A non-perturbative definition of the QCD
energy-momentum tensor from a moving frame
and its application to thermodynamics

Mattia Dalla Brida
Universita di Milano-Bicocca & INFN

Work done in collaboration with
Leonardo Giusti & Michele Pepe

Deutsches Elektronen Synchrotron aka DESY
January 27" 2020, Zeuthen, Germany



Introduction

The goal
QCD equation of state (EoS) 8? ;ﬁ < 1
s(T), p(T), =(T) e E
Thermodynamics s s SRR
op(T i E
0= %51 i
Ts(T) = p(T) +=(T) : |
Why is this interesting? ;:‘ ‘.’/‘ S :

» Fundamental property of QCD . lTO,T 100

c (Giusti, Pepe '17)

» Heavy-ion collisions
SU(3) YM — T, ~ 300 MeV

» Cosmology
> .

What do we know?

» EoS of Ny =2+ 1 QCD for T' < 500 MeV (Bazavov et al. '14; Borsanyi et al. '14; Bali et al. '14; ...)
> First results up to 7'~ 1 — 2GeV (some for Ny =2+ 1+ 1)

(Borsanyi et al. '16; Bazavov, Petreczky, Weber '18)

» Most results use variants of staggered fermions

Wilson-quarks are catching up ... (tmfT Collab. '16; WHOT-QCD Collab. '18; MDB, Giusti, Pepe '18; ...)
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Introduction

A non-perturbative problem

Asymptotic freedom 3 T E
T—o0 74F i o) E
ozs(,u ~ T) — 0 72F /,/'/ o) El
E - o(g" é
= PT should work at large T o — gg E
';,6.67 . — 0o(g)+Daa|
Free quarks & gluons gas 6af Y ® Dda 3
(T) 2 o2p 20T, T E
SSB I 6F ° \\ =
s T 5(32+21><Nf) 3 10TTC ‘\\\rg
Ne=0 5'6;”‘\””\""\HH\HH\HH\HH\HH\:"‘Tcu\\mé
~ 7 02 0 0.1 0.2 03 04 05 0.6 0.7 08 0.9 1
~ . -1
Probl Ln(T/Ty) (Giusti, Pepe '17)
roblems

SU(3) YM - T, = 300 McV
» PT at finite T" shows very poor convergence
» Works only up to a finite order: no matter how small s is! (Lindé '80)
» The "O(g®) + Data" term at T = 68 GeV is ~ 50% of
the correction to free gas given by the other terms
» Resummation techniques seem to improve convergence but of. (Andersen et al. '16)
» Uncertainties are hard to reliably quantify within PT

> Lindé problem is not solved 2 s



Introduction

A difficult non-perturbative problem

Free energy B L I LIS e

f:fp:fglnz - e

Trace anomaly
(Boyd et al. '96; Umeda et al. '09; ...)

I(T):€—3P_Ti(£) °
T4 — T4 T AT \T* I
4 3s/4T3
Pressure |
p(T)  p(To) TdT,I(T’) S L L L
T4 - T4 + T/5 130 170 210 250 290 330 370
AO To (HotQCD Bazavov et al. '14)
Lattice obs. (A = lattice) QCD with Ny =2+ 1 quarks
~ T dln 2 T dg 6§QCD > -
(T = —— =~ (aq— A b= , ,...} <= LCP
(1) =5 e = v (0@ (), F={oo(a)mos(a)..}

Renormalization

I(T) = lim [p(T) = lim [1(T) = 1(0)] |;
Problem

The renormalization unnaturally ties together two separate physical scales:
L'<T<a'&L " ~m: = L/a=0(100) for T = O(1GeV)

4/18



The energy-momentum tensor (EMT)

Back to basics
Thermodynamics & EMT

Ts(T) =p(T)+e(T)  p=(Tw)r &= —(Too)r

EMT (continuum)
T = Tow = Toiw + Toi
7h = 1 {PnDov + P Duv} -6’ TS =
EMT (lattice)
Tio T TS =Tawo  TE =Tau—Tow
> 7—1}{6,3} _ Z{6’3}(g0)775,’{6’3} + Zé6,3}(go)n€,{6,3}
> (TN 2T (@)

Any ideas?
» Thermal QFT in a moving frame
» Ward identities with flowed probes

> 7;13 from small flow-time expansion

(Callan, Coleman, Jackiw '71; ...)

a a G
ELQF - 6#“’[’
(Caracciolo et al. '90 '91 '92)
1
Tioh = 6 132, Toa

{6,3,1} € H(4)

(Giusti, Meyer '13)
(Del Debbio, Patella, Rago '13)

(Suzuki '13)
5/18



Thermodynamics in a moving frame

The relativistic perfect fluid [Minkowski space]
Rest frame
e 0 0 O
10 p 0 O
Tuw = 00 p O
0 0 0 p

Moving frame

Tor = 72(]9 + &)k v = velocity, v =

1
V1—v?
Too=7(p+e)—p T =7"(p+e)vi +p

Entropy density (using Ts =p—+e)
Tok

Ts =
s ~2ur

[T = temp. rest frame]|

Kinematic relations

Tor = (Too + Tew)  [vk #0]

1+2

/18



Thermodynamics in a moving frame

Shifted boundary conditions (continuum)

Thermal QCD path integral [L = co]

A, (Ly,x) = A, (0, x)
(Lo, ) = —e' (0, z)
Euclidean boost / SO(4) rotation [!;“ =—jv; 4y 1= m]

Z(Lg,60) = /[DA][DE][DUJ] e SQep A Y, ¢]

Lqcp so) Lqcp
AM(Lgvm) :A#(07m) — A“(Lo,x) :AH(vafgLO) [L6 :LO/’V]
(Lo, @) = —e'"1)(0, ) ¥(Lo,x) = —€""1(0,z — £Lo)

Partition function [uz = —00/Lo |

Z(Lo,&,00) = Tr{e_LO(H_iE'p_i“IN)} P = momentum N = quark num.
Free energy
1 V—oo
f(LO,€790) = _WIHZ(LO7£700) f(LO7£700) = f(LO/"/,OQO)
Entropy density

(Tok)e,00=0 T

8l
Ts(T) = — L
s(T) TN T



Thermodynamics in a moving frame
Shifted boundary conditions (lattice)

Thermal QCD path integral [L = co]

Uu(Lo,x) = U, (0, x)
Y(Lo, &) = —e"P(0, z)
Euclidean boost / SO(4) rotation [!;“ =—jv; y 1= \/W]

Z(Lj, 00) = /[DU] [DP][Dy] e~ SracplU:v-v]

ﬂLQCD CLQCD
UM(Lg,m) =U,(0,z) X Up(Lo,x) = Up(0, 2 — §Lo) [LE) = Lo/7]
P(Lo, x) = —e" (0, ) Y(Lo,x) = —e" (0,2 — £Lo)

Partition function [uz = —00/Lo |

§(Lo,£, o) = Tr{e_LO(H_iE'p_i“IN)} P = momentum N = quark num.
Free energy

- 1 ~ N Soe

F(Ls&.00) =~ 0 (L0 €.00)  FlLa,,00) =2 F(Lo/,0,00)

Entropy density



Renormalization of the EMT

Ward identities (continuum)

Momentum identities

00=05" 68

(Tok)e,00 = —a%kf(Lo,&é’o) = Tor = Tox

Lo{Ton (20)O)e e = o (Ohesy  Torla) = / de Tou(z0, @)
\%

9o
OE,
Baryon number identities

0
- L()aieof(L07£>90)

.0
(Vo(x0)O)¢,00,c = 187190<

i(Vo)e,0,

O)e.00 Vo(z) = ¥(z)v0(z)

Other identities
0 i 0

=~ (Tok)e.00 = Lo 06

890 <‘/EJ>§,90

(Tor)e,0, = ((760)5,90 - <77m>5,90) + finite V terms

&k
1-¢;
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Renormalization of the EMT
Ward identities (lattice)

Momentum identities

(Teos =~ 5e F(Ln,€,60) + O@) 5o Fle) = 72 Fle + #5) - Fle - 48]
Lo(To(0)0)e0.c = o= e + O(0)
Baryon number identities
i(Vo)e.op = Loai F(Lo, & 60)
Vo(e0)Oheoe = igp (Oeso Tola) = 4 [Fa) 20 — e Un(@p(a +0) + ]

Other identities

9 Tobeno +Ola)

0 R _
%(%k))ﬁveo - L ag

(Tor)e.00 = %((%@s,eo — (Ti)e.00) + O(a) + finite V terms
k
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Renormalization of the EMT

Finite volume considerations
Spatial boundary conditions
Ap(xo, @+ /%Lk) = A, (zo, ) U(xo, x + chk) = ew’f@b(:co, x)
Finite volume terms
The finite spatial extent is source of additional SO(4) symmetry breaking, e.g.,

(Toreo + 7 §i<7ak> _ 552«760) (Tides) 6= (00.6)

Vi: system with shifted bc. along the k-direction and @ — 0 = fugy(0,€, L)

Special geometries

L&y

Lo(14&32) €z

0
by = b + —  where b, =&
o =2E&- §k I

» In general finite volume terms are exponentially suppressed for L, — oo

> Special geometries, however, guarantee that, e.g., (Tox)v, = 0 exactly!
= The above finite volume WI takes its infinite volume form

» Different constraints might be needed for different Wils

11/18



O(a)-improvement of the EMT

Massless case

Lattice action

O(a)-improved Wilson fermions

Lattice EMT (Caracciolo et al. '90 91 '92)
77,LGII = %FEQFLZQ - 5;1,1/[/G
T = L [VE+ V) + 9 [V + V. )0} — 6, L"

O(a)-counterterms [i € {6,3}]

01,;“/ - EU;LQFI/O/MJ OQ,;LV = acx (EO'/,LQBV'M)> 03,[,1.7/ = a,uau (Ew)

Tt = 25 90) T ™ + Z (g { T + as T

STt = 3, i (90)OL L,
Remarks
» A classical expansion of the EMT shows that: c{’}(go) 0+ O(g3)

» (2 and O3 can be neglected in forward matrix elements of the EMT

» If NO spontaneous chiral symmetry breaking = (5TF{ }> = O(a)

This happens in a finite volume AND in infinite volume if T" > T,_! e



O(a)-improvement of the EMT

Mass-degenerate case

O(a)-improved parameters (Lisscher et al. '92)

gg = gg (]_ —+ bg(go)amq) Mq = Mo — Merit
Mg = mq(l + bm(go)amq)
O(am)-counterterms [i € {6,3}]

of}, =m0 ol = mg Tt

O(a)-improved EMT

Tt = 28 G013 + 28 o) T

iz © ©
T = (1+ 05 (go)amq) T, b&} =0+ 0(g5)
T8 = (1461 (go)ama) { T2t + 0T} bl =1+ 0(g0)
Remarks

» Non-degenerate quarks require one additional b-contribution of O(gg)

> At high temperature O(a)-effects are suppressed like: (aT’) x (mq/T)
= One expects < 1% effects from light quarks once T' 2 1 GeV

» Perturbative estimates for the b-coefficients are, thus, likely sufficient

at high temperature 13/18



A test in perturbation theory

Renormalization constants and improvement coefficients to 1-loop order

Ward identities
(Tor.r)eo = ag F(Lo,€,60)  (Tokreo =

Renormalization constants

o S (T deo — (T o)

(11 50)

ZE go) =1+ g [Nz N 4 — z + NezEYONI] 1 0(g8)

Z}? }(90) =1+ gOCFZI{Tl}(l e) + O(go)
Results: Unimproved and O(a)-improved Wilson for i € {6, 3}
Perfect agreement with the literature (when available) (cancciolo et a1 92: Capitani, Rossi '95)
O(a)-improvement coefficients
et (90) = 0+ O(g5)
bi (90) = 1+ g5 Crbf N 1 0(g) b (90) = 0+ gaNb 5T+ O(gd)
Results: O(a)-improved Wilson for i € {6, 3}
For the geeks
» Lo/a=4—-32, R=L/Lo=>5— 15, several £ and 6 values
» Gauge zero-mode removal = R — oo extrapolations
» Coordinate space calculation based on FFT 1418



Towards the EoS at high temperature
General strategy
Master equation
Lattice set-up
» N =3 O(a)-improved Wilson quarks with shifted bc., £ = (1,0,0)

Lines of constant physics (ALPHA Collab. MDB et al. '16, '18; ALPHA Collab. Campos et al. '18)

> 8 values of 7'~ 2.8 — 80 GeV fixed by g2p(p = T/7)
> Lo/a=4,6,8,10 and L/a = 288 = TL ~ 50 — 20
» mqr = O(a?), i.e., massless quarks

» PT values improvement coefficients

Systematic effects
» Mass effects: s(T)|,n = (T)|m—o + O(m?/T?)
Expected to be quite small for light quarks for T' = 2.8 GeV
Actual size needs to be estimated at the smaller T's
» Finite size effects: s(7)|r = s(T)|z=c0 + O(e™™%) w/ m = O(T)
L/a = 96 simulations and measure of m(7T’) to estimate actual size

> O(a)-effects: Monitor size of O(a)-counterterms

(Giusti, Meyer '13)



Towards the EoS at high temperature
Renormalization strategy

Renormalization condition

(Tor)en = —Tf(Lo,ﬁ 0 0=0"0"

General strategy
1. At fixed Lo/a, L/Lg, and &, estimate
0

7 f(Lo,&,6")| =F.
8£k f( 07&7 ) o
2. Evaluate
d 8 - 8 8 0 8Cxw
diggaifkf p 85 |: <SG>59 + (a 8 )<ww>€9 + ( B} [2) )<¢4Uuu ;.de) :|
d 0 =~ i 0 =
Iy
dou aék g(QJ Lu a£k< #>§,6

for a range of values of (go, ) to obtain %f(Lo,g,G)’go

Initial condition
» For small enough g3, Fi can be estimated in PT (Giusti, Pepe '15)

» Else F. could be computed explicitly (not easy!)
16/18



Towards the EoS at high temperature

Renormalization strategy

Renormalization condition
(ZrTor + ZaTot)es = = In {

General strategy
1. At fixed Lo/a, L/Lo, and &, estimate

o ~
— f(Lo, &, 0" =L,

96 f(Lo,&,07) .

2. Evaluate

d 0~ 0 [-1 omo\ — Oean\ —. =

1.2 9+ = a7 | =3 < IJFV

ag e’ |, = e {93 (Sc)eo + (893 )(Wﬁs,e + (893 )(1#4% b ¢>s,9]
d 0 -~ i 0 =~

27 =X 2w
deu 86)@ gg LM 8§k< #>§,6

for a range of values of (go, ) to obtain %f(Lo,g,Q)bo

Initial condition
» For small enough g3, F can be estimated in PT (Giusti, Pepe '15)

» Else F. could be computed explicitly (not easy!)
16/18



Towards the EoS at high temperature

Some preliminary results. Perturbative Z’s have been used for illustration!
Vertical scale should not be taken at face value!

205 T=28GV +—m1 ]
T=46GV r—e—i
20 ¢ T=75GV —u ]
. T=11.9GeV r—=—
195 ¢ T =19.2GeV E
{ T =305GeV ——
o 19+ T = 47.8 GeV ]
S ] i I '
= T =76.5GeV
g 185 i E
wn I
18 £ l % i *
I .
175 £ R
17 E i
I
165 il L L L L L L
0 0.01 0.02 0.03 0.04 0.05 0.06
(a/Lo)?
Remarks !
> Nms = 50,100, 250,450 for Lo/a = 4,6,8,10
» Var(s(T))/s(T)* o (Lo/a)® ; Tiny < 2MDUs
» About 1% error for Lo/a = 10
» Small discretization errors?



Conclusions & Qutlook

Conclusions

>

>

QCD in a moving frame is a powerful framework
for thermodynamic studies

Offers alternative ways for computing thermodynamic
quantities

Provides many Ward identities for the non-perturbative
renormalization of the EMT

The framework passes with flying colours an analysis at
1-loop order in PT

Preliminary results for the bare entropy are encouraging

Outlook

» The non-perturbative renormalization of the EMT is on its way

Accurate determination of the EoS of Ny = 3 QCD in a totally
unexplored temperature range

How accurate is PT in this regime?

Heavy-quark effects?
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