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Motivation.

> Results obtained on the lattice need to be continuum extrapolated.
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Extrapolation of %, R, = (Gn/G,(,O))l/("_“) with nth moment of the Extrapolation of the decay constant Fpss of a

pseudo-scalar quarkonium correlator G,(t) [Petreczky and Weber, 2019].
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pseudo-scalar meson [Bazavov et al., 2016].
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Motivation

Results obtained on the lattice need to be continuum extrapolated.
To do so in a controlled way the leading lattice spacing dependence must be understood.

Usually naive power corrections of the form a” with n € N are assumed as for a classical
field theory. However, quantum corrections spoil this behaviour.

True asymptotic behaviour in an asymptotically free theory should be of the form
a"[a(1/a)]7 ~ a"[—In(aN)] 7,

where 4 can be extracted perturbatively from 1-loop anomalous dimensions of higher
dimensional operators.
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Motivation

0(3) model
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Deviation of the step scaling function from its continuum counterpart, as an example, in the 2-dimensional
O(3) model [Balog et al., 2009, 2010].
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Motivation
0(3) model 6% = const.a?(gg) > [1 — 1.1386g5 + O((g8)?)]

g2 ~ ~1/ In(ah)
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Deviation of the step scaling function from its continuum counterpart, as an example, in the 2-dimensional
O(3) model [Balog et al., 2009, 2010].
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Symanzik effective theory

Idea: Parametrise lattice artifacts originating from the lattice action [and for a field ®] by a
minimal basis of operators living in continuum Symanzik effective theory [Symanzik, 1980,
1981, 1983a,b]

Zeﬂ‘ — g + anmin(sg _|_ O(anrrlirl+1) , q)eﬂ. — q> _|_ a”mir)6¢ _I_ O(anrrlin+1) ,

where a is the lattice spacing and
0.2 =3 Goy, 60 =) did;,
i i
with free coefficients ¢; and d|.
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Symanzik effective theory

Consider the connected 2-point function in the effective theory

1
Zeff

(Pt (x) Peir (0)) con = / DADUDY G gy (x) P (0) e Ser A VY]
€

2

1 _ _
- [ / DADUDV d5(0)e et A VY]
Zeff

This is not well defined but an expansion in a yields (notice that a is not the regulator)

(®e(x)Pesr(0))cgn = (©(x)O(0))con + ™" (S(x)5P(0) + 56 (x)(0))con

ont

=g [ dty (0()9(0)5L (), + O ),

where each term can be evaluated in the continuum theory, i.e. here QCD.
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Symanzik effective theory
Matching

To give statements about the lattice theory we must match the coefficients ¢; [and d], e.g.,

<¢(X)¢'(O)>con ; <¢eH(X)¢eH(O)>g%H - +O(anmin+1)

lattice

pn=1/a

+0(a"mint1),

—a™min 37 [ d*y ¢ (®(x)®(0)60;(y))con
J p=1/a

cont

We choose for simplicity a RGI (e.g. a conserved vector current) and the renormalisation
scale as ;1 = 1/a as this is the relevant scale for lattice artifacts.

Remark: Tree-level coefficients
ci(g®) =& +0(g?), di(g?) = d; + 0(g?)
can be obtained from classical expansion in the lattice spacing a.
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Symanzik effective theory

Operator basis
Occurring operators O; and ®; must comply with symmetries of the lattice formulation, e.g.
for Wilson's lattice QCD [Wilson, 1974, 1975]

x%yRetr (1 Ul #5399 HYCARAER AARYIRT®
Local SU(N) gauge symmetry,

C-, P- and T-symmetry,

discrete rotation and translation invariance,

flavour symmetries,
manifolds with boundaries necessitate additional surface terms (e.g. Schrodinger functional).

Page 8
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Symanzik effective theory

Operator basis

Occurring operators O; and ®; must comply with symmetries of the lattice formulation, e.g.
for Wilson's lattice QCD [Wilson, 1974, 1975]

Z Retr(1— U (x)) +a* ) U(x) [; {u(V + V) —aViV,} 4+ M| V(x)
X,V X
Local SU(N) gauge symmetry,

C-, P- and T-symmetry,

discrete rotation and translation invariance,

flavour symmetries,

manifolds with boundaries necessitate additional surface terms (e.g. Schrodinger functional).

In contrast to continuum theory
broken O(4) symmetry due to reduced rotation symmetry,

no SU(Ng)p, x SU(Nf)R x U(1)v flavour symmetry for massless QCD.
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Symanzik effective theory

Operator basis

Remarks:

Require minimal basis for physical matrix elements ( “on-shell”)
= use EOMs to reduce set of operators [Liischer and Weisz, 1985; Georgi, 1991], e.g.

2 EOM - EOM _ _
=2t (DuFu Do) "=" 3 FuuDuFouf =" g5 ) (P TP (FuT°F)
0 f

fLf!

Chosen lattice discretisation determines realised symmetries and may affect nyi,
= require different bases.
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Symanzik effective theory

Operator basis

Flavour symmetries:

fermion action ‘ massless mass-degenerate massive Ninin
Continuum -
Domain wall SU(Ng)r, x SU(Np)r x U(1)y  SU(Ng)y x U(1)vy f,;I:<f1 Ul)y 2
Ginsparg-Wilson 2
Wilson SU(N:)y x U(1)v SU(N:)y x U(1)v fAilflU(l)V 1
tmQCD (Ny = 2) | SU(Ng)ew x U(1) SU(Ng)tw x U(1) - 1
T1 © maximal twist 2
staggered U(1)v x U(1)z U(1)y U(1)y 2

staggered has flavour changing interactions. discrete Ty: 9 — ivsTi), ¥ — YiysT!
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Symanzik effective theory

Operator basis

Minimal basis at mass-dimensions 5 and 6

Nin = 1 Nmin = 2
"QZUuuFuuw glgtr(DuFVpDuFVp) go%zr?/))_(rX
glg DO D) BTN
> Dl [ e {19, Vs V570 Oy}
p

with flavours ¥, x € {u,d,...} + explicitly mass-dependent operators such as Z—étr(FWFW).
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Symanzik effective theory.

Operator basis Wilson-like [Sheikholeslami and Wohlert, 1985]
Minimal basis at mass-dimensions 5 and 6 pure gauge [Liischer and Weisz, 1985]
O(a) improved [Sheikholeslami and Wohlert, 1985]
Nmin = 1 Nmin = 2
= 1 e
1o Fuy ?tr(DuFVpDuFVP) ggwr¢XrX
0
1 - _
72 2 11(DuFius DuFiu) g3 UT T2yxT T7x
O u
ZQZ’YMDS’(Z} NS {LWSKYWWSVWU;W}
o

with flavours ¢, x € {u,d,...} + explicitly mass-dependent operators such as :—étr(FWFW).

= e.g. O(a) improved massless Wilson with N > 1: 18 operators
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Symanzik effective theory.
Spectral quantity

Consider as an example the mass

o k(@00 + 2,x)0(0))eon.
amMyiiice = — lim In attice
=00 30, (@(x0, ) P(0))eon.

with scale setting a =
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Symanzik effective theory
Spectral quantity

Consider as an example the mass

Z <¢(X0 +a X) (O)>con ref
am® e = — lim In —= lattice yith scale setting a = %
Xp—00 Zx <¢(X0, ) (O)>1C01;I% mre
1ce

Reminder: We found for the connected 2-point function

<¢(X)¢(O)>Cotléice Nmin /min
<¢(X)¢(O)§con =1+a <Z dio? (x; a) ZCJ(SO X; a) + O(g"mint1ly

{P(x)P(0)O;(y))con (®i(x)®(0) + (x)®;(0))con
Oy 3) = 4 cont Py q) = cont
/ T ()0 on s K (®C)®(0))con, i1/
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Symanzik effective theory.
Spectral quantity

Leadlng lattice artifacts of spectral quantity

mlattlce _1_ a”mchJ i(1/2)x[14+0(a(1/a))|+O0(a" 1), M;(n) =

mcont

(®0]O;(0; 1) |®o)

I\)Il—\

with tree-level coefﬁaents ¢; of the action and ground state |®g), (Pg|Pg) = 2L3.

O]
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Symanzik effective theory.
Spectral quantity

Leadlng lattice artifacts of spectral quantity

Miatice _ 1 gt 3 g (1/2) x [1+0(a(1/2))+O(a 1), M (1) = (6]0;(0: )] o)

m

‘

cont j

with tree-level coefficients ¢; of the action and ground state |®g), (Po|Po) = 2L3.

Remarks:

> Lattice artifacts of spectral quantities only depend on the chosen lattice action.

> Tree-level coefficients C; can be obtained from classical expansion of the action in the
lattice spacing.

> We limit ourselves to the leading behaviour as a \, 0, i.e. we do not require 1-loop
coefficients. However, if tree-level coefficient is zero 1-loop might be needed to obtain
leading logarithms.

~ Strictly speaking M — M — Mscale,
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Renormalisation Group.

Use Renormalisation Group Equations (RGEs) to determine renormalisation scale dependence

uZdM( 1)

d
a2 = Yk M (1), Bla) = p? :u =—a®) Bpa”

n>0

where 7 is the anomalous dimension matrix

dz;
,YIk - Iu’2d S
2

(Z k== (0)ik a4+ 0(a?), Oir = Z;0; .

T

renormalisation scheme independent

Page 14
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Renormalisation Group

We choose a basis such that v9 = diag{(70)1,.-.,(70)n} and introduce the Renormalisation
Group Invariant (RGI)

Migrar = lim [280a(u)] ™ M;(u), ¥i = (o)i ,
HU—00 ﬁo
with RGI scale A. This allows us to rewrite
a(p)
. — 'Y: 7X _ ﬂ .
Ml(lu') [2,800[ ] PeXp O/dX{B(X) BOX} MJ,RGI
ij

Page 15 -—@
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Renormalisation Group

We choose a basis such that v9 = diag{(70)1,.-.,(70)n} and introduce the Renormalisation
Group Invariant (RGI)

Migar = lim [2600(u)] 7 Mi(u) = )

H—> 00 ﬁo
with RGIl scale A. This allows us to rewrite
o(p) )
o7 YX 70
() = 2 7P dx{ L0 .
Mils) = [2Aoa()]" Pexp 0/ {70 = 22l My

= [2B0c(w)]" Mimar + O ([a(u)]lw) .

Note: The renormalisation scale dependence is only in the prefactor of the RGI with leading
power determined by #;.
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Renormalisation Group

Plugging A A
M;(1/a) = [2600(1/2)]” Mjnar + O (fa(1/a)]" )

back into the formula of lattice artifacts for m® yields

m®. . g/Mmin _ 5. s
T =1 5= 376 2ea(1/a)] Minar x [L+ Ola(1/a))] + O ).
con J

= Need to compute all relevant 4; to determine leading behaviour (given by smallest 4;).
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Computing leading anomalous dimensions

Renormalise operator basis at 1-loop by computing 1Pl graphs with operator insertion @(q)
in background field gauge ['t Hooft, 1975; Abbott, 1981, 1982; Liischer and Weisz, 1995].

q:

il

\f2

2

(Pl)¢(P2)(§j(q)>1PI

I
=
=
S
5
=
s
3
S
2
E

|

@l\l
N
=
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Computing leading anomalous dimensions

Obtain relevant part of mixing matrix via needed additionally

¥
(£),- (% %) ©)
with class of EOM-vanishing operators £.

We use dimensional regularisation combined with the MS renormalisation scheme.

To obtain the anomalous dimensions we extract only the UV-pole contributions following
e.g. the procedure from [Misiak and Miinz, 1995; Chetyrkin et al., 1998].
Checked results for massless QCD through renormalisation of connected on-shell graphs
and against literature [Narison and Tarrach, 1983; Alonso et al., 2014; Boito et al., 2015].
Found disagreement of [Narison and Tarrach, 1983] with [Boito et al., 2015] and our
results for 4-fermion operators.

Tools: QGRAF [Nogueira, 1993, 2006], FORM [Vermaseren, 2000]
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Lattice artifacts originating from the action

Pure gauge

For pure gauge actions build from plaquette and/or rectangle terms e.g. Wilson plaquette,

Iwasaki or DBW?2 action one finds (& = 4¢;)

(o)
% =1-—2%G[2Bc(1/a)] ™ {MI;RGI + 4[25004(1/3)]%4/1/\423@}

mcont

< [1+0(a(1/a)] + O(a*), Ay = 2

with ratio of leading cutoff effects Wilson : lwasaki : DBW2 ~ 1:(—3):(—16)
and minimal diagonalised basis

1 . 7

01 = —tr(DuFupDuFup) =17 0636,
g 11
1 1 R 63

O, = 2 Eu tr(Dy Fuw DpFpw) — rggtr(Dqur)Dqu)’ Fo =gz~ 1145

independent of the number of colours.
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Lattice artifacts originating from the action.

TL improved short distance observables

Consider as an example the coupling (in pure gauge)
4
agq(l/r;a/r) = lrzF(r; a/r) = r?d, lim d7InW(r, T;a/r)
Ce T—o0

with r x T Wilson loop W(r, T) and assume 0, to be correct up to O(a*). Fixed order
lattice PT e.g. in the MS-lat scheme yields

2 2 2k
aa(1/ri3/1) = a1/ 0 {1+ o(alr) 40 (Ga(/n) ) } . dolalr) = 5 Y Tpvo,

k>0

with TL coefficients pxg = const.

Page 20 -—@
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Lattice artifacts originating from the action.

TL improved short distance observables

TL improvement can then be achieved through

1
lmpr(1/r a/r) = WSETaqq(l/rO ){ 1+22&[0, M(r)| 1.~ [260a(1/a)] 728, Marai ()] +O(a2a(1/r)) }

since 9, M (r; 1) = O(e(1)) and thus poo = —2r20, Ma(r)|11 Z:'I:::: -5
QBT Jpeafr «Q »
- i e sa i [A] Joseom o (Foanm),

which is TL but not RG improved and thus carries a large log(a/r)a(1/r) as r = fixed and
a\, 0. Full TL and RG improvement at O(a?) is achieved through

o Al (1/r; a/r
;Il'(!l_RG p(l/r;a/r): q9q ( / %2/) ]
1+ 225 {1 - [ggm } 8, Ma(r)| 1
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Page 21 -—@


http://creativecommons.org/licenses/by/4.0/

Lattice artifacts originating from the action.

Unimproved massless Wilson

(0]
Mattice — 1 _ aggw[260a(1/a)] "V Msw.rar x [1 + O(a(1/a))] + O(8),  nin = 1

[0
m cont

with only one operator [Sheikholeslami and Wohlert, 1985]

Osw = é\TJUWFW\IJ,

) 15Cc —5CA N=3 5

Asw = 11CA —2N: _ 332N < 1 unless close to conformal window,

which was known for Nf = 1 in the literature [Narison and Tarrach, 1983].
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Lattice artifacts originating from the action. Preliminary

O(a) improved massless lattice QCD w/o flavour violating interactions

(o)
Magtice 1 23" g 260a(1/2)]"Mirar x [1+ Oa(/a)] + O(),  nin =2

cont j

3.0 3.0

251 : : 125

2.0 IF gHem_g | — Y
15+ —___ ———  (tobeconfirmed) | - ———15
Tiof ————  Remember | T

05  ———————Jo¥em=glyryxrx [ 10.5

0.0 frrrerrremmmremmrnnenn B ewserserraes ] e e 410.0
—0.5 —-0.5

0 1 2 3 0 1 2 3
N N¢
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Yang-Mills Gradient flow

The Yang-Mills Gradient flow is defined as
0¢Bu(t,x) = D, G,u(t,x), Bu(0,x) =Au(x), t>0.

To describe lattice artifacts in terms of a local effective Lagrangian one introduces the
Lagrange multiplier L,(t,x) to rewrite the action for a 4 4- 1-dimensional theory with fifth
dimension t € [0, 00| [Liischer and Weisz, 2011]

o0

Sar = Sqcp + Stow s Stiow = —2/dt/d4xtr(LH(t,x) [0¢Bu(t, x) — D, G,u(t, x)]) -

0
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Yang-Mills Gradient flow

The Yang-Mills Gradient flow is defined as
0¢Bu(t,x) = D,G,,(t,x), Bu(0,x) =Au(x), t>0.

To describe lattice artifacts in terms of a local effective Lagrangian one introduces the
Lagrange multiplier L,(t,x) to rewrite the action for a 4 4- 1-dimensional theory with fifth
dimension t € [0, 00| [Liischer and Weisz, 2011]

o0

Sar = Sqcp + Stow s Stiow = —2/dt/d4xtr(L“(t,x) [0¢Bu(t, x) — D, G,u(t, x)]) -
0

= Modification of the gluonic EOM at the QCD boundary [Ramos and Sint, 2016]:
gigD#F/fl,(x) = Wry, T2V (x)—L2(0, x).
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Yang-Mills Gradient flow

Pure gauge

Due to modified EOMs one additional pure gauge operator must be included on the t =0
boundary [Ramos and Sint, 2016], we choose

1
O3 = —5tr(DyFuuDpFp) -
&0

To get the additional mixing contributions we computed E(t',x) = —3tr[G, Gu](t/, x)
(4! 1 - N ipx () 1 - N ipx
mm?m@%@%m)e, E@MEZM%%@%W)e

0 0 4
2 2

[ (Ew.p0:0)) &
P
which gives the full 1-loop contribution at the t = 0 boundary and also the mixing Z;3 by

reusing mixing of the pure gauge on-shell basis. Z3; = 0 due to vanishing of O3 at t = 0.
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Yang-Mills Gradient flow. Preliminary

Pure gauge

All lattice artifacts originating from t > 0, e.g. flow action and flowed fields, can be
described classically.

We find for the diagonalised basis

1 23 N 7
01 = 7ggtr(DﬂprD“pr) — 77 O3, "= 71]. ,
1 1 1 63
02 = — tI‘(D F.,D,F, ) — 7tr(D F,,D,F, ) — 703’ 6,2 — ,
e EM, el pp 42 nrvptulvp) = ¢ 55
71 ~
O3 = gztr(DHF/WDpru)a 73 =0.
0

Page 26 -—@
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Conclusion

No bad behaviour as in the O(3) model.

Leading anomalous dimensions of contributions from typical lattice QCD actions at
N < 1 improve convergence as a \, 0.

Depending on the coefficients ¢; the 4-fermion operators might spoil this general
behaviour for Ny > 1.

The presence of 4-fermion operators gives a dense spectrum for 4, i.e. no clearly
dominating contributions. This can lead to complicated lattice artifacts with cancellations
and pile ups.

Anomalous dimensions for Yang-Mills Gradient flow do not explain sizeable lattice
artifacts for pure gauge theory - classical a® scaling is leading contribution.

We cannot make statements where leading powers in a dominate.
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Outlook

Leading asymptotic behaviour is now known and should be incorporated into continuum
extrapolations.
To be done:

corrections to electro-weak flavour currents,
heavy quark correlator moments (relevant for ag, me),
Gradient flow:

full QCD for flowed gauge fields (1 new fermionic operator),
flowed fermion fields?

leading matching coefficients of some actions still need to be worked out,
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