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Introduction
The goal

QCD equation of state (EoS)
s(T ), p(T ), ε(T )

Thermodynamics

s(T ) = ∂p(T )
∂T

Ts(T ) = p(T ) + ε(T )
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SU(3) YM – Tc ≈ 300 MeV
(Giusti, Pepe ’17)

Why is this interesting?
I Fundamental property of QCD
I Heavy-ion collisions
I Cosmology
I . . .

What do we know?
I EoS of Nf = 2 + 1 QCD for T . 500 MeV (Bazavov et al. ’14; Borsanyi et al. ’14; Bali et al. ’14; . . . )

I First results up to T ≈ 1− 2 GeV (some for Nf = 2 + 1 + 1)
(Borsanyi et al. ’16; Bazavov, Petreczky, Weber ’18)I Most results use variants of staggered fermions

Wilson-quarks are catching up . . . (tmfT Collab. ’16; WHOT-QCD Collab. ’18; MDB, Giusti, Pepe ’18; . . . )
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Introduction
A non-perturbative problem

Asymptotic freedom

αs(µ ≈ T )
T→∞
−→ 0

⇒ PT should work at large T

Free quarks & gluons gas

sSB(T )
T 3 = π2
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(Giusti, Pepe ’17)

Problems
I PT at finite T shows very poor convergence

I Works only up to a finite order: no matter how small αs is! (Lindé ’80)

I The "O(g6) + Data" term at T ≈ 68 GeV is ≈ 50% of
the correction to free gas given by the other terms

I Resummation techniques seem to improve convergence but cf. (Andersen et al. ’16)

I Uncertainties are hard to reliably quantify within PT
I Lindé problem is not solved 3 / 18



Introduction
A difficult non-perturbative problem

Free energy

f = −p = −T
V

lnZ

Trace anomaly
(Boyd et al. ’96; Umeda et al. ’09; . . . )

I(T )
T 4 ≡

ε− 3p
T 4 = T

d
dT

(
p

T 4

)
Pressure

p(T )
T 4 = p(T0)

T 4
0

+
∫ T
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dT ′ I(T ′)
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QCD with Nf = 2 + 1 quarks
(HotQCD Bazavov et al. ’14)

Lattice obs. (Â ≡ lattice)

Î(T ) = −T
V

d ln Ẑ
d ln a = T

V

(
a

d~b
da

)〈
∂ŜQCD

∂~b

〉
T

~b = {g0(a),m0,f (a), . . .} ⇐ LCP

Renormalization
I(T ) = lim

a→0
ÎR(T ) = lim

a→0

[
Î(T )− Î(0)

]∣∣
~b

Problem
The renormalization unnaturally ties together two separate physical scales:

L−1 � T � a−1 & L−1 ∼ mπ ⇒ L/a = O(100) for T = O(1 GeV) 4 / 18



The energy-momentum tensor (EMT)
Back to basics
Thermodynamics & EMT

Ts(T ) = p(T ) + ε(T ) p = 〈Tkk〉T ε = −〈T00〉T
EMT (continuum) (Callan, Coleman, Jackiw ’71; . . . )

T Rµν = Tµν = T Fµν + T Gµν

T Fµν = 1
4

{
ψγµ

↔
Dνψ + ψγν

↔
Dµψ

}
− δµνLF T Gµν = 1

g2
0
F aµαF

a
να − δµνLG

EMT (lattice) (Caracciolo et al. ’90 ’91 ’92)

T Rµν 6= Tµν T {6}µν = Tµ6=ν T {3}µν = Tµµ − Tνν T {1}µν = δµν
1
4
∑

α
Tαα

I T R,{6,3}µν = Z
{6,3}
F (g0)T F,{6,3}µν + Z

{6,3}
G (g0)T G,{6,3}µν {6, 3, 1} ∈ H(4)

I 〈T {1}µµ 〉T /T 4 a→0
∝ (aT )−4

Any ideas?
I Thermal QFT in a moving frame (Giusti, Meyer ’13)

I Ward identities with flowed probes (Del Debbio, Patella, Rago ’13)

I T Rµν from small flow-time expansion (Suzuki ’13)
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Thermodynamics in a moving frame
The relativistic perfect fluid [Minkowski space]

Rest frame

Tµν =

ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


Moving frame

T0k = γ2(p+ ε)vk v ≡ velocity, γ = 1√
1− v2

T00 = γ2(p+ ε)− p Tkk = γ2(p+ ε)v2
k + p

Entropy density (using Ts = p+ ε)

Ts = T0k

γ2vk
[T ≡ temp. rest frame ]

Kinematic relations

T0k = vk
1 + v2

k

(
T00 + Tkk

)
[ vk 6= 0 ]
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Thermodynamics in a moving frame
Shifted boundary conditions (continuum)

Thermal QCD path integral [L =∞ ]

Z(L′0, θ0) =
∫

[DA][Dψ][Dψ] e−SQCD[A,ψ,ψ]
Aµ(L′0,x) = Aµ(0,x)

ψ(L′0,x) = −eiθ0ψ(0,x)

Euclidean boost / SO(4) rotation
[
ξ = −iv ; γ−1 =

√
1 + ξ2 ]

LQCD

Aµ(L′0,x) = Aµ(0,x)

ψ(L′0,x) = −eiθ0ψ(0,x)

SO(4)

−→
LQCD

Aµ(L0,x) = Aµ(0,x− ξL0)

ψ(L0,x) = −eiθ0ψ(0,x− ξL0)
[L′0 = L0/γ ]

Partition function [µI = −θ0/L0 ]

Z(L0, ξ, θ0) = Tr
{
e−L0(Ĥ−iξ·P̂−iµIN̂)} P̂ ≡ momentum N̂ ≡ quark num.

Free energy

f(L0, ξ, θ0) = − 1
L0V

lnZ(L0, ξ, θ0) f(L0, ξ, θ0)
V→∞

= f(L0/γ, 0, θ0)

Entropy density

Ts(T ) = −〈T0k〉ξ,θ0=0

γ2ξk
T = γ

L0 7 / 18



Thermodynamics in a moving frame
Shifted boundary conditions (lattice)

Thermal QCD path integral [L =∞ ]

Ẑ(L′0, θ0) =
∫

[DU ][Dψ][Dψ] e−SLQCD[U,ψ,ψ]
Uµ(L′0,x) = Uµ(0,x)

ψ(L′0,x) = −eiθ0ψ(0,x)

Euclidean boost / SO(4) rotation
[
ξ = −iv ; γ−1 =

√
1 + ξ2 ]

LLQCD

Uµ(L′0,x) = Uµ(0,x)

ψ(L′0,x) = −eiθ0ψ(0,x)
�
�@
@

SO(4)

−→
LLQCD

Uµ(L0,x) = Uµ(0,x− ξL0)

ψ(L0,x) = −eiθ0ψ(0,x− ξL0)
[L′0 = L0/γ ]

Partition function [µI = −θ0/L0 ]

Ẑ(L0, ξ, θ0) = Tr
{
e−L0(Ĥ−iξ·P̂−iµIN̂)} P̂ ≡ momentum N̂ ≡ quark num.

Free energy

f̂(L0, ξ, θ0) = − 1
L0V

ln Ẑ(L0, ξ, θ0) f̂(L0, ξ, θ0)��
�H
HH

V→∞
= f̂(L0/γ, 0, θ0)

Entropy density

Ts(T ) = lim
a→0
−〈T

R
0k〉ξ,θ0=0

γ2ξk
T = γ

L0 8 / 18



Renormalization of the EMT
Ward identities (continuum)

Momentum identities

〈T0k〉ξ,θ0 = − ∂

∂ξk
f(L0, ξ, θ0)

θ0=θA
0 ,θ

B
0

=⇒ T R0k = T0k

L0〈T 0k(x0)O〉ξ,θ0,c = ∂

∂ξk
〈O〉ξ,θ0 T 0k(x0) =

∫
V

dx T0k(x0,x)

Baryon number identities

i〈V0〉ξ,θ0 = L0
∂

∂θ0
f(L0, ξ, θ0)

〈V 0(x0)O〉ξ,θ0,c = i
∂

∂θ0
〈O〉ξ,θ0 V0(x) = ψ(x)γ0ψ(x)

Other identities
∂

∂θ0
〈T0k〉ξ,θ0 = − i

L0

∂

∂ξk
〈V0〉ξ,θ0

〈T0k〉ξ,θ0 = ξk
1− ξ2

k

(
〈T00〉ξ,θ0 − 〈Tkk〉ξ,θ0

)
+ finite V terms
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Renormalization of the EMT
Ward identities (lattice)

Momentum identities

〈T R0k〉ξ,θ0 = − ∂

∂ξk
f̂(L0, ξ, θ0) + O(a) ∂

∂ξk
f̂(ξ) = L0

2a
[
f̂(ξ + ak̂

L0
)− f̂(ξ − ak̂

L0
)
]

L0〈T
R
0k(x0)O〉ξ,θ0,c = ∂

∂ξk
〈O〉ξ,θ0 + O(a)

Baryon number identities

i〈Ṽ0〉ξ,θ0 = L0
∂

∂θ0
f̂(L0, ξ, θ0)

〈Ṽ 0(x0)O〉ξ,θ0,c = i
∂

∂θ0
〈O〉ξ,θ0 Ṽ0(x) = 1

2

[
ψ(x)(γ0 − 1)eiθ0U0(x)ψ(x+ 0̂) + c.c.

]
Other identities

∂

∂θ0
〈T R0k〉ξ,θ0 = − i

L0

∂

∂ξk
〈Ṽ0〉ξ,θ0 + O(a)

〈T R0k〉ξ,θ0 = ξk
1− ξ2

k

(
〈T R00〉ξ,θ0 − 〈T

R
kk〉ξ,θ0

)
+ O(a) + finite V terms
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Renormalization of the EMT
Finite volume considerations
Spatial boundary conditions

Aµ(x0,x+ k̂Lk) = Aµ(x0,x) ψ(x0,x+ k̂Lk) = eiθkψ(x0,x)
Finite volume terms
The finite spatial extent is source of additional SO(4) symmetry breaking, e.g.,

〈T0k〉ξ,θ + 1 + ξ2
k

1− ξ2
k

〈T0k〉Vk = ξk
1− ξ2

k

(
〈T00〉ξ,θ − 〈Tkk〉ξ,θ

)
θ = (θ0, θ)

Vk: system with shifted bc. along the k-direction and θ → θ̃ = fugly(θ, ξ, Lµ)
Special geometries

Lkξk
L0(1 + ξ2

k) ∈ Z

b0 = ξ · b+ bk
ξk

where bµ = θµ
Lµ

I In general finite volume terms are exponentially suppressed for Lk →∞
I Special geometries, however, guarantee that, e.g., 〈T0k〉Vk = 0 exactly!
⇒ The above finite volume WI takes its infinite volume form

I Different constraints might be needed for different WIs
11 / 18



O(a)-improvement of the EMT
Massless case
Lattice action
O(a)-improved Wilson fermions
Lattice EMT (Caracciolo et al. ’90 ’91 ’92)

T Gµν = 1
g2

0
F̂ aµαF̂

a
να − δµνL̂G

T Fµν = 1
8

{
ψγµ

[↔
∇∗ν +

↔
∇ν
]
ψ + ψγν

[↔
∇∗µ +

↔
∇µ
]
ψ
}
− δµνL̂F

O(a)-counterterms [ i ∈ {6, 3} ]

O1,µν = ψσµαFναψ O2,µν = ∂α
(
ψσµα

↔
Dνψ

)
O3,µν = ∂µ∂ν

(
ψψ
)

T R,{i}µν,I = Z
{i}
G (g0)T G,{i}µν + Z

{i}
F (g0)

{
T F,{i}µν + aδT F,{i}µν

}
δT F,{i}µν =

∑
k
c
{i}
k (g0)O{i}k,µν

Remarks
I A classical expansion of the EMT shows that: c{i}k (g0) = 0 + O(g2

0)
I O2 and O3 can be neglected in forward matrix elements of the EMT
I If NO spontaneous chiral symmetry breaking ⇒ 〈δT F,{i}µν 〉ξ,θ = O(a)

This happens in a finite volume AND in infinite volume if T > Tc! 12 / 18



O(a)-improvement of the EMT
Mass-degenerate case

O(a)-improved parameters (Lüscher et al. ’92)

g̃2
0 = g2

0
(
1 + bg(g0)amq

)
mq = m0 −mcrit

m̃q = mq
(
1 + bm(g0)amq

)
O(am)-counterterms [ i ∈ {6, 3} ]

O{i}4,µν = mqT G,{i}µν O{i}5,µν = mqT F,{i}µν

O(a)-improved EMT

T R,{i}µν,I = Z
{i}
G (g̃0)T G,{i}µν,I + Z

{i}
F (g̃0)T F,{i}µν,I

T G,{i}µν,I =
(
1 + b

{i}
G (g0)amq

)
T G,{i}µν b

{i}
G = 0 + O(g2

0)

T F,{i}µν,I =
(
1 + b

{i}
F (g0)amq

){
T F,{i}µν + aδT F,{i}µν

}
b
{i}
F = 1 + O(g2

0)

Remarks
I Non-degenerate quarks require one additional b-contribution of O(g4

0)
I At high temperature O(a)-effects are suppressed like: (aT )× (mq/T )
⇒ One expects . 1% effects from light quarks once T & 1 GeV

I Perturbative estimates for the b-coefficients are, thus, likely sufficient
at high temperature 13 / 18



A test in perturbation theory
Renormalization constants and improvement coefficients to 1-loop order
Ward identities

〈T R0k,I〉ξ,θ = − ∂

∂ξk
f̂(L0, ξ, θ) 〈T R0k,I〉ξ,θ = ξk

1− ξ2
k

(
〈T R00,I〉ξ,θ − 〈T Rkk,I〉ξ,θ

)
Renormalization constants

Z
{i}
G (g0) = 1 + g2

0
[
NZ

{i}(1,Nc)
G + 1

N
Z
{i}(1, 1

Nc
)

G +NfZ
{i}(1,Nf )
G

]
+ O(g4

0)

Z
{i}
F (g0) = 1 + g2

0CFZ
{i}(1,Nc)
F + O(g4

0)

Results: Unimproved and O(a)-improved Wilson for i ∈ {6, 3}
Perfect agreement with the literature (when available) (Caracciolo et al. ’92; Capitani, Rossi ’95)

O(a)-improvement coefficients

c
{i}
k (g0) = 0 + O(g2

0)

b
{i}
F (g0) = 1 + g2

0CF b
{i}(1,Nc)
F + O(g4

0) b
{i}
G (g0) = 0 + g2

0Nfb
{i}(1,Nf )
G + O(g4

0)

Results: O(a)-improved Wilson for i ∈ {6, 3}
For the geeks

I L0/a = 4− 32, R = L/L0 = 5− 15, several ξ and θ values
I Gauge zero-mode removal ⇒ R→∞ extrapolations
I Coordinate space calculation based on FFT 14 / 18



Towards the EoS at high temperature
General strategy
Master equation

s(T )
T 3 = lim

a→0
−
L4

0〈T R0k,I〉ξ,θ=0

γ6ξk
T = γ

L0

Lattice set-up
I Nf = 3 O(a)-improved Wilson quarks with shifted bc., ξ = (1, 0, 0)

Lines of constant physics (ALPHA Collab. MDB et al. ’16, ’18; ALPHA Collab. Campos et al. ’18)

I 8 values of T ≈ 2.8− 80 GeV fixed by ḡ2
SF(µ = T/γ)

I L0/a = 4, 6, 8, 10 and L/a = 288 ⇒ TL ≈ 50− 20
I mq,R = O(a2), i.e., massless quarks
I PT values improvement coefficients

Systematic effects
I Mass effects: s(T )|m = s(T )|m=0 + O(m2/T 2)

Expected to be quite small for light quarks for T & 2.8 GeV
Actual size needs to be estimated at the smaller T ’s

I Finite size effects: s(T )|L = s(T )|L=∞ + O(e−mL) w/ m = O(T ) (Giusti, Meyer ’13)

L/a = 96 simulations and measure of m(T ) to estimate actual size
I O(a)-effects: Monitor size of O(a)-counterterms
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Towards the EoS at high temperature
Renormalization strategy
Renormalization condition

〈T R0k〉ξ,θ = − ∂

∂ξk
f̂(L0, ξ, θ) θ = θA, θB

General strategy
1. At fixed L0/a, L/L0, and ξ, estimate

∂

∂ξk
f̂(L0, ξ, θ

∗)
∣∣∣
g∗0

≡ F∗

2. Evaluate
d

dg2
0

∂

∂ξk
f̂

∣∣∣
θ

= ∂

∂ξk

[
−1
g2

0
〈SG〉ξ,θ +

(
∂m0

∂g2
0

)
〈ψψ〉ξ,θ +

(
∂csw

∂g2
0

)
〈ψ i

4σµν F̂µνψ〉ξ,θ
]

d
dθµ

∂

∂ξk
f̂
∣∣∣
g2

0

= i

Lµ

∂

∂ξk
〈Ṽµ〉ξ,θ

for a range of values of (g0, θ) to obtain ∂
∂ξk

f̂(L0, ξ, θ)
∣∣
g0

Initial condition
I For small enough g∗0 , F∗ can be estimated in PT (Giusti, Pepe ’15)

I Else F∗ could be computed explicitly (not easy!)
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Towards the EoS at high temperature
Renormalization strategy
Renormalization condition

〈ZFT F0k + ZGT G0k〉ξ,θ = 1
2aV ln

[ Ẑ(L0, ξ − ak̂
L0
, θ)

Ẑ(L0, ξ + ak̂
L0
, θ)

]
θ = θA, θB

General strategy
1. At fixed L0/a, L/L0, and ξ, estimate

∂

∂ξk
f̂(L0, ξ, θ

∗)
∣∣∣
g∗0

≡ F∗

2. Evaluate
d

dg2
0

∂

∂ξk
f̂
∣∣∣
θ

= ∂

∂ξk

[
−1
g2

0
〈SG〉ξ,θ +

(
∂m0

∂g2
0

)
〈ψψ〉ξ,θ +

(
∂csw

∂g2
0

)
〈ψ i

4σµν F̂µνψ〉ξ,θ
]

d
dθµ

∂

∂ξk
f̂

∣∣∣
g2

0

= i

Lµ

∂

∂ξk
〈Ṽµ〉ξ,θ

for a range of values of (g0, θ) to obtain ∂
∂ξk

f̂(L0, ξ, θ)
∣∣
g0

Initial condition
I For small enough g∗0 , F∗ can be estimated in PT (Giusti, Pepe ’15)

I Else F∗ could be computed explicitly (not easy!)
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Towards the EoS at high temperature
Some preliminary results. Perturbative Z’s have been used for illustration!

Vertical scale should not be taken at face value!
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T = 76.5GeV

Remarks
I Nms = 50, 100, 250, 450 for L0/a = 4, 6, 8, 10
I Var(s(T ))/s(T )2 ∝ (L0/a)8 ; τint . 2 MDUs
I About 1% error for L0/a = 10
I Small discretization errors?
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Conclusions & Outlook
Conclusions

I QCD in a moving frame is a powerful framework
for thermodynamic studies

I Offers alternative ways for computing thermodynamic
quantities

I Provides many Ward identities for the non-perturbative
renormalization of the EMT

I The framework passes with flying colours an analysis at
1-loop order in PT

I Preliminary results for the bare entropy are encouraging

Outlook

I The non-perturbative renormalization of the EMT is on its way
I Accurate determination of the EoS of Nf = 3 QCD in a totally

unexplored temperature range
I How accurate is PT in this regime?
I Heavy-quark effects?
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