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◉ Why Lattice QFT? 

What is the role of Lattice QFT?
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◆ Non-perturbative calculation:
             →Precise determination of physical quantities.
       (e.g. hadron mass, quark mass, form factor, g-2…)

◆ Theoretical formulation of QFT without perturbation:
             →Fundermental interest for the definition.
       (e.g. SU(N) chiral gauge fermion still unknown)

◆ Interdisciplinary study:
             →cond-mat, quant-ph, and any discrete systems.
       (e.g. Domain wall fermion          Topological insulator)
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◉ Perturbative information in Lattice calculations
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◇ Any other information?

 Non-perturbative value (meson mass) from Low energy

Perturbative value (quark mass) from High energy

→ Moments (Derivative of correlator, or Adler function)
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What’s the Moment? �
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◉ Another example: Dirac eigenvalue dencity
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◇ Low energy:
    →Chiral condensate

[G.Cossu et al. arXiv:1607.01099]
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◇ Higher energy:
    →Strong coupling

[K.N,H.Fukaya, and S.Hashimoto 
arXiv:1804.06695]



◉ Perturbative calculation up to 
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◇ Eigenvalue density from chiral condensate

◇ Known up to           (           )

O(↵3
s)

[J.Kneur, A.Neveu arXiv:1506.07506]
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�!
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[D.B.Kaplan (1992)]

◉ Pauli-Villars mass generalization

◇ Overlap operator construction

General Pauli-Villars mass
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◉ Pauli-Villars mass as an eigenvalue cutoff (Tree)



◉ Lattice power of eigenvalue density (Tree level)
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◉ Reducing discretization effect

◇   dependence is reduced by                       
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◇ Eigenvalue
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◇ Locality → Exponential locality is maintained

[P.H.Ginsparg, 
 K.G.Wilson (1982)]

[P.Hernandez et.al.(1999)](Exponential locality of sign function) ……

General Pauli-Villars mass



◉ Strong coupling constant determination
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◉ Others
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◇ Non-factorizable charmonium contribution in B->K ll

◇ Finite Volume (Casimir) effects in the model of nucleon

5
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FIG. 4. Finite-volume transition of nucleon masses with δ = 2
and periodic boundary condition. Upper: Walecka model.
Lower: Parity-doublet model.

ture. The leading (n = 1) term of the Casimir energy
in Eq. (15) has the minus sign for the thermodynamic
potential. For a small L, the term is dominated by the
second term of K2(x) = 2/x2−1/2+O(x2) and it is pro-
portional to M2

i . For this reason, smaller nucleon masses
by modification of the σ̄ mean field are favored, which
corresponds to the restoration of chiral symmetry in the
parity-doublet model.

In Figs. 2 and 3, we show the L dependence of nucleon
masses in the two models with the antiperiodic boundary
condition. From these figures, our findings are as follows:

(1) In the Walecka model, as L gets smaller, the nu-
cleon mass decreases as shown in the upper panel
of Fig. 2. This behavior is induced by the increase
of σ̄ by the finite-volume effect. At the small L
limit, the nucleon mass goes to zero.

(2) In the parity-doublet model, in the large L region,
the masses (M+ and M−) of the nucleon doublet
split as shown in the lower panel of Fig. 2, which is
consistent with those in the infinite-volume limit.
As L gets smaller, the masses degenerate, which
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FIG. 5. Finite-volume transition of nucleon masses with δ =
2, 3, 4 and periodic boundary condition at T = 0. Upper:
Walecka model. Lower: Parity-doublet model.

is induced by the chiral symmetry restoration (or
the reduction of σ̄) by the finite-volume effect. In
the small L region, the nucleon masses agree with
the chiral-invariant mass m0. Around the transi-
tion length, the mass splitting in L ∼ 0.8 fm is
dominated in the linear σ̄ term since σ̄ is finite but
small. In the L larger than the transition length,
both the masses are lifted up by the σ̄2 term with
a large σ̄ value.

(3) In any case, at T=0, the transition length is about
L ∼ 1 fm ∼ 0.005 MeV−1. This energy scale is
comparable to that of the chiral condensate (ap-
proximately 200 MeV).

(4) With increasing temperature, the transition length
is shifted to the larger L. This is because chiral
symmetry is partially restored by thermal effects,
and the nucleon masses also decrease.

(5) In Fig. 3, we compare the nucleon masses with dif-
ferent compactified dimensions (δ = 2, 3, 4). In
both the models, as δ increases, the transition
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Finite-volume effects for the nucleon chiral partners are studied within the framework of the
parity-doublet model. Our model includes the vacuum energy shift for nucleons, which is the
Casimir effect. We find that for the antiperiodic boundary the finite-volume effect leads to chiral
symmetry restoration, and the masses of the nucleon parity doublets degenerate. For the periodic
boundary, the chiral symmetry breaking is enhanced, and the masses of the nucleons also increase.
We also discuss the finite-temperature effect and the dependence on the number of compactified
spatial dimensions.

I. INTRODUCTION

Chiral symmetry is a fundamental property of quarks
in QCD. At low temperature and density, chiral sym-
metry is spontaneously broken by the chiral condensate,
which affects the various properties of hadrons, such
as masses and decay constants. On the other hand,
at high temperature and/or density, chiral symmetry is
restored by medium effects, and the hadronic observ-
ables are drastically modified. In particular, a useful
concept to elucidate the relation between chiral symme-
try and hadronic observables is the chiral-partner struc-
ture between hadrons. This structure means that the
masses (or other observables) of the partners split in the
chiral-broken phase and become degenerate in the chiral-
restored phase.

The parity-doublet model for nucleons was first pro-
posed in Ref. [1] to understand a nucleon doublet [e.g.,
the positive-parity N and negative-parity N∗(1535)] as a
chiral partner. This model has been applied not only
to investigate the role of chiral-partner structures for
baryons in vacuum [1–22] but also to elucidate various
physics in nuclear environments such as η mesic nuclei
[23–27], hadron modification in matter [28–31], the phase
diagrams of the isospin symmetric nuclear matter [32–
47], isospin asymmetric nuclear matter [34, 35, 43, 44,
48], thermal nuclear matter [38, 49–51], and magnetized
nuclear matter [52], and neutron stars [32, 34, 35, 48, 53–
56]. Recently, the degeneracy for the correlators (and
masses) of the positive- and negative-parity nucleons was
found from lattice QCD simulations at high-temperature
phase above the chiral phase transition [57–59]. These
results might indicate not only the validity of the parity-
doublet picture but also the survival of the chiral invari-

∗ tsuto@post.kek.jp
† katumasa@post.kek.jp
‡ kei.suzuki@kek.jp
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FIG. 1. Box geometry with compactified spatial length L in
the 3 + 1 dimensional space-time, where δ is defined as the
temporal and compactified spatial dimensions.

ant mass (namely, another origin of the nucleon masses)
at high temperature.
The purpose of this work is to focus on finite-volume

effects for the nucleon parity-doublet structure. Within
the parity-doublet model, we consider nucleons inside a
finite “box” with a boundary condition. Such a setup
will enable us to compare results from the models with
observables from lattice QCD simulations. Here, lattice
QCD setup has two advantages:

(i) We can compactify the arbitrary space-time dimen-
sions so that we can study not only finite-volume
effects in the usual 3 + 1 dimensional box but also
physics in an “anisotropic box,” such as the (usual)
Casimir effect [60] induced by one dimensional com-
pactification, as shown in Fig. 1.

(ii) We can choose arbitrary boundary conditions such
as periodic and antiperiodic ones, which might
modify the infrared part of the momentum of par-
ticles. Thus, our studies will be useful for giving
us an intuitive interpretation of the role of chiral
symmetry in a finite volume.

It should be noted that finite-volume effects for the
nucleon masses in a box could be estimated within the
framework of the chiral perturbation theory (ChPT) with
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FIG. 6. Standard-Model di↵erential branching fraction (gray band) for B ! Kµ
+
µ
� decay (left)

and B ! K⌧
+
⌧
� (right), where B denotes the isospin average, using the Fermilab/MILC form

factors [62]. Experimental results for B ! Kµ
+
µ
� are from Refs. [45, 146–148]. The BaBar, Belle,

and CDF experiments report isospin-averaged measurements.

logarithmically enhanced QED corrections.
Figure 6 plots the isospin-averaged Standard-Model di↵erential branching fractions for

B ! Kµ
+
µ
� and B ! K⌧

+
⌧
�. For B ! Kµ

+
µ
� decay, we compare our results with

the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially integrated branching fractions for the charged (B+) and neutral
(B0) meson decays, respectively, for the same q

2 bins used by LHCb in Ref. [45]. In the
regions q

2 . 1 GeV2 and 6 GeV2 . q
2 . 14 GeV2, uū and cc̄ resonances dominate the

rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in q

2 between the QCD-factorization result at q2 ⇡ 8.5 GeV2 and the OPE result at
q
2 ⇡ 13 GeV2. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially integrated branching ratios in the wide
high-q2 and low-q2 bins are our main results:

�B(B+ ! K
+
µ
+
µ
�)SM ⇥ 109 =

⇢
174.7(9.5)(29.1)(3.2)(2.2), 1.1 GeV2  q

2  6 GeV2
,

106.8(5.8)(5.2)(1.7)(3.1), 15 GeV2  q
2  22 GeV2

,

(4.3)

�B(B0 ! K
0
µ
+
µ
�)SM ⇥ 109 =

⇢
160.8(8.8)(26.6)(3.0)(1.9), 1.1 GeV2  q

2  6 GeV2
,

98.5(5.4)(4.8)(1.6)(2.8), 15 GeV2  q
2  22 GeV2

,

(4.4)

where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]

�B(B+ ! K
+
µ
+
µ
�)exp ⇥ 109 GeV2 =

⇢
118.6(3.4)(5.9) 1.1 GeV2  q

2  6 GeV2
,

84.7(2.8)(4.2) 15 GeV2  q
2  22 GeV2

,

(4.5)
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[D. Du et al. (Fermilab, MILC) 1510.02349]
[K.N., S. Hashimoto arXiv:1901.08784]

[T. Ishikawa, K.N., K. Suzuki arXiv:1812.10964]
[T. Ishikawa, et al.                  arXiv:1905.11164]



◉ Summary for QCD part
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◆ Since lattice calculations are a (first principle) numerical 
calculation, it provides physical quantities without
perturbative method.

◆ There are many source of uncertainty, but under control.

◆ The error from the truncation of perturbative expansion is
    often dominant.

◆ The systematic error of the fermion formulation is also 
important.



◉ Contents
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(1): Introduction

(2): Perturbative quantities on the lattice

(3): Tensor renormalization group for higher dimension

(4): Summary



◉ Theoretical aspects of Lattice QFT
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◇ What is the Lattice QFT (again)?

Classical field theory on the discrete spacetime

Path integral quantization

+

Lattice quantum field theory

Z
dx !

X

x
Z =

Z
D�e�Slattice



◉ Differential     and symmetric difference @ r

a@µ (x) !
 (x+ a)�  (x� a)

2
= (sinha@µ) (x)

= rµ (x)

◇ Leibniz rule violation

◇ Propagator

@(fg) = @fg + f@g ! r(fg) = rfM [g] +M [f ]rg

1

i�µapµ +M
! 1

i�µsinapµ +M
 24



◉ Classical correspondence
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Lattice QFT Condensed matter

◆ Lagrangian Llattice ◆ Hamiltonian Hcond

◆ Mass me↵ ◆ Magnetic field M

◆ Gamma matrix �µ ◆ Pauli operator �i

→ No need to consider path integral (explicitly)



◉ Classical correspondence
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Lattice QFT Condensed matter

◆ Staggard ◆ Quantum simulation

◆ Minimal doubling ◆ Honeycomb (graphen) 

◆ Domain-wall ◆ Topological Insulator

→ No need to consider path integral (explicitly)



◉ Quantum correspondence
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◇ Is there Quantum correspondence?

→Tensor Renormalization group (for Fermion, Boson), 
    World sheet representation (for Gauge)

Z
D D exp

"
�
X

x

L( x, x)

#
�!

X

�i

exp

"
��
 
J
X

i

�i�i+1 + h
X

i

�i

!#

�
 , 

 
! {�i}

→ Need to consider path integral measure
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◇ Field variable integration (Fermion part)

h N ki =
Z

D D  N ke
PN

t=1  tAt t+ tBt t�1

=

Z
D D  N ke

PN
t=1  tAt t

NY

t=1

1X

bt=0

( tBt t�1)
bt

{ t, t} ! {bt}

◇ To spin variable by field integration

→ Efficient numerical integration using ‘locality’ of action,
and Grasmman property

◉ Fermionic field/Spin variables



◉ Scalar field/Spin variables
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◇ Loop formulation 

SB
⇤ =

X

x

{�w · �x�x�1 + V (�x)}

e�SB
⇤ =

Y

x

0

@
1X

nb(x)=0

(w · �x�1�x)
nb(x)

nb(x)!

1

A
Y

x

e�V (�x)

(occupation number n)

→ Straightforward extension to bosonic field with cutoff
[D.Baumgartner, U.Wenger arXiv:1503.05232]

{�x} !
�
nb(x)

 



◉ Scalar field/Spin variables

 30

◇ Multiple integration

◇ tensor (matrix) rep.

→ Dramatic cost reduction

→ Cost grows exponentially 

　　(e.g.) Simpson rule O(n
d
8 )

O(n
N
8 ) ! O(logN)

Z
d�1...d�N

NY

t=1

e�
1
2 (�t��t�1)

2

! tr
h
F̂N
�t�t�1

i

Z
d�F (�) '

X

�2SK

g(�)F (�)Discretization

[D.Kadoh, K.N. arXiv:1803.07960]



◉ Gauge field/flux tubes
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◇ World sheet representation 

SG[U ] = ��

3

X

x,µ<⌫

ReTrUx,µUx+µ̂,⌫U
†
x+⌫̂,µU

†
x,⌫

Z
D[U ]

Y

x,µ<⌫

Y

a,b,c,d

1X

nabcd
x,µ⌫=0

1X

nabcd
x,µ⌫=0

(�/6)n
abcd
x,µ⌫+nabcd

x,µ⌫

nabcd
x,µ⌫ !n

abcd
x,µ⌫ !

(Uab
x,µU

bc
x+µ̂,⌫ Udc

x+⌫̂,µ
⇤
Uad
x,⌫

⇤
)n

abcd
x,µ⌫ !(c.c.)n

abcd
x,µ⌫ !

{Uabcd
x,µ⌫ , U

abcd
x,µ⌫

⇤} ! {nabcd
x,µ⌫ , n

abcd
x,µ⌫}

→ Integrate out can be done at least SU(3) case.
[C.Marchis, C.Gattringer. arXiv:1712.07546]



◉ Interest
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◇ What are the points? 

◇ Advantages and disadvantages
○Sign problem 

○Another representation 

○Low cost (low dim) 
○Partition function

×High cost (high dim) 
△Systematic error

→ We study SUSYQM as a good example.
[D.Kadoh, K.N. arXiv:1803.07960]
[D.Kadoh, K.N. arXiv:1812.10642]



◉ 1-dim SUSYQM
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◇ Q-exact form

S =
NX

t=1


1

2
(r�t +W (�t))

2 +  t(r+W 0(�t)) t

�

Ě Lattice SUSYńAýŘ¤×ĴŔŃŅõL)OĿ.&
đ0+1-dim N=2 (Q = 2) SUSY QM (Witten model)

ę SUSYõL)O (Continuum)�

ĊĎ�

S =

Z
dt

1

2
(@t�)

2 +
1

2
D2 + iDh0(�) +  (@t + h00(�)) 

� :TŨšŻƁE
:TÒ+E
:�r&ţŻŨŶƀ
:åŵūƀŦźŽ

D(t)
 (t)
h(�)

E

E0 = 0

E1

E2

E3

Q1S = 0

Q2S 6= 0

{Q1, Q2} = 2rt{Q1, Q2} = 2@t

Q2S = 0

Q1S = 0

�!
Latticize

Q1� =  

Q1 = �@t �W

Q1 = 0



◉ 1-dim SUSYQM
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◇ Q-exact form

S =
NX

t=1


1

2
(r�t +W (�t))

2 +  t(r+W 0(�t)) t

�

Ě Lattice SUSYńAýŘ¤×ĴŔŃŅõL)OĿ.&
đ0+1-dim N=2 (Q = 2) SUSY QM (Witten model)

ę SUSYõL)O (Continuum)�

ĊĎ�

S =

Z
dt

1

2
(@t�)

2 +
1

2
D2 + iDh0(�) +  (@t + h00(�)) 

� :TŨšŻƁE
:TÒ+E
:�r&ţŻŨŶƀ
:åŵūƀŦźŽ

D(t)
 (t)
h(�)

E
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Q2S 6= 0

{Q1, Q2} = 2rt{Q1, Q2} = 2@t
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�!
Latticize
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Q1 = �@t �W

Q1 = 0
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Figure 1: V (x) =
1

2
W (x)

2
for a quadratic superpotential.

Fig.1 shows the potential V (x) = 1

2
W (x)2 with the dimensionless coupling

constant � = g/m3/2. The reason why SUSY is broken is intuitively under-
stood. The potential has two classical vacua corresponding to two minima
x = {0,�2/(�

p
m)}. These two vacua respect supersymmetry because the

classical potential vanishes. After the quantization, the tunneling between
these two vacua causes the overlap of the wave function, and the true vacuum
energy becomes non-zero. 3

The classical action of N = 2 supersymmetric quantum mechanics is
given by

S =

Z
�

0

dt

⇢
1

2
(@t�(t))

2 +
1

2
W (�(t))2 +  ̄(t)

�
@t +W 0(�(t))

�
 (t)

�
(9)

where � 2 R is a bosonic variable and  ,  ̄ are fermionic variables (one-
component Grassmann numbers). All variables �, ,  ̄ satisfy the periodic
boundary condition such as

�(t+ �) = �(t). (10)

3
The tunneling rate decreases as � ! 0 since the potential barrier increases, and the

vacuum energy approaches zero. The vacuum energy can be analytically evaluated by

the instanton rate for � ⌧ 1 where the numerical analysis using the importance sampling

tends to be di�cult.

5

W (�) = m�+ �m3/2�2

1

2
W (x)2



4 106

δ(1)

δ(2)

x

R
(1

)
x

R
(2

)
x

m = 10 g = 800

m = 10 g = 800

ξ̃

⟨ψxψ̄y⟩ − ⟨φx(∂φ)y⟩ − ⟨φx W ′(φx+φx−1

2 )⟩ = 0,

⟨φx (∂φ)y⟩ − ⟨φx W ′(φx+φx+1

2 )⟩ − ⟨ψ̄xψy⟩ = 0,

W ′(φ) = mφ

Dxy = ∂xy + m
2 (δxy + δx,y−1)

D−1 − (DTD)−1DT = 0,

◉ Comparing to Monte-Carlo
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[G.Bergner et al.
Annals Phys.(2008)]

Ward id

a

m

mbos(a) ≈ mferm(a) m(6)
bos(0) = 16.84 ± 0.03

m(6)
ferm(0) = 16.81 ± 0.01 16.865

Gbos,ferm(x)

k m(0)

mbos(a) = kbos · a + mbos(0) mferm(a) = kferm · a + mferm(0)
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Fig. 3. Linear extrapolations of ⟨H(x)⟩aPBC/m to the continuum a = 0 for various values of βm.

λ = 10. The errors are only statistical ones.
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Fig. 4. The continuum limit of the expectation value of the Hamiltonian, lima→0⟨H(x)⟩aPBC/m,

as a function of the physical temporal size of the system βm. λ = 10. The errors are only

statistical ones. We have also plotted the exact ground-state energy E0/m = 1.27616 and the

analytic expression for the λ = 0 case, Eq. (3.37).

15

Hamiltonian

N = 20

am � 0.05

am � 0.02 → Great improvement

N = 1500 ⇠ 30000

am � 0.001

Our result:[I.Kanamori,F.Sugino, and H.Suzuki,
 PTEP(2008)]
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◉ Spectral degeneration
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mfermi/m = 1.6678215773620(2)
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W (�) = m�+ �m2�3



◉ Hamiltonian (extrapolation)
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◉ Hamiltonian (Weak coupling regime)
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W (�) = m�+ �m3/2�2
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Figure 9: R against �
2
for fixed �m = 64.

the order of 0.1% for the smallest value of coupling constant, �2 = 0.03.

4. Summary

We have evaluated the vacuum energy in N = 2 SUSY QM for the double-
well potential (�4-theory) using the direct computational method proposed in
[26]. Since the partition function with the periodic boundary condition for the
fermions vanishes, we have measured the expectation of Hamiltonian at finite
temperature and obtain the vacuum energy by taking the low temperature
and continuum limit. The obtained energy coincides with the known results
for various coupling constants. With the studies for the SUSY unbroken case
[26], we find that the employed method works properly with and without the
SUSY breaking.

These results also establish the methodology of defining a lattice Hamilto-
nian in low-dimensional lattice SUSY actions. Since the accurate results are
provided for very fine lattice spacings, we can precisely study how the lattice
artifacts are appeared and controlled in the presence of the physical SUSY
breaking. Those kinds of information are very useful in constructing higher
dimensional SUSY lattice models and in studying the non-perturbative mech-
anism of SUSY breaking.
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Figure 1: V (x) =
1

2
W (x)

2
for a quadratic superpotential.

Fig.1 shows the potential V (x) = 1

2
W (x)2 with the dimensionless coupling

constant � = g/m3/2. The reason why SUSY is broken is intuitively under-
stood. The potential has two classical vacua corresponding to two minima
x = {0,�2/(�

p
m)}. These two vacua respect supersymmetry because the

classical potential vanishes. After the quantization, the tunneling between
these two vacua causes the overlap of the wave function, and the true vacuum
energy becomes non-zero. 3

The classical action of N = 2 supersymmetric quantum mechanics is
given by

S =

Z
�

0

dt

⇢
1

2
(@t�(t))

2 +
1

2
W (�(t))2 +  ̄(t)

�
@t +W 0(�(t))

�
 (t)

�
(9)

where � 2 R is a bosonic variable and  ,  ̄ are fermionic variables (one-
component Grassmann numbers). All variables �, ,  ̄ satisfy the periodic
boundary condition such as

�(t+ �) = �(t). (10)

3
The tunneling rate decreases as � ! 0 since the potential barrier increases, and the

vacuum energy approaches zero. The vacuum energy can be analytically evaluated by

the instanton rate for � ⌧ 1 where the numerical analysis using the importance sampling

tends to be di�cult.

5

→ No sampling-problem
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◉ Tensor representation for Lattice

Deterministic              Deterministic                Sampling

usual Vol.           exponentially large            usual Vol   

w/o sign-prob.           w/o sign-prob.               It depends.

~2 or 3 dim                ~2 or 3 dim                   any-dim

No rigorous error       No rigorous error         statistical error

MPS TRG Warm algorithm

     State base          Measurement base    Measurement base  
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◉ Tensor representation for Lattice

Deterministic              Deterministic                Sampling

usual Vol.           exponentially large            usual Vol   

~2 or 3 dim                ~2 or 3 dim                   any-dim

No rigorous error       No rigorous error         statistical error

MPS TRG Warm algorithm

     State base          Measurement base    Measurement base  

w/o sign-prob.           w/o sign-prob.               It depends.



 41

(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)

Anisotropic TRG (ATRG)

[S. Morita, R. Igarashi et al. arXiv:1712.01458]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variational TRG

Triad RG (Tri-RG)

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

[D. Kadoh and K.N. arXiv:1911.xxxxx]
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◉ (Simple) Tensor renormalization group (TRG)
[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

Z =
X

a,b

Y

x,y

Tax,y,ax+1,y,bx,y,bx,y+1

ax+1,y

bx,y

bx,y+1

ax,yTax,y,ax+1,y,bx,y,bx,y+1 =

◇ Starting point: network representation

→ How can we calculate (approximate) this contractions?

Naive contraction costs / {dim(a)dim(b)}Volume
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◉ Singular Value Decomposition (SVD)

→ We can approximate the matrix by the cutoff of index 

◇ Larger singular values    have much “information” of T�

a

b

c

d

a

b

c

d

k=

Tabcd =
DX

k

Aab
k�kBcd

k

k

dim(k) = dim(a)dim(b) ! D

→ (Frobenius norm)
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◉ SVD for a coarse graining (e.g. Image)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]
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◉ SVD for a coarse graining (e.g. Ising)

◇ One step

Tabcd =
X

k

Ak
acB

k
bd

Tabcd =
X

k

Ck
adD

k
bc

T (n+1)
klmn =

X

a,b

Ak
axy+1bxy+1

Bl
axybx�1y+1

Cm
axybxy+1

Dn
axy+1bx�1y+1

k

l m

n k

l m

n

axy+1

axy

bxy+1bx�1y+1

→ Exponential Volume reduction V ! V

2
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◉ SVD for a coarse graining (e.g. Ising)

◇ ALL step(graphical)

Z =
X

a,b

Y

x,y

Tax,y,ax+1,y,bx,y,bx,y+1
!

X

a,b

T 0
aabb

V ! V

2#step
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◉ Numerical costs for simple TRG

◇ How fast?

Tabcd =
X

k

Ak
acB

k
bd

T (n+1)
klmn =

X

a,b

Ak
axy+1bxy+1

Bl
axybx�1y+1

Cm
axybxy+1

Dn
axy+1bx�1y+1

O(D6)

22V ! O((logV )⇥D
6)

SVD:

Contraction: O(D6)

→ We need more sophisticated algorithm.

◇ Large D is still difficult.
    (Higher dimension, complicated system…)
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◉ Cost for Higher-dimensional system

◇ Can we generalize (simple) TRG for higher dimension? 

→ Formally we can, but bad approximation (and Cost)

D3 ! DCutoff:
O(D12)Cost:

We need more faster method (for more interesting system)
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(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)

Anisotropic TRG (ATRG)

[S. Morita, R. Igarashi et al. arXiv:1712.01458]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variational TRG

Triad RG (Tri-RG)

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

[D. Kadoh and K.N. arXiv:1911.xxxxx]
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◉ Higher-Order TRG (HOTRG)

◇ Contraction by projection operator 2

T 
(n) (a) 

M 
(n) 

T 
(n+1) 

(b) 

i 
T 

(n) 
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FIG. 1: (a) A HOTRG contraction of the tensor network
state along the y axis on the square lattice. (b) Steps of
contraction and renormalization of two local tensors. The
initial tensor T (0) = T .

translation invariant tensor network state8,

Z = Tr
∏

i

Txix′

i
yiy′

i
, (2)

where i runs over all the lattice sites and Tr is to sum
over all bond indices, and the local tensor T is defined at
each lattice site as shown in Fig. 1(a),

Txix′

i
yiy′

i
=
∑

α

Wα,xi
Wα,x′

i
Wα,yi

Wα,y′

i
(3)

where W is a 2× 2 matrix defined by

W =

(
√

cosh(1/T ),
√

sinh(1/T )
√

cosh(1/T ), −
√

sinh(1/T )

)

, (4)

and T is the temperature.
To coarse grain, we contract the lattice alternatively

along the horizontal (x-axis) and vertical (y-axis) direc-
tions. This scheme of coarse graining is simple to imple-
ment. Fig. 1(a), as an example, shows how the contrac-
tion along the y-axis is done. At each step, two sites are
contracted into a single site in the coarse grained lattice
(Fig. 1(b)), and the lattice size is reduced by a factor of
2.
The contracted tensor at each coarse grained lattice

site is defined by

M (n)
xx′yy′ =

∑

i

T (n)
x1x′

1
yiT

(n)
x2x′

2
iy′ , (5)

where x = x1 ⊗ x2, x′ = x′
1 ⊗ x′

2, and the superscript n
denotes the n’th iteration. The bond dimension of M (n)

along the x-axis is the square of the corresponding bond

dimension of T (n). To truncate M (n) into a lower rank
tensor, we first do a HOSVD for this tensor20

M (n)
xx′yy′ =

∑

ijkl

SijklU
L
xiU

R
x′jU

U
ykU

D
y′l, (6)

where U ’s are the unitary matrices. S is the core tensor
of M (n), which possesses the following properties for any
index, say index j:
(1) all orthogonality,

⟨S:,j,:,: | S:,j′,:,:⟩ = 0, if j ≠ j′, (7)

where ⟨S:,j,:,: | S:,j′,:,:⟩ is the inner-product of these two
sub-tensors.
(2) pseudo-diagonal,

|S:,j,:,:| ≥ |S:,j′,:,:|, if j < j′,

where |S:,j,:,:| is the norm of this sub-tensor which is the
square root of all elements’ square sum. These norms
play a similar role as the singular values of a matrix.
In M (n), the two vertical bonds, y and y′, do not need

to be renormalized. Thus in the practical calculation,
UU and UD are not needed to be determined. Moreover,
the right bond of M (n) is linked directly to the left bond
of an identical tensor on the right neighboring site, thus
to truncate any one of the horizontal bonds of M (n) will
automatically truncate the other horizontal bond. The
truncation can be done by comparing the values of

ε1 =
∑

i>D

|Si,:,:,:|2 (8)

and

ε2 =
∑

j>D

|S:,j,:,:|2. (9)

If ε1 < ε2, we truncate the first dimension of S or the
second dimension of UL to D. Otherwise, we truncate
the second dimension of S or the second dimension of
UR to D. This kind of truncation scheme provides a
simple and optimal approximation to minimize the trun-
cation error21,22. It has been successfully applied to many
fields such as data compression, image processing, pat-
tern recognition, and etc23.
After the truncation, we can update the local tensor

using the following formula

T (n+1)
xx′yy′ =

∑

ij

U (n+1)
ix M (n)

ijyy′U
(n+1)
jx′ , (10)

where U (n+1) = UL (or UR) if ε1 is smaller (or larger)
than ε2.
The above HOTRG calculation can be repeated iter-

atively until the free energy and other physical quanti-
ties calculated are converged. The cost of the calculation
scales as D7 in the computer time and D4 in the memory
space. This is comparable with the cost of TRG7,8.

U

→      is made by SVDU
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[M tM ][x1x2][�2�2] ⌘
X

abcd

M t
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M[abcd][�1�2]

[M tM ][x1x2][�2�2] =
X

k

Uk
[x1x2]

�kUk
[�1�2]

SVD Cutoff: D2 ! D
Cost:

Contraction Cost:

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

O(D4dim�1)

O(D11)
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◉ Numerical costs for HOTRG

◇ More higher dimension? → still difficult.
O(D4dim�1)Cost:

◇ 4-dim Ising [S.Akiyama, Y.Kuramashi et al. arXiv:1906.06060]

D = 13@Oakforest-PACS
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6.6
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Figure 3. Transition temperature as a function of bond dimension. Error bars are within symbols.

of temperature for various lattice sizes with Dcut = 13. In the case of n � 24 (L � 64), a
finite jump emerges with mutual crossings of curves between different volumes around the
transition temperature. These are characteristic features of the first-order phase transition
as discussed in Ref. [58]. The similar volume dependence and a finite jump at L � 64

have been also confirmed in case of Dcut = 14. The numerical value of the finite jump
�E(Dcut = 13) in the infinite-volume limit is

�E(Dcut = 13) = 0.0034(5),

which is obtained by the linear extrapolation toward the transition temperature both from
the low and high temperature regions. The resolution of the temperature at the boundary
between the two phases is �T = 6.25⇥ 10�6.

We also investigate the spontaneous magnetization, which is an order parameter to
detect the symmetry-breaking phase. Figure 6 shows a typical volume dependence of mag-
netization toward the thermodynamic limit. We have evaluated h�ii with h = 1.0⇥10�9 and
2.0⇥ 10�9 at each temperature and coarse-graining step. After taking the infinite-volume
limit we extrapolate the value of h�ii toward the h ! 0 limit. Figure 7 shows the resulting
spontaneous magnetization as a function of temperature. The transition temperature is
consistent with both estimates by X

(n) and the internal energy. We have observed a finite
jump in the magnetization, whose numerical value is obtained by the linear extrapolation
toward the transition temperature both from the low and high temperature regions;

�m(Dcut = 13) = 0.037(2).

The resolution of the temperature at the boundary between the two phases is again �T =

6.25 ⇥ 10�6. Note that we have tried several choices of the external field other than h =

– 7 –

Tc(D = 13) = 6.650365(5)

Tc = 6.68026(2)

Monte-Carlo

L4  10244

L4  804 (200)

[P.H. Lundow and K. Markstrom 
 arXiv:1202.3031]

O(D15)
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(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)

Anisotropic TRG (ATRG)

[S. Morita, R. Igarashi et al. arXiv:1712.01458]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variational TRG

Triad RG (Tri-RG)

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

[D. Kadoh and K.N. arXiv:1911.xxxxx]

O(D4dim�1) ! O(D2dim+1)
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◉ Anisotropic TRG (ATRG)
2
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FIG. 1. Renormalization step of ATRG in y direction for the
two-dimensional square lattice model.

by including the singular matrix S in B and C, the error
of the final free energy is minimized. Such a construc-
tion gives us a better free energy than the equal weight
decomposition,

p
S, of the singular matrix into A and B

(or C and D).

Next, by using SVD, we swap the bond of B and
C [step (b) and (c) in FIG. 1]. In order to swap the
x1 bond of B and x2 bond of C, we define tensor M as

M↵�x1x2 =
X

y1

By1x1↵Cy1x2� , (6)

and, by SVD of M and truncating the singular values to
D, we define new X and Y as

M↵�x1x2 ⇡
DX

y1

S{M}y1y1
U{M}↵x2y1

V{M}�x1y1
, (7)

X↵x2y1 =
q

S{M}y1y1
U{M}↵x2y1

, (8)

Y�x1y1 =
q

S{M}y1y1
V{M}�x1y1

. (9)

Then, we renormalize the horizontal two bonds into
one by using projectors E and F [step (d) and (e) in
FIG. 1]. By applying projector E (F ) to A and X (Y
and D), we obtain new tensor G (H) as

Gy0y1x
0
0

=
X

↵,x0,x2

Ay0x0↵X↵x2y1Ex0x2x
0
0
, (10)

Hy1y2x
0
1

=
X

�,x1,x3

Dy2x3�Y�x1y1Fx1x3x
0
1
. (11)

Finally, a new renormalized tensor, T 0, is made from the
product of G and H as

T 0
y0y2x

0
0x

0
1

=
X

y1

Gy0y1x
0
0
Hy1y2x

0
1
, (12)

[step (f) in FIG. 1], which will be used as an input to the
next renormalization step in x direction.

As for the choice of projectors, E and F , there are
many possibilities. Here, we perform the projection in
the following way:

Qy0y1y2y3 =
X

x1x3↵�

Y�y1x1Dy2x3�Ay0x1↵X↵x3y3

⇡
DX

x
0
1

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
V{Q}y0y3x

0
1
, (13)

Hy1y2x
0
1

=
q

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
, (14)

Gy0y3x
0
1

=
q

S{Q}x
0
1x

0
1
V{Q}y0y3x

0
1
. (15)

Unlike the conventional HOTRG, the projectors are not
necessarily isometries. In addition, when we calculate
only the free energy, G and H can be directly obtained
through SVD as Eqs. (13)-(15). The explicit form of
the projectors is needed for calculating other physical
quantities, e.g., energy and magnetization.

The whole renormalization step described above can be
performed with computation cost of O(D5) and memory
footprint of O(D4) by performing the partial SVD using
the Arnoldi method or other techniques. The computa-
tion cost of ATRG is the same as TRG with partial or
randomized SVD [11].

Note that in step (a) of FIG. 1, there is the freedom
of choosing the bond used by A from two bonds in x di-
rection, x0 and x1. By choosing the pair of bonds used
for A0 in the following renormalization step properly, we
can skip SVD of T 0 by using G and H, and continue cal-
culation without additional truncation errors (FIG. 2).
If the bond geometry of A0 and B0 (or C 0 and D0) are
chosen so that they match the geometry of G and H,
respectively, there occur no truncation errors at the de-
composition of T 0. Note that explicit SVD of T 0 needs
computation cost of O(D5). This cost can be reduced
to O(D4) by performing SVDs of G and H, and taking
SVD of the intermediate 2-bond tensor, K, defined as
K = S{G}V

t

{G}U{H}S{H}.
One of the important di↵erences between ATRG and

HOTRG is that in ATRG, before applying the projec-
tors E and F , we construct X and Y from a low-rank
approximation of M , which is constructed from B and

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

◇ Auxiliary SVD before SVD
    (In order to reduce indeces)

O(D4dim�1) ! O(D2dim+1)

a

b

c

d

a

b

c

d

k=

◇ Key-point: Low rank rep. 
    reduces the leading cost.



 54

(Simple) Tensor renormalization group (TRG)

Higher-Order TRG (HOTRG)

Anisotropic TRG (ATRG)

[S. Morita, R. Igarashi et al. arXiv:1712.01458]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

[M.Levin and C. P. Nave arXiv:cond-mat/0611687]

◉ Examples: Variational TRG

Triad RG (Tri-RG)

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

[D. Kadoh and K.N. arXiv:1912.xxxxx]

O(D4dim�1) ! O(Ddim+3)

O(D4dim�1) ! O(D2dim+1)
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◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.xxxxx]

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.

Tx1

y1+

y1
z1

z1+ x1+ x1 x1+

y1z1

z1+y1+
a1 c1d1

ABCD

FIG. 2. The rank-three tensor representation of the initial
tensor T .

The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all

x2
x2+

z2

a2 c2d2

ABCD

x1
x1+

bz1

z1+

a1 c1d1

ABCD

y1+

y2
z2+

DCBA

A B C D

d′1a′1c′1x′
1+

x′
2+

d′2a′2c′2

b′

AA

AA

BCDDCB

CDDC

BB

K

U U

x′
1+

x′
2+

x1+

x2+

X

x′
1+

x′
2+

x1+

x2+

x′
1+

x′
2+

x1+

x2+

c1c′1

a1a′1

bb′

c2c′2

FIG. 3. The isometry part of the rank-3 TRG.

index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ Using the Triad (Rank-3) tensor as a fundamental tensor

3
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FIG. 4. The contraction part of the rank-3 TRG.

TRG.
∑

b

∑

a1,c1,d1

∑

a2,c2,d2

∑

x1+,x1,z1+,z1

∑

x2+,x2,z2+,z2

1

×Ax1+z1+c1By1+a1c1Cba1d1Dx1z1d1

×Ax2+z2+c2Bba2c2Cy2a2d2Dx2z2d2

× Ux1+x2+X+Ux1x2XVz1+z2+Z+Vz1z2Z . (9)

At the first step, we calculate AVx1+c1z2+Z+ ,
AUx1+c2z2+X+ , UDx2d1z1X , V Dx2d2z1Z , and CBa1a2c2d1 ,
with the O(D5) cost without truncation. As the
second step, we make the tensors CBCa2d1c1c2 and
AV AUc1c2X+Z+ with the O(D6) cost without trunca-
tion. Although it can be approximated by the cost
O(D5), we do not use the truncation method for this
part because of the precision. The third step is taking
the contraction to make a tensor CBCAV AU and
decompose the tensor by the O(D6) cost truncated SVD

with the singular-value Λ(f)
f ,

CBCAV AUy1+a2d1X+Z+ =
CDD∑

f=1

A′
Z+y1+fΛ

(f)
f GX+a2d1f .

(10)
For the precision, we can introduce the coefficient CD for
this auxiliary decomposition. It does not change the cost
if the coefficient is small enough, CD ≪ D. In this letter,
we simply take CD = 1.
We also take a similar contraction for the left side of

the diagram as the fourth step. We calculate the tensors
CGy2X+fd1d2 and UDVDd1d2XZ with O(D6) cost with-
out truncation method, and after that we decompose the
tensor C[GΛ(f)]UDVD by O(D6) cost truncated SVD as
followings,

C[GΛ(f)]UDVDy1X+fXZ =
CDD∑

g=1

D′
Zy2gΛ

(g)
g G′

XX+fg.

(11)
The fifth step is truncated decomposition of the tensor

[Λ(g)G′] with O(D5) cost,

[Λ(g)G′]XX+fg =
CDD∑

h=1

P ′
X+hfΛ

(h)
h Q′

Xhg. (12)

We define the tensor B′
X+hf =

√
Λ(h)
h P ′

X+hf and C ′
Xhg =√

Λ(h)
h Q′

X+hf . Finally we can constract the coarse

grained tensor T ′ in the rank-three representation,

T ′
ZZ+XX+y2y1+

≡
CDD∑

f,g,h=1

A′
Z+y1+fB

′
X+hfC

′
XhgD

′
Zy2g.

(13)
Since rank-3 TRG is closed in the rank-three represen-

tation, we can iteratively take the coarse-graining with-
out any additional costs. The total cost is O(D6) or
higher-order depending on the approximation.

One important property of rank-3 TRG is the weight of
the singular value is gathered for the next decomposition
because of the precision. Namely, the singular values

Λ(f)
f and Λ(g)

f are concentrated on the tensor which will

be decomposed. (i.e.) C[GΛ(f)]UDVD and [Λ(g)G′].
This property is also known for the ATRG.

We should mention that the further decomposition of
the tensor CB before the second step. If we decompose
this tensor before the second step, we can reduce the total
cost to O(D5). However, this additional decomposition
does not well work at least for the three-dimensional Ising
model. Since the approximation by the SVD is optimized
only for the local tensor, SVD for a part of the tensor
could be difficult without loss of precision. In this letter,
we focus on the contraction without CB decomposition.

As an important extension, rank-3 TRG can apply to
the higher dimensional system, although there are many
kinds of variation which depends on how approximate
the matrix products and taking the additional SVD or
not. In any cases, if we based on the rank-three tensor
representation and does not decompose ”center” tensor
CB, the contraction cost is O(D3+d) with the truncated
method. In this letter, we focus on the three-dimensional
system.

RESULTS

We test the Tri-RG method in three dimensional
Ising model on a periodic lattice with the volume V =
(32768)3 = (215)3 at the critical temperature (2Tc/J) =
4.5115 [6, 12, 14]. The free energy defined as F =
− 1

β logZ is evaluated from an average value of four trials
with different random numbers of the RSVD, and the er-
ror is estimated from the standard deviation. In order to
improve the precision, we consider 100 configuration to
estimate the error for Tri-RG in the range D ≤ 24. The
numerical computation is carried out with 2.7 GHz Intel

2

tice sites are labeled by integers, Γ = {(n1, n2, n3)|ni ∈
Z}. The spin variable σn defined on a site n takes
two values σn = ±1. The Hamiltonian is given by
H = −J

2

∑
n∈Γ

∑3
µ=1 σnσn+µ̂ where J is a coupling con-

stant and µ̂ stands for the unit vector of the µ direction.
The partition function Z = Tr(e−βH) with the inverse
temperature β = 1/T is expressed as a uniform tensor
network:

Z =
∏

n∈Γ

Tx−
n x+

n y−
n y+

n z−
n z+

n
(1)

where

Txx′yy′zz′ =
2∑

a=1

WaxWax′WayWay′WazWaz′ , (2)

with a 2× 2 matrix,

W =

(√
cosh(βJ/2)

√
sinh(βJ/2)√

cosh(βJ/2) −
√
sinh(βJ/2)

)
. (3)

and x+
n = x−

n−1̂
, y+n = y−

n−2̂
, z+n = z−

n−3̂
. Fig. 1 shows the

rhs of eq.(1) graphically. Any link is shared by two ten-
sors, that is, the same indices which appear twice in (1)
are contracted with the Einstein summation convention.

Tx1

y1+

y1
z1

z1+ x1+ x1 x1+

y1z1

z1+y1+
a1 c1d1

ABCD

FIG. 2. The rank-three tensor representation of the initial
tensor T .

The renormalization algorithm is given for a tensor
network made only of rank-3 tensors. The network (1)
can be expressed as such a network because T is given
by a network of four rank-3 tensors A,B,C,D as

Txx′yy′zz′ =
2∑

a,b,c=1

Ax′z′aBy′acCybcDxzb. (4)

where

Axza = Dxza ≡ WaxWaz, (5)

Byab = Cyab = δabWay. (6)

Fig.2 shows this representation of T . Note that the bond
dimension of rank-3 tensors is two, which is the same as
that of T . For other models, a decomposition of T with
the SVD is needed, and the bond dimension can be larger
than that of T . We basically consider a case in which the
initial tensor T has a sufficiently small bond dimension
in general.
————————–
We should prepare the isometry for this rank-three rep-

resentation. From now on, we assume the size of the all
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FIG. 3. The isometry part of the rank-3 TRG.

index is D. The constraction of the isometry in rank-
3 TRG method for x+-direction is shown in Figure 3.
Namely, first we take a part of the contraction to calcu-
late AA,BB,CDDC,BCDDCB as followings,

[AA]x1+x′
1+c1c′1

=
∑

z1+

Ax1+z1+c1Ax′
1+z1+c′1

,

[BB]c1c′1a1a′
1
=
∑

y1+

By1+c1a1By1+c′1a
′
1
,

[CDDC]a1a′
1bb

′ =

∑

d1,d′
1

Cba1d1

(
∑

x1z1

Dx1z1d1Dx1z1d′
1

)
Cb′a′

1d
′
1
,

[BCDDCB]bb′c2c′2 =

∑

a2,a′
2

(
∑

y2

Bbc2a2 [CDDC]a2a′
2y2y2

Bb′c′2a
′
2

)
. (7)

These contraction need the O(D5) leading cost without
any approximations. We take the contraction of these
tensor to make the tensor K,

K = [AA][BB][CDDC][BCDDCB][AA]t. (8)

This contraction is done with O(D6) cost without any
approximations. We can apply the randomized trunca-
tion method to these contractions, and then the leading
cost can be O(D5) for the three-dimensional tensor net-
works. By decomposing the tensor K, we can calculate
the isometry Ux1+x2+X for the x+-direction.

Note that this method for the isometry can be straight-
forwardly generalized to the higher dimensional systems,
and the leading cost of this extension is the same in any
higher dimensions.

After preparing the isometry for x-direction as
Ux1+x2+X+ and Ux1x2X , and z-direction as Vz1+z2+Z+ and
Vz1z2Z , we can take coarse-graining of these directions.
We shows the explicit way to contract in the Figure 4.
Namely, we consider the following contractions for rank-3

◇ projection operator U ◇ contraction part 

→ We apply HOTRG-like procedure to Triad tensor rep.
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Numerical results are compared to those obtained from
the HOTRG and the ATRG. We employ an improved al-
gorithm of HOTRG with the RSVD, which is shown in
appendix ??, and the leading cost does not change. The
ATRG is implemented with RSVD and twice a larger in-
dex size 2D only for swapping step. Although several
improvements which do not change the leading cost are
studied, we only consider the ATRG without any other
improvement. In Tri-RG, an O(D5) isometry is pre-
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three dimensions, respectively.
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The accessible D is different among the three meth-
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ods. Roughly speaking, three results approach almost
the same converged value, which is expected to be the
true value, as D increases. This figure implies that the
error of Tri-RG is well-controlled for larger Ds, and the
results of Tri-RG are closest to the true value. We try to
extrapolate our result of Tri-RG by the function a+bD−c

with the fitting variables a, b, and c. The result in the
range 10 ≤ D ≤ 56 can be extrapolated to D → ∞
limit as a = −1.7546(1). Note that we confirm the sta-
bility of the fit by the difference from the fit in the range
20 ≤ D ≤ 56 for Tri-RG.

Figure 6 shows the free energy against the computa-
tional time. Since the true value at the large D limit lies
on near −1.7546, as Figure 5 implies, one can conclude
that the Tri-RG converges faster than the other methods.

In Figure 7, the running time is shown as a function
of D. The theoretical D-dependence, which is D2d+1 for
ATRG and Dd+3 for Tri-RG, is reproduced at a practical
level in three dimensions (d = 3). Thus we can consider
that the Tri-RG method will open a door to studying a
wide class of higher dimensional field theory with tensor
networks.
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◇ Triad rep. reduces the cost without loss of precision

O(D4dim�1) ! O(Ddim+3)

◇ 3-dim Ising
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◉ Summary for TRG part
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◆ How to constract the tensor network rep. is one important 
    step to apply TRG method to the statistical system.

◆ For 1 or 2 dimension, TRG method provide the precise
   determination of the physical quantities without sign-problem

◆ Now TRG methods are improved to apply to the higher dim.
   Low-rank tensor is a key-idea.

◆ We need theory of the systematic error of cutoff parameter.
    For more realistic calculation, (maybe) we should introduce
    some stochastic method such as Monte-Carlo simulation.


