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The anomalous magnetic moment of the muon

Magnetic moment of leptons (e, µ, τ )

I magnetic moment #»µ of the lepton ` due to its spin #»s and electric
charge e

#»µ = g
e

2m`

#»s

torque #»τ = #»µ × #»

B

#»

B
#»s

I g-factor: without quantum fluctuations for a lepton one finds g = 2

I deviation from the value “2” due to quantum loops→ anomalous magnetic moment of lepton `

a` =
g` − 2

2

` `

〈`(p′)|jγµ|`(p)〉 = (−ie)u(p′)
[
γµF1(q2) + i

σµνqν

2m`

F2(q2)

]
u(p)

I F1(0) = 1 (electric charge) F2(0) = a` (anomalous magnetic moment)
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The anomalous magnetic moment of the muon

aµ: Experiment vs. Theory

I measured and calculated very precisely −→ test of the Standard Model

I experiment: polarized muons in a magnetic field [Bennet et al., Phys.Rev. D73, 072003 (2006)]

aµ = 11659209.1(5.4)(3.3)× 10−10

momentum
spin

µ

ωa = aµ
eB

mµ

I new experiments at Fermilab and JPARC→ reduce error by ≈ 4
→ experiment at Fermilab is running
→ first results exected end of 2019
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The anomalous magnetic moment of the muon

aµ: Experiment vs. Theory

I measured and calculated very precisely −→ test of the Standard Model

I experiment: polarized muons in a magnetic field [Bennet et al., Phys.Rev. D73, 072003 (2006)]

aµ = 11659209.1(5.4)(3.3)× 10−10

I Standard Model

em (11658471.895± 0.008)× 10−10
[Kinoshita et al., Phys.Rev.Lett. 109, 111808 (2012)]

weak (15.36± 0.10)× 10−10
[Gnendinger et al., Phys.Rev. D88, 053005 (2013)]

HVP (693.26± 2.46)× 10−10
[Keshavarzi et al., Phys. Rev. D97 114025 (2018)]

HVP(α3) [(−9.84± 0.06)× 10−10
[Hagiwara et al., J.Phys. G38, 085003 (2011)]

LbL (10.5± 2.6)× 10−10
[Prades et al.,Adv.Ser.Direct.High Energy Phys. 20, 303 (2009)]

µ µ
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The anomalous magnetic moment of the muon

aµ: Experiment vs. Theory
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[Keshavarzi et al., Phys. Rev. D97 114025 (2018)]

HVP(α3) (−9.84± 0.06)× 10−10
[Hagiwara et al., J.Phys. G38, 085003 (2011)]

LbL (10.5± 2.6)× 10−10
[Prades et al.,Adv.Ser.Direct.High Energy Phys. 20, 303 (2009)]

I Comparison of theory and experiment: 3.8σ deviation

∆aµ = aexp
µ − aSM

µ = 27.9(6.3)Exp(3.6)SM × 10−10

required precision to match upcoming experiments ∆ahvp
µ . 0.2% ∆albl

µ . 10%
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∆aµ = aexp
µ − aSM

µ = 27.9(6.3)Exp(3.6)SM × 10−10

required precision to match upcoming experiments ∆ahvp
µ . 0.2% ∆albl

µ . 10%

∆ahvp
µ

target . 0.2%
current R-ratio ≈ 0.5%
current lattice ≈ 2− 3%
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Hadronic Vacuum Polarisation

Hadronic Vacuum Polarisation (HVP) from the R-ratio

I current best theoretical estimate uses experimental data

I optical theorem

QCD

hadrons

2

I R-ratio R(s) =
σ(e+ e− → hadrons, s)

σ(e+ e− → µ+µ−, s)

hadrons

e+

e−

ahvp
µ =

(
αmµ

3π

)2 ∞∫

m2
π

ds
R(s)K(s)

s2

6 44. Plots of cross sections and related quantities

σ andR in e+e− Collisions
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Figure 44.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)

[PDG]

recent results:

ahvp
µ = 689.46(3.25) [Jegerlehner 18]

ahvp
µ = 693.1(3.4) [DHMZ 17]

ahvp
µ = 693.37(2.46) [KNT 18]

≈ 0.5% precision

I first principles calculation of HVP→ lattice QCD
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Hadronic Vacuum Polarisation

QCD on the lattice

I Wick rotation (t→ −ix0) to Euclidean space-time

I Discretize space-time by a hypercubic lattice Λ

I Quantize QCD using Euclidean path integrals

〈A〉 =
1

Z

∫
D[Ψ,Ψ]D[U] e−SE[Ψ,Ψ,U] A(U,Ψ, Ψ̄)

−→ can be split into fermionic and gluonic part

a

Ψ(x) Ψ(x + aµ̂)

Uµ(x)

I Calculate gluonic expectation values using Monte Carlo techniques:

〈〈A〉F〉G =

∫
D[U] 〈A〉F P(U) ≈ 1

Ncfg

Ncfg∑

n=1

〈A〉F

average over gluonic gauge configurations U distributed according to

P(U) =
1

Z
(det D)Nf e−SG[U]

I extrapolate to the continuum (a→ 0) and infinite volume (V→∞)
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Hadronic Vacuum Polarisation

Hadronic Vacuum Polarisation (HVP) from the Lattice

I Πµν(Q) ≡ ∫ d4x ei Q·x
〈

jγµ(x) jγν(0)
〉

= (QµQν − δµνQ2) Π(Q2)

I electromagnetic current jγµ = 2
3
uγµu− 1

3
dγµd− 1

3
sγµs + 2

3
cγµc

I hadronic contribution to the anomalous magnetic moment of the muon
[ T. Blum, Phys.Rev.Lett.91, 052001 (2003)]

QCD

µ µ

ahvp
µ =

(
α

π

)2 ∞∫

0

dQ2 K(Q2) Π̂(Q2) with Π̂(Q2) = 4π2
[
Π(Q2)− Π(0)

]

I subtracted HVP from vector correlator [Bernecker and Meyer, Eur.Phys.J. A47, 148 (2011)]

C(t) =
1

3

2∑

k=0

∑
#»x

〈jγk( #»x , t)jγk(0)〉 Π̂(Q2) = 4π2

∞∫

0

dt C(t)

[
cos(Qt)−1

Q2
+

1

2
t2

]
ahvp
µ =

∞∫

0

dt f(t)C(t)

I flavour decomposition (isospin symmetric QCD)

C(t) =
5

9
C`(t) +

1

9
Cs(t) +

4

9
Cc(t) + Cdisc(t)
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Hadronic Vacuum Polarisation

Vector correlator and long distance Signal-to-Noise problem

I examples for light-quark vector correlator at physical point

[C. Davies et al, arXiv:1902.04223] [A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510]

I signal deteriorates for large t
I need noise reduction techniques to control statistical error on raw data

I all-mode-averaging (AMA) [T. Blum et al., Phys. Rev. D88, 094503 (2013)], [G. Bali et al., Comput.Phys.Commun. 181 (2010) 1570-1583]

I huge reduction in error when using low-mode-averaging (LMA)
[T. Blum, VG, et al., Phys. Rev. Lett. 121, 022003 (2018)], [C. Aubin et al, arXiv:1905.09307]

I possible strategy: replace correlator by (multi-) exponential fit for t > tc
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Hadronic Vacuum Polarisation

Bounding method

I spectral representation of the vector correlator

C(t) =
∑

n

A2
n

2En

e−Ent A2
n > 0

I bound for the correlator for t ≥ tc [S. Borsanyi et al., Phys. Rev. D 96, 074507

(2017)], [T. Blum, VG, et al., Phys. Rev. Lett. 121, 022003 (2018)]

0 ≤ C(tc) e−Etc (t−tc) ≤ C(t) ≤ C(tc) e−E0(t−tc)

I Etc : effective mass of the correlator at tc

I E0: finite volume ground state energy, two pions with one
unit of momentum

I use correlator data for t < tc

I use upper and lower bound for t ≥ tc vary tc

[C. Aubin et al, arXiv:1905.09307]
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t)/
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upper bound
lower bound

[Plot by A. Meyer (RBC/UKQCD) @ Lattice 2019]

PRELIMINARY
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Hadronic Vacuum Polarisation

Reconstruction of the long distance tail

I dedicated spectroscopy study, GEVP with different operators with overlap to two pions

I determine energies En and overlap factors An for lowest N states

I reconstruct the long distance tail of vector correlator

0

0.004

0.008
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0.016

0 0.5 1 1.5 2 2.5 3 3.5
t [fm]

5
9Gl(t)K̃(t)/mµ

Light

N=4

N=3

N=2

N=1

[A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510]
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w
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C(
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local vector current
1-state reconstruction
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3-state reconstruction
4-state reconstruction

[Plot by A. Meyer (RBC/UKQCD) @ Lattice 2019]

PRELIM
IN

ARY

I can be used for improving the bounding method
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Hadronic Vacuum Polarisation

Improved bounding method

I Improved bounding method using N lowest states [A. Meyer @ Lattice 2018], [A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510]

C̃(t) = C(t)−
N−1∑

n=0

A2
n

2En

e−Ent 0 ≤ C̃(tc) e−Etc (t−tc) ≤ C̃(t) ≤ C̃(tc) e−EN(t−tc)

I upper and lower bound overlap for smaller tc

I ahvp
µ can be extracted with smaller error

[A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510]
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Hadronic Vacuum Polarisation

Finite volume (FV) effects

I dominated by two pion state - important at large t

I finite volume effects of ∼ O(20− 30× 10−10) for typical lattice sizes ∼ O(5− 6 fm) at physical
point, see e.g. [E. Shintani, Y. Kuramashi, Phys.Rev. D100 (2019) no.3, 034517], [A. Gérardin, Phys.Rev. D100 (2019) no.1, 014510], [C. Aubin et al, arXiv:1905.09307],
[C. Lehner @ Lattice 2019]

I study using ensembles with different volumes

[E. Shintani, Y. Kuramashi, Phys.Rev. D100 (2019) no.3, 034517]

10.8 fm

5.4 fm

→ FV effects about 1.7× larger than NLO ChiPT

I similar observation
I ETMC [D. Giusti et al, Phys. Rev. D98, 114504

(2018)]

using timelike pion form factor
I RBC/UKQCD [C. Lehner @ Lattice 2019]

using different volumes or timelike
pion form factor

I finite volume effects in NNLO ChiPT
[C. Aubin et al, arXiv:1905.09307],

[J. Bijnens, J. Relefors, JHEP 1712 (2017) 114]

→ additional FV effects from NNLO
→ ChiPT ≈ 0.4− 0.45 of NLO FV
→ effects [C. Aubin et al, arXiv:1905.09307]

I O(e−mπL) FV corrections using Hamiltonian approach (neglecting O(e−
√

2mπL))
[M. Hansen, A. Patella, arXiv:1904.10010]
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Hadronic Vacuum Polarisation

Finite volume effects from the timelike pion form factor

I long-distance contribution of vector correlator given
in terms of the timelike pion form factor

I Gounaris-Sakurai (GS) parameterisation of the
timelike pion form factor
[H. Meyer, Phys.Rev.Lett. 107 (2011) 072002], [A. Francis et al, Phys.Rev. D88 (2013) 054502]

I infinite volume long distance correlator from GS

I finite volume long distance correlator from GS &
Lellouch-Lüscher formalism [A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510]

I mπ = 280 MeV, two different
volumes

I finite size effects (FSE) corrected
using timelike pion form factor
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Hadronic Vacuum Polarisation

Finite volume effects from the timelike pion form factor

I long-distance contribution of vector correlator given
in terms of the timelike pion form factor

I Gounaris-Sakurai (GS) parameterisation of the
timelike pion form factor
[H. Meyer, Phys.Rev.Lett. 107 (2011) 072002], [A. Francis et al, Phys.Rev. D88 (2013) 054502]

I infinite volume long distance correlator from GS

I finite volume long distance correlator from GS &
Lellouch-Lüscher formalism

I ETMC [D. Giusti, et al, Phys. Rev. D 98, 114504 (2018)]
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FIG. 13: The (connected) light-quark contribution to the muon HVP, aHVP
µ (ud), evaluated for all the

ETMC gauge ensembles of Table I. Empty markers correspond to Eq. (8), where the lattice data for the

vector correlator V (ud)(t) are directly used. Full markers are the results of the subtraction of FVEs by
means of Eqs. (33-34). The physical muon mass is used in the left panel, while the ELM mass (40) is
adopted in the right panel.

Fig. 13 it can be seen that the ELM procedure is able to reduce the light-quark mass dependence,
but it does not modify the impact of FVEs. Once the latter are removed, the resulting values
of aHVP

µ (ud)|L→∞ (see the full markers in the right panel of Fig. 13) exhibit again a remarkable
dependence on the light-quark mass.

The attractive feature of the ELM procedure is based on the fact that aHVP
µ (ud) depends on

the lepton mass in lattice units amµ (see Eqs. (4-5)). Thus, using Eq. (40) the knowledge of the
value of the lattice spacing is not required and therefore the resulting aHVP

µ (ud) is not affected by
the uncertainties of the scale setting. The drawback of the ELM procedure is instead represented
by its potential sensitivity to the statistical fluctuations of the ρ-meson mass, aMρ, determined
on the lattice.

We close this section by observing that:

• the use of the analytic representation (26) of the vector correlator V (ud)(t) allows to subtract
the FVEs on aHVP

µ (ud) relying only on lattice data;

• the light-quark mass dependence of aHVP
µ (ud) becomes remarkably steeper after the sub-

traction of FVEs, which means that any reliable chiral extrapolation or interpolation of
the lattice values of aHVP

µ (ud) cannot be carried out without taking care of FVEs properly.

V. EXTRAPOLATIONS TO THE PHYSICAL PION POINT AND TO THE
CONTINUUM LIMIT

In this section we perform the extrapolation to the physical pion point and to the continuum
limit of the lattice data corrected by the FVEs as discussed in the previous section (see the full
markers in Fig. 13). An important feature of the chiral behavior of aHVP

µ (ud) is that it diverges in
the chiral limit mud → 0 [71–73]. This is connected with the loss of analyticity of the (subtracted)
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Hadronic Vacuum Polarisation

scale setting

I ahvp
µ depends on the scale through amµ in the kernel

I scale set by quantity Λ with error ∆Λ

∆ahvp
µ =

∣∣∣∣∣Λ
dahvp
µ

dΛ

∣∣∣∣∣ ·
∆Λ

Λ
=

∣∣∣∣∣Mµ

dahvp
µ

dMµ

∣∣∣∣∣ ·
∆Λ

Λ
Mµ =

mµ

Λ

→ relative error on Λ amplified by ≈ 1.8 in relative error for aµ [M. Della Morte, VG, et al, JHEP 1710 (2017) 020]

→ for 0.2% error on ahvp
µ need . 0.1% on lattice spacing

I precise scale setting, e.g. RBC/UKQCD using Ω-Baryon [T. Blum, VG, et al, Phys.Rev.Lett. 121 (2018) no.2, 022003]

≈ 0.2− 0.3% on lattice spacing
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Hadronic Vacuum Polarisation

extrapolation to the physical point

I chiral extrapolation
I most calculations now done using (or including) ensembles at the physical point

I chiral extrapolation if necessary

I continuum extrapolation
I discretization effects depend on action used

I ideally work in fully O(a) improved setup
→ actions usually O(a)-improved
→ O(a)-improvement of vector current, if
→ necessary [A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510]

I ideally at least three lattice spacings

[C. Davies et al, arXiv:1902.04223]

I HISQ action

I data points corrected for discretization
effects from taste splitting
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Hadronic Vacuum Polarisation

comparison - light quark results

600 620 640 660 680 700

a
hvp

µ · 1010

CLS Mainz 2019

PACS-CS 2019

RBC/UKQCD 2018

BMW 2018

ETMC 2017

HPQCD/Fermilab/MILC 2019

Aubin et al 2019

Nf = 2 + 1

Nf = 2 + 1 + 1

I errors from 1.3%− 3.3%

I ≈ 2σ discrepancy between smallest and largest results

I compare intermediate quantities, e.g. time-moments G2n =
∞∫
−∞

dt t2nC(t)

or ahvp
µ from time window
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Hadronic Vacuum Polarisation

Strange and Charm HVP

I suffers less from long-distance noise-to-signal problem and finite volume effects than light
contribution

I charm usually large discretization effects

48 52 56 60

ahvpµ,s · 1010

CLS Mainz 2019

PACS-CS 2019

RBC/UKQCD 2018

BMW 2018

ETMC 2017

HPQCD 2014

Nf = 2 + 1

Nf = 2 + 1 + 1

10 12 14 16

ahvpµ,c · 1010

CLS Mainz 2019

PACS-CS 2019

RBC/UKQCD 2018

BMW 2018

ETMC 2017

HPQCD 2014

Nf = 2 + 1

Nf = 2 + 1 + 1

I errors on total HVP . 0.4% . 0.3%
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Hadronic Vacuum Polarisation

disconnected HVP

I quark-disconnected Wick contraction

I SU(3) suppressed

I quark loop

∆f
µ(t) =

∑
#»x

Tr
[
γµSf(x, x)

]

I all-to-all propagators, calculate stochastically

I light-strange cancellation [V.G. et al, PoS LATTICE2014 (2014) 128]

Cdisc(t) =
1

9

〈
(∆`(t)−∆s(t)) · (∆`(0)−∆s(0))

〉

I further noise reduction
I [T. Blum et al, Phys. Rev. Lett. 116, 232002 (2016)] low-mode averaging and sparsened noise sources for high modes
I [A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510] hierarchical probing [A. Stathopoulos et al, arXiv:1302.4018]

I frequency-splitting estimators [L. Giusti et al, Eur.Phys.J. C79 (2019) no.7, 586]
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Hadronic Vacuum Polarisation

disconnected HVP

I quark-disconnected Wick contraction

I SU(3) suppressed

I quark loop

∆f
µ(t) =

∑
#»x

Tr
[
γµSf(x, x)

]

I all-to-all propagators, calculate stochastically

−30 −25 −20 −15 −10 −5 0

ahvp

µ,dis
 · 1010

CLS Mainz 2019

RBC/UKQCD 2018

BMW 2018

Nf = 2 + 1

Nf = 2 + 1 + 1

I errors on total HVP 0.3− 0.7%

I light-strange cancellation [V.G. et al, PoS LATTICE2014 (2014) 128]

Cdisc(t) =
1

9

〈
(∆`(t)−∆s(t)) · (∆`(0)−∆s(0))

〉

I further noise reduction
I [T. Blum et al, Phys. Rev. Lett. 116, 232002 (2016)] low-mode averaging and sparsened noise sources for high modes
I [A. Gérardin et al, Phys.Rev. D100 (2019) no.1, 014510] hierarchical probing [A. Stathopoulos et al, arXiv:1302.4018]

I frequency-splitting estimators [L. Giusti et al, Eur.Phys.J. C79 (2019) no.7, 586]
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Hadronic Vacuum Polarisation

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking effects
I different masses for up- and down quark (of O((md − mu)/ΛQCD))
I Quarks have electrical charge (of O(α))

I lattice calculation aiming at . 1% precision requires to include isospin breaking

I separation of strong IB and QED effects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent
→ results shown above without QED and isospin breaking for mπ ≈ 135 MeV
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Hadronic Vacuum Polarisation

Strong isospin corrections from the lattice

I use different up, down quark masses

I sea quark effects:
→ configurations with different up, down masses

I results [B. Chakraborty et al. Phys. Rev. Lett. 120 152001 (2018)]

δaµ = 7.7(3.7)× 10−10 Nf = 2 + 1 + 1

δaµ = 9.0(2.3)× 10−10 Nf = 1 + 1 + 1 + 1

3

valence quarks. The smeared correlators have smaller
overlap with excited states than the local-local correla-
tor, and therefore improve the determination of the en-
ergies and amplitudes. We fit the correlators over the
symmetric time range [tmin, T − tmin], thereby ensuring
that the fit describes the correlator over the entire lattice
time extent T . To reduce the degrees of freedom in the
fit, in practice we average the correlator at times t and
T − t and fit only to the lattice midpoint; we also av-
erage the smeared-source, local-sink correlator with the
local-source, smeared-sink correlator. Because our lim-
ited number of configurations do not enable us to reli-
ably determine the smallest eigenvalues of the correlation
matrix, we employ singular-value-decomposition (SVD)
cuts with the values chosen to obtain stable fits with
good correlated χ2 values. In practice, we replace all
eigenvalues below the cut with the value of the SVD cut
times the largest eigenvalue; this prescription increases
the variance of the eigenmodes associated with the re-
placed eigenvalues and, thus, the errors on the fit param-
eters. We choose the number of states and fit range based
on the stability of the ground-state and first-excited-state
energies and amplitudes.

For both ensembles and all valence-quark masses, we
obtain good correlated fits with stable central values and
errors using tmin/a ≥ 3, Nstates ≥ 3, and an SVD cut
of 0.015, which modifies about 40% of the eigenvalues
of the correlation matrix. For each of our six fits, the
contribution to the χ2 from the 66 correlator data points
ranges from about 45-80. Although the lowest-energy
states in the vector-current correlators are I = 1 ππ pairs,
we do not see any evidence of such states in our two-point
correlator fits. This is not surprising because there are
only a few ππ states below the ρmass in these correlators,
and their amplitudes are suppressed by the reciprocal of
the spatial volume. The ground-state energies for the
correlators with mq = ml are E0 = 776.7(6.5) MeV and
E0 = 779.4(5.1) MeV on the Nf = 2 + 1 + 1 and Nf =
1+1+1+1 ensembles, respectively; these are statistically
consistent with the PDG average for the Breit-Wigner
mass Mρ0 = 775.26(25) MeV [25].

Following Ref. [8], we reduce the statistical errors in
aHVP

µ by replacing the correlator data at large times by
the result of the multiexponential fit. Although the fit
function is appropriate for the periodic lattice tempo-
ral boundary conditions, we correct for the finite lattice
temporal size by using the infinite-time fit function and
doubling the correlator extent to t = 2T . We use the
fitted correlator above t∗ > 1.5 fm; with this choice,
roughly 80% of the value of aHVP

µ comes from the data

region. The values of aHVP
µ computed with Gfit(t) for

t∗ > 1.5 fm agree within ∼ 1σ with those computed en-
tirely from data, but with more than ten times smaller
statistical errors for mq = mu.
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direct
with E

0
 rescaling

FIG. 2. Valence-quark-mass dependence of the light-quark-
connected contribution to aHVP

µ on the Nf = 1 + 1 + 1 + 1
ensemble without rescaling (open symbols) and with rescaling

each Π
(qq)
j by (E0/Mρ0)2j (closed symbols). From left to right,

the pairs of data points correspond to mu, ml = (mu+md)/2,
and md; each pair of data points is horizontally offset for
clarity. The values of aqq

µ include the charge factor q2
u + q2

d =
5/9 appropriate for the isospin-symmetric case.

III. ANALYSIS

We calculate aHVP
µ using the method introduced by the

HPQCD Collaboration [26], in which one constructs the
[n, n] and [n, n− 1] Padé approximants for the renormal-

ized hadronic vacuum polarization function [�Π(q2)] from
time moments of zero-momentum vector-current correla-
tion functions. These moments are proportional to the

coefficients Πj in a Taylor expansion of �Π(q2) around
q2 = 0. The true result is guaranteed to lie between
the [n, n] and [n, n − 1] Padé approximants. We em-

ploy the [3, 3] Padé approximant for �Π(q2) obtained from
the first six Taylor coefficients; the values of aHVP

µ com-
puted from the [3, 2] and [3, 3] Padé approximants differ
by 0.1 × 10−10.

In Ref. [8], the [n, n] and [n, n− 1] Padé approximants

for �Π(q2) are constructed from rescaled Taylor coeffi-
cients Πj × (E0/Mρ0)2j , where E0 is the ground-state
energy obtained from the two-point correlator fits. The
rescaling was found to reduce the valence-quark-mass de-
pendence of aHVP

µ because the ρ-meson pole dominates
the vacuum polarization. In addition, the rescaling can-
cels most of the error from the uncertainty on the lattice
scale w0, which enters via the muon mass present in the
one-loop QED integral for aHVP

µ . Figure 2 shows aHVP
µ

on (1 + 1 + 1 + 1)-flavor ensemble at the up, down, and
average light-quark masses. The valence-quark-mass de-
pendence is statistically well resolved because the three
points are strongly correlated, and is smaller after rescal-
ing.

I perturbative expansion in ∆m = (mu −md)
[G.M. de Divitiis et al, JHEP 1204 (2012) 124]

〈O〉mu 6=md
= 〈O〉mu=md

+ ∆m
∂

∂m
〈O〉

∣∣∣∣
mu=md

+O (∆m2
)

S

sea quark effects:

I ETMC [D. Giusti et al, Phys.Rev. D99 (2019)
no.11, 114502]

δaµ = 6.0(2.3)× 10−10

I RBC/UKQCD [T. Blum, VG et al,

Phys.Rev.Lett. 121 (2018) no.2, 022003]

δaµ = 10.6(4.3)S × 10−10
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Hadronic Vacuum Polarisation

QED corrections from the lattice

I Euclidean path integral including QED

〈O〉 =
1

Z

∫
D[Ψ,Ψ]D[U]D[A] O e−SF[Ψ,Ψ,U,A] e−SG[U] e−Sγ [A]

I Finite Volume corrections for QED on the lattice
→ 1/(mπL)3 for QED corrections to HVP in QEDL

[J. Bijnens et al, Phys.Rev. D100 (2019) no.1, 014508], [D.Giusti et al, JHEP 1710 (2017) 157]

→ negligible for required precision

I perturbative expansion of the path integral in α [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

quark-connected

quark-disconnected

sea-quark effects
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Hadronic Vacuum Polarisation

Results QED corrections

I connected contributions in electro-quenched
approximation

[D. Giusti et al, Phys.Rev. D99 (2019) no.11, 114502]

I several pion masses,
extrapolation to physical
point
δahvp
µ = 1.1(1.0)× 10−10

−1

0

1

2

3

4

0 5 10 15 20 25

w
tC

ii
(t

)
×

10
1
0

t

QED 
orre
tion up

[T. Blum, VG, et al., Phys. Rev. Lett. 121, 022003 (2018)]
[VG et al., PoS LATTICE2018 (2018) 134]

I directly at physical point,
single lattice spacing

δahvp
µ = 5.9(5.7)× 10−10
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Hadronic Vacuum Polarisation

Results QED corrections

I leading QED correction to the
disconnected HVP

gluons between the quarks

→ QED correction to LO HVP

no gluons between the quarks

→ included in NLO HVP
I QED correction to disconnected HVP [T. Blum, VG, et al., Phys. Rev. Lett. 121, 022003 (2018)]

aQED, disc
µ = −6.9(2.1)(1.4)× 10−10

I QED corrections from sea-quark effects

I diagrams at least 1/Nc suppressed
→ could be 33% of connected
→ need to be studied for sub-percent precision
→ on total HVP
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Hadronic Vacuum Polarisation

Full HVP comparison
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a
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“no new physics”

1
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Hadronic Vacuum Polarisation

Full HVP comparison
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1

680 690 700

I combining lattice with R-ratio
[RBC/UKQCD, Phys.Rev.Lett. 121 (2018) 022003]

Regions of precision (R-ratio data here is from Fred Jegerlehner 2017)

3
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Light+Strange (64I)

FIG. 4. Comparison of wtC(t) obtained using R-ratio data
[1] and lattice data on our 64I ensemble.

lation presented here, we only include diagram M. For
the meson masses this corresponds to neglecting the sea
quark mass correction, which we have previously [17] de-
termined to be an O(2%) and O(14%) e↵ect for the pi-
ons and kaons, respectively. This estimate is based on
the analytic fits of (H7) and (H9) of Ref. [17] with ratios
C

m⇡, K

2 /C
m⇡, K

1 given in Tab. XVII of the same reference.
For the hadronic vacuum polarization the contribution of
diagram R is negligible since �mup ⇡ ��mdown and di-
agram O is SU(3) and 1/Nc suppressed. We therefore
assign a corresponding 10% uncertainty to the SIB cor-
rection.

We also compute the O(↵) correction to the vector
current renormalization factor ZV used in C(0) [17, 18]
and find a small correction of approximately 0.05% for
the light quarks.

We perform the calculation of C(0) on the 48I and 64I
ensembles described in Ref. [17] for the up, down, and
strange quark-connected contributions. For the charm
contribution we also perform a global fit using additional
ensembles described in Ref. [22]. The quark-disconnected
contribution as well as QED and SIB corrections are com-
puted only on ensemble 48I.

For the noisy light quark connected contribution, we
employ a multi-step approximation scheme with low-
mode averaging [23] over the entire volume and two levels
of approximations in a truncated deflated solver (AMA)
[24–27] of randomly positioned point sources. The low-
mode space is generated using a new Lanczos method
working on multiple grids [28]. Our improved statisti-
cal estimator for the quark disconnected diagrams is de-
scribed in Ref. [29] and our strategy for the strange quark
is published in Ref. [30]. For diagram F, we re-use point-
source propagators generated in Ref. [31].

The correlator C(t) is related to the R-ratio data
[11] by C(t) = 1

12⇡2

R1
0

d(
p

s)R(s)se�
p

st with R(s) =
3s

4⇡↵2�(s, e+e� ! had). In Fig. 4 we compare a lattice
and R-ratio evaluation of wtC(t) and note that the R-
ratio data is most precise at very short and long dis-
tances, while the lattice data is most precise at interme-
diate distances. We are therefore led to also investigate
a position-space “window method” [11, 32] and write

aµ = aSD
µ + aW

µ + aLD
µ (6)

with aSD
µ =

P
t C(t)wt[1 � ⇥(t, t0,�)], aW

µ =P
t C(t)wt[⇥(t, t0,�) � ⇥(t, t1,�)], and aLD

µ =P
t C(t)wt⇥(t, t1,�), where each contribution is

accessible from both lattice and R-ratio data. We define
⇥(t, t0,�) = [1 + tanh [(t � t0)/�]] /2 which we find to
be helpful to control the e↵ect of discretization errors
by the smearing parameter �. We then take aSD

µ and

aLD
µ from the R-ratio data and aW

µ from the lattice.
In this work we use � = 0.15 fm, which we find to
provide a su�ciently sharp transition without increasing
discretization errors noticeably. This method takes the
most precise regions of both datasets and therefore may
be a promising alternative to the proposal of Ref. [33].

ANALYSIS AND RESULTS

In Tab. I we show our results for the individual as well
as summed contributions to aµ for the window method
as well as a pure lattice determination. We quote sta-
tistical uncertainties for the lattice data (S) and the R-
ratio data (RST) separately. For the quark-connected
up, down, and strange contributions, the computation is
performed on two ensembles with inverse lattice spacing
a�1 = 1.730(4) GeV (48I) as well as a�1 = 2.359(7) GeV
(64I) and a continuum limit is taken. The discretization
error (C) is estimated by taking the maximum of the
squared measured O(a2) correction as well as a simple
(a⇤)4 estimate, where we take ⇤ = 400 MeV. We find
the results on the 48I ensemble to di↵er only a few per-
cent from the continuum limit. This holds for the full
lattice contribution as well as the window contributions
considered in this work. For the quark-connected charm
contribution additional ensembles described in Ref. [22]
are used and the maximum of the above and a (amc)

4

estimate is taken as discretization error. The remain-
ing contributions are small and only computed on the
48I ensemble for which we take (a⇤)2 as estimate of dis-
cretization errors.

For the up and down quark-connected and discon-
nected contributions, we correct finite-volume e↵ects to
leading order in finite-volume position-space chiral per-
turbation theory [34]. Note that in our previous pub-
lication of the quark-disconnected contribution [29], we
added this finite-volume correction as an uncertainty but
did not shift the central value. We take the largest ratio
of p6 to p4 corrections of Tab. 1 of Ref. [35] as systematic
error estimate of neglected finite-volume errors (V). For
the SIB correction we also include the sizeable di↵erence
of the corresponding finite and infinite-volume chiral per-
turbation theory calculation as finite-volume uncertainty.
For the QED correction, we repeat the computation us-
ing an infinite-volume photon (QED1 [36]) and include
the di↵erence to the QEDL result as a finite-volume er-
ror. Further details of the QED1 procedure are provided
as supplementary material.

The precision of lattice data deteriorates exponentially as we go to large t, however, is precise at intermediate
distances. The R-ratio is very precise at long distances.

Note: in this plot a direct comparison of R-ratio and lattice data is not appropriate. Continuum limit,
infinite-volume corrections, charm contributions, and IB corrections are missing from lattice data shown here.

6 / 24

I short and long distance from
R-ratio

I intermediate distance from
lattice
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Hadronic Vacuum Polarisation

Full HVP comparison
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Hadronic Vacuum Polarisation

Conclusions and Prospects

I most important issues:

• noise reduction and control of long-distance tail of the light quark correlator

• careful estimate of finite volume effects

• first lattice calculations of isospin breaking and QED corrections
• → study also sea quark effects

• achieve consensus between lattice results
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Hadronic light-by-light scattering

Introduction

I hadronic light-by-light scattering enters at α3

µ µ

I Glasgow consensus [J. Prades, E. de Rafael, A. Vainshtein, Adv.Ser.Direct.High Energy Phys. 20 (2009) 303-317]

π0, η, η′ (11.4± 1.3)× 10−10

charged π loop (−1.9± 1.9)× 10−10

axialvector (1.5± 1.0)× 10−10

scalar (−0.7± 0.7)× 10−10

charm loops 0.2× 10−10

total (10.5± 2.6)× 10−10

e.g. π0 contribution

π0

µ µ

I work in progress using dispersion relations, see e.g. [G. Colangelo et al, JHEP 1902 (2019) 006], [G. Colangelo et al, Phys.Rev.Lett. 118
(2017) no.23, 232001], [G. Colangelo et al, JHEP 1704 (2017) 161], [M. Hoferichter et al, JHEP 1810 (2018) 141],[M. Hoferichter et al, Phys.Rev.Lett. 121 (2018) no.11, 112002], [V.
Pauk and M. Vanderhaeghen, Phys.Rev. D90 (2014) no.11, 113012], . . .
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Hadronic light-by-light scattering

light-by-light from the lattice

I two collaborations working on this: RBC/UKQCD and Mainz, both
using position space approaches

xop

z′

z

y′

y

x′

x

xsrc xsnk

1

+ 5 other permutations of x′, y′, z′
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Hadronic light-by-light scattering

light-by-light from the lattice

I two collaborations working on this: RBC/UKQCD and Mainz, both
using position space approaches

I approach proposed in [T. Blum et al, Phys.Rev. D93 (2016) no.1, 014503]

I position space sampling, i.e. stochastic evaluation of sum over r
I exact photon propagators
→ photons in QEDL: power-law finite volume corrections
→ infinite volume photons [T. Blum et al, Phys. Rev. D96, 034515 (2017)]

I approach proposed by Mainz [J. Green et al, arXiv:1510.08384],[N. Asmussen et al,1609.08454]

albl
µ =

me6

3

∫
dx4dy4 L[ρ,σ];µνλ(x, y) iΠ̂ρ;µνλσ(x, y)

I calculate L (semi-) analytical in the continuum and infinite volume
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Hadronic light-by-light scattering

Results Mainz connected light-by-light

I preliminary results, see [N. Asmussen @ Lattice 2019],
[N. Asmussen, g-2 workshop Mainz]

I connected diagram
z
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Hadronic light-by-light scattering

Results RBC/UKQCD connected + leading disconnected light-by-light

I preliminary results, see [T. Blum @ Lattice 2019]
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µ µ

I continuum and infinite volume extrapolation QEDL

QEDL continuum and infinite volume extrapolation (preliminary)
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16 / 25

aclbl
µ = 27.61(3.51)(0.32) adlbl

µ = −20.20(5.65) albl
µ = 7.41(6.32)(0.32) (×10−10)
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Hadronic light-by-light scattering

Results RBC/UKQCD connected + leading disconnected light-by-light

I preliminary results, see [T. Blum @ Lattice 2019]
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+
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I QED∞, combined with π0-pole contribution from model for long distances ≥ Rmax

QED∞, 139 MeV pion, a = 0.2 fm, L = 6.4 fm (preliminary)
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Combine full lattice result, up to Rmax , with π0 contribution from model or lattice
from Rmax to ∞ for most precise result. Smaller a2 and FV errors than QEDL

20 / 25

I work in progress: replace model by lattice calculation of π0 → γγ, see [L. Jin @ Lattice 2019]

Vera Gülpers (University of Edinburgh) Lattice Seminar Berlin Oct 21, 2019 27 / 29



Outline

Hadronic Vacuum Polarisation
• Introduction
• light quark contribution
• strange and charm quark contribution
• disconnected contribution
• Isospin Breaking corrections to the HVP
• Summary and Prospects

Hadronic light-by-light scattering
• Introduction
• Lattice Calculations
• Summary and Prospects

Final remarks



Hadronic light-by-light scattering

Conclusions - light-by-light

I two collaborations working on lattice calculations

• RBC/UKQCD: first result (connected+leading disconnected) extrapolated to physical point

• Mainz: connected contribution

I important check: consistency with Glasgow Consensus?

→ would need ≈ 3× larger albl
µ than Glasgow Consensus to explain aµ discrepancy

→→ preliminary lattice results suggest this is unlikely

I lattice calculations of the pion transition form factor π0 → γγ
[A. Gérardin et al, Phys.Rev. D94 (2016) no.7, 074507],[A. Gérardin et al, Phys.Rev. D100 (2019) no.3, 034520]

→ pion pole contribution to albl
µ

→ constrain long-distance tail to albl
µ lattice calculation
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Final remarks

Final remarks

I aµ measured and calculated very precisely
→ test of the Standard Model
→ new experiment running at Fermilab
→ largest uncertainty in Standard Model prediction from hadronic contributions

I huge effort in the lattice community to calculate hadronic contributions from first principles

I work in progress on g-2 Theory Whitepaper from the Muon g-2 Theory Initiative,

several workshops since 2017, last workshop: September 9 - 13, 2019 at INT

I hadronic vacuum polarisation contribution to aµ

• first lattice calculations of ahvp
µ with . 1% precision available within O(year)

• . 0.2% within a few years
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