SW = 0

c
U(1)f
SW = 1

e = ephys

δmf from QCD+QED simulation.

From QCD Nf = 3 + 1 to QCD+QED Nf = 1 + 2 + 1.
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Scale-Setting

The scale is set using the auxiliary Wilson-flow observable t0:

t20 ⟨E (t)⟩
∣∣
t=t0

= 0.3

Observable Value [lattice units]

tQCD
0 7.36± 0.04
δtMass

0 0.28± 0.21
δtTad0 −0.49± 0.27

δtBubbles0 −0.01± 0.06
δtSelf0 0.12± 0.13
δtTot0 −0.11± 0.13

tQCD+QEDRM123
0 7.26± 0.14

tQCD+QED
0 7.54± 0.05

Table: IBE effects on t0 for A400a00b324 (preliminary).
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t0 error on A400a00b324
Function of the number of sources
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t0 error on B400a00b324
Function of the number of sources

10 1

100

101

Ab
so

lu
te

 E
rro

r [
La

tti
ce

 u
ni

ts
]

Light with SW Light+Charm with SW

101 102

Number of sources per level

10 1

100

101

Ab
so

lu
te

 E
rro

r [
La

tti
ce

 u
ni

ts
]

Light without SW

101 102

Number of sources per level

Light+Charm without SW

Mass
Tadpole
Self-Energy
1/ N
Bubbles
1/ N(N 1)
1/ N2(N 1)
Total

Sea-sea IBE effect to t0/a2 for B400a00b324

17 / 23



Volume Scaling of the Variance
For a gluonic quantity like E(t) the scaling of the error is a−1

√
V

for strong isospin-breaking effects and a/2
√
V for electro-magnetic

isospin-breaking effects.
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Volume Scaling of the Variance
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Pion mass

Sea-sea contribution to the pion mass.

Observable Value [MeV]

mQCD
π± 408± 7

δmMass
π± −63± 41

δmTad
π± 50± 60

δmBubbles
π± 7± 9
δmSelf

π± −27± 25
δmTot

π± −32± 20

mQCD+QEDRM123

π± 375± 21

mQCD+QED
π± 401± 7

Table: Sea-Sea IBE effects on mπ± on A400a00b324 (preliminary).
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mπ± error on A400a00b324
Function of the number of sources
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mπ± error on B400a00b324
Function of the number of sources
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Conclusion and Outlook

Conclusions:

✓ The gauge noise can be achieved for the sea-sea diagrams;

✓ The O(a) improvement term reach faster the gauge noise;

✓ The precision in the RM123 method is worse than the full
simulations for the same number of gauge configurations;

To do:

• To include the valence-valence and sea-valence to analyse the
meson masses;

• To study the scale of the error in a → 0, V → ∞ and
mπ → mπphys. ;

• To evaluate the sea-sea contributions isolating the short and
long distance;
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Backup
Mass Term Estimator

The mass term has been estimated using the following method:

Tr
[
D−1
mu

]
∼ (mc −mu)

1

Ns

Ns∑
i

(
D†
mc
ηi

)†
Dmuηi

+

Npr∑
i

s†i SW
−1

3∑
n=0

(
−HSW−1

)n
si

+
1

Ns

Ns∑
i

ξ†i
(
−SW−1H

)4
D−1
mc
ξi



Backup
Tadpole Term Estimator

The tadpole term has been estimated using the following method:

Tr
[
TD−1

mu

]
∼ (mc −mu)

1

Ns

Ns∑
i

(
D†
mc
ηi

)†
TDmuηi

+

Npr∑
i

s†i TSW
−1

2∑
n=0

(
−HSW−1

)n
si

+
1

Ns

Ns∑
i

ξ†i T
(
−SW−1H

)3
D−1
mc
ξi



Backup
Bubbles Estimator

Due to SU(3) flavour symmetry, the only bubbles contributing are
the charm bubbles:

[
JD−1

mc

]a
i
=

Npr∑
j

s†j J
aSW−1

2∑
n=0

(
−HSW−1

)n
sj

+ ξ†i J
a
(
−SW−1H

)3
D−1
mc
ξi[

σµνÂµνD
−1
mc

]a
i
=

Npr∑
j

s†j σµνÂ
a
µνSW

−1
3∑

n=0

(
−HSW−1

)n
sj

+ ξ†i σµνÂ
a
µν

(
−SW−1H

)4
D−1
mc
ξi

The stochastic estimator will be:

Tr
[
JD−1

mc

]
Tr
[
JD−1

mc

]
∼ 2

Ns (Ns − 1)

Ns∑
i ̸=j

1

NA

NA∑
a

[
JD−1

mc

]a
i

[
JD−1

mc

]a
j



Backup
Self-Energy Estimator

The tadpole term has been estimated using the following method:

Tr
[
JD−1

mu
JD−1

mu

]
∼ (mc −mu)

1

Ns

Ns∑
i

(
D†
mc
ηi

)†
JD−1

mu
JDmuηi

+
1

Ns

Ns∑
i

ξ†i JD
−1
mu

JD−1
mc
ξi



Backup
Gauge Choice

Considering the Gauge-invariant interpolating operator:

Ψc(x) = exp

{
−i

∫
d3yΦ (x⃗ − y⃗) ∂kAk (x0, y⃗)

}
ψ(x)

with ∂k∂kΦ (x⃗) = δ3 (x⃗) In Coulomb gauge, it is just ψ(x).
Considering the Gauge-invariant interpolating operator:

Ψl(x) = exp

{
−i

∫
d4yΦ (x − y) ∂µAµ (y)

}
ψ(x)

with ∂µ∂µΦ (x) = δ4 (x) In Landau gauge it is just ψ(x).
If one is interested in extracting the mass from the gauge fixed
operator:∑

x⃗

⟨ψ(t, x⃗)ψ̄(0)⟩ =
∑
x⃗

⟨ψ(0, x⃗)e−tH ψ̄(0)⟩ ∼ Ae−tmψ



Backup
Gauge Choice

In Landau gauge, this is equivalent to extracting the mass from:∑
x⃗

⟨Ψl(t, x⃗)Ψ̄l(0)⟩

In Coulomb gauge from:∑
x⃗

⟨Ψc(t, x⃗)Ψ̄c(0)⟩
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