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The inclusive double parton-scattering cross-section, for two parton processes A and
B in a pp collision, is given by

pp (AB) _ T . ~A I\ ~B / o / /
Tdouble ~ = E : Ui j(z1,w2; )0, (w1, 27)05 (22, 29) Tk (27, 29; b) dridridradrydb
Z'7.7'7k:7l

A reason of interest is that the non-perturbative input, I'ij(1,%2; b) namely the
double parton distribution function, contains information on the hadron structure
which is not accessible in a single scattering large p, processes.
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Factorizing the dependence in x and b of the double parton distributions, one obtains
the simple expression of the double parton cross section used in the experimental
search.

pp (A,B) _ M OAOB
Odouble — 3
Oef f

The non perturbative input to the MPI depends linearly on multi-parton Correlations.

In the case of double parton interactions in pp collisions, all information concerning
the correlations is however summarized in the value of a single quantity, the effective
cross section.

Partons may be correlated in all degrees of freedom and all different correlation terms
contribute to the cross section. The contributions due to the different parton flavors can
be isolated, at least to some extent, by selecting properly the final state. In the case of
high energy proton-proton collisions, the effects of correlations in the transverse
coordinates and in fractional momenta are, on the contrary, unavoidably mixed in the
final observables.



One may write the double parton distribution functions as

F(ml, L2, b) = G(xl, xg)fxle (b), G(a:l, xz) = K(xl, xg)G(xl)G(ZCQ)

where f'1s normalized to one and the transverse scales, characterizing f, may still
depend on fractional momenta. In the simplest case one would have K(x, x,)=1
which, after integrating on b, would be the case of a Poissonian multi-parton
distribution. In pp one thus has

AB m 5
O-Z]o)ug)le’ )(x1,x/1,£€2,£€/2) - EK(%,xz)K(l’/ux’z)G(iUl)UA(xbx/l)G(x/l)

<G(2)0m(02,35)G(53) [ Fovos (D)o 0)
- m K (zy,m2) K (2, 25)
2 wA2(zy, @), w0, 2h)

oa(z1,2))op(we, xh)

1
where /fxm(b)fxllxé(b)db: TA2(z1, 2, w0, Th)

7TA2(331, 213/1, Z2, 25/2)

/ /
The effective cross section is thus Oe (5’71 L1, T2 $2> =
TR K (z1, 22) K (2, )
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wA% (21, T, x9, ThH)
K(z1,x9)K (2], x})

Oeff(x1, 2], x2,25) =

Notice that the experimental indication is that the effective cross section
depends only weakly on fractional momenta.

:> weak dependence of A and K on fractional momenta

As the experimental information is summarized by a single quantity, the

effective cross section, pp collisions alone do not provide enough information
to discriminate between the two different sources.

Additional information on multi-parton correlations can be obtained by
studying double parton interactions in pD collisions.

The effects of longitudinal and transverse correlations are in fact different when
a single nucleon or both target nucleons participate in the hard process.



Double parton interactions in pd collisions

The double parton scattering cross section in proton-deuteron collisions O'Zi b1 S
given by

pD __ pD pD pD
Tdouble — 92,0 T 0110 T 01 1.7

D : o : :
oy 0 is the contribution to the cross section where only a single target nucleon
undergoes a double parton collision, while there is no large momentum transfer
exchange with the second nucleon

D D : : : o
o) f 1p and O 21? 1.7 are respectively the diagonal and the off diagonal contributions

to the cross section, where both target nucleons interact with large momentum
exchange
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Only a single target nucleon interacts with large momentun exchange

0, LP-Qk by
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o
2,=P KI2+8+P, } a,'=P k/2+8'+P)
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(0 o,
P P

S-Q-P+k-Q-P, i

D .
D-S : *
Dy @p

Configuration in transverse space

dZ dg db

I 2
5 X ) Tri X ‘\IJD(Z7ﬁ>|
oy = Q/P(l'l,wz; b)U(xlxll)a(xzxé)F<7l’72; b> Z(2-2)

Daniele Treleani, Univ. of Trieste and
INFN



By looking at the non relativistic limit of the Bethe-Salpeter equation in the
deuteron c.m. system one obtains the expression of the covariant Deuteron vertex
in terms of the non-relativistic Deuteron wave function as a function of the c.m.
three momentum 5 :

Op(p) = —i(p® +m?) " (ME — 4m? — 45%) oy r(57) (27)?/2

Keeping into account that one of the two nucleons is on shell, the c.m. quantities
are expressed in terms of invariants as follows:

1 A 2 1 A 2

E :____(—AP-+—wﬂ) ==———(—AF'——Wf)
P onp \2 P T g bz o DT M

And the function ¥p(p)  in the cross section is finally expressed in terms of
light cone variables through the non-relativistic Deuteron wave function ) p (]39)
as

1 A 2
- (Ea2 4 2 2)
m&i2 D+ 7™M

1 7 2 2
X YR (mg (3MB+Zmi) - m2>

Up(Z;ip:) = (QW)S/Q\/




U p(Z; B) is the Fourier transform of ¥, (Z :p¢) and the normalization is

/|\11D25 Za- )dZdﬁ—l

In this contribution to the cross section, the integration on the relative transverse

distance between the two nucleons f3is decoupled from the integration on the relative
transverse distance between the two interacting partons b.

. . x] Up(Z,6)|?
0229,18 — 2/F(;c1,x2; b)U(xlxi)U(xlez)F<7l,72; b) | ZIZQ(—ﬁZ))‘ dz dg db

By neglecting the smearing in the longitudinal nuclear fractional momentum
Z one thus obtains

pD _ pp
09 0 — ~ 2 Odouble

which shows that this term does not contain much new information as compared to

the case of pp interactions. In particular the transverse scale characterizing the
process is the same as in pp interactions.



Both target nucleons interacting with large momentun
exchange.
Diagonal contribution:

¢P L'P#'ka % ¢p*

=P, +k-b
N Pi 1'=Q.+k+§'
I,=Q.+k+d T, P2 :
JaPokcrdeP T ay=Poicrbep,
S N,
T| . ql § Tl.
7
2,=Qk-6+Q % a,=Q -k-8'+Q,
s .
b, _ o,
Q-k-6+Q+S Q-k-8'+Q.+S —
D-Q-P +k-S-Q-P

> Configuration in transverse space

O, D-Q+k+5-QS D-Q+k+3-Qs Pp
pD A AN / 33/1 xl2
11, = /F(xl,xg; b)0($1$1)0<x2ﬂ32)r(7; bl)F(Z—Z; bz>
Up(Z 2
><| p(Z,0) d(8 — by + by — b)dZ dB dby dby db

22— 2)
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. . @
e = [ oin (o2 0) - (R
B b,

Up(Z,B)
! 2?2( —ﬁz))| 5(8 — by + by — b)dZ df dby dby db

Differently from the previous case the integrations on the transverse coordinates

are now connected by the o-function. The dominant contribution can be obtained
by neglecting the hadronic scale as compared with the deuteron radius. In such a
case the o-function becomes 6 () and one obtains

oV p = Glw1, 22)6 (21276 (w27h) G (2] G(h) x [Up(1,0)

G(Jj‘l,xg) = /F(Il,xg; b)db

which shows that the deuteron radius gives the dimensionality to the

dominant contribution to aff;p , which thus does not depend on the

correlation between partons in transverse space A.



Both target nucleons interacting with large momentum
exchange.
Off-diagonal contribution:

: *
o, L-P,-Q.-2k o,
L i -
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D : "D
®, D-Q+k+5-Q-S : D-P+k+d-Ps  Pp

Interfering configurations a) and a*)
in the off-diagonal contribution

/ / / /
pD ) Lo Ly

0-1,1;1' - /F(xl’x2; b)a-(xlxll)a-(x2x/2)ﬁ<? 777 b17b2 _B)INJ<2 _ 7 72 _ Z/’ b2ab1 _/6)

L Un(2.0) ¥p(2- 25
Z 2-7

5(B+by—b—0))8(Z — Z + 2, — xb)dZ dZ' dB dby dby db

In the interference term the cross section depends on the off-diagonal parton
distributions H

Daniele Treleani, Univ. of Trieste and 12
INFN



: : .
o, 22 2Zx, | 2Z-X, 2z ®p

In the interference term the nucleon’s fractional momenta are different in the right
and 1in the left hand side of the cut: Z-Z’=x",-x’,

x’; and x’, are measured in the final state. When x’,-x’, 1s large the contribution of the
interference term 1s small. In most cases of interest the contribution of the
interference term 1s however sizable.

The two interactions are localized in two points in transverse space. Given two
interaction points the parton with fractional momentum x’; may be provided by the
proton and the parton with fractional momentum x’, by the neutron (configuration a)
or vice-versa (configuration a*)
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H(x,'/Z, x,'/Z’; by, b,-B)

Xy, by Xy, by

The interference term depends on the off diagonal parton distributions.

When neglecting the hadronic scale as compared with the deuteron radius, the
deuteron radius gives the dimensionality to the cross section also in the case of the

interference term.
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To estimate the dominant contribution, one may neglect the hadronic scale as
compared with the deuteron radius. Using

F(le,xQ; b) = G(xl,xg)fwle (b), G(J}l,CEQ) = K(xl,xg)G(xl)G(x2)

and introducing

the expression of the interference term is given by

A A ~rxh ol
ot p(@1, 29,3, 7h) ~ K(x1,29)G(x1)G(2) 0(90193/1)0(5E25E'2)/fxlxz(b)H( i b)

Z 'z
N ] Up(Z,0)0%,(2—-2",0)
H< 24 b)db ) =D 52— Z 4 o — al)dZdZ
oz a7 8 72— 77 ( )

As the Deuteron wave function is evaluated at =0, the cross section is

proportional to 1/R?,. The Deuteron radius provides the dimensionality to the
Cross section.
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. . ~ sl @l
IR a0, ah) = K (1,26l Glan) 6(anat)ooash) [ s (5 2 0)

zZ 7"
~ (@l ) Up(Z,0)05(2—-2',0)
H( | ;b)db )= D (2 — 7+ 2 — ah)dZdZ!
oz 0z 8 72— 7') ( - 1)

Notice that although the interference term is proportional to 1/R?, it still depends
on the correlation in transverse space A through the overlap of f with the off
diagonal parton distributions #

The interference term can be nevertheless separated from the diagonal term since
the two terms have a very different dependence on x’;-x’,.

Differently from the diagonal term, the interference term has in fact a strong
dependence on x’;-x’, because of the overlap of the Deuteron wave function.



Strong dependence on x’;-x’,

U p(Z,0)00%,(2—2,0
0219,11);2(331’ xQ’xllvx/Q) h = Z)(Q_DZ(/) )5(2/ — 4+ 213/1 — xé)dZdZ’

aff;p(xl,:cg,x’l,xé) B \G(TDGW%)]WDUT)W/

/

~rxh Al N x)
0 )iy e
X/f”(b) 7z 72 )Mo=z 0= 700

The ratio of the interference term with the diagonal term has a known dependence
on x’;-x’,, which 1s dominated by the Deuteron wave function.
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The dominant terms to the different contributions to the cross section are thus

pD / / ~ PP / /
090 (T1, T2, 77, ) = 2 040,1.(T1, T2, 27, 73)

D
021)’1;1)(331,1132,33/1,56/2) = K<x1’x2)0§fngl6($17x,l)o-gfngle(x%xé) X ‘\IJD(LO)F

/
021),11);1(561@2&/1,&“/2) ~ K(x1,22)G(21)G(72) &(xw'l)&(iﬁzx’z)/fxlmz( VH (ml 22, b)

Z 7
i / Up(Z,000% (2 — Z',0
>d( T @@x p(Z, 0)Wp( D5z - 7+ o — 2)dzaz

95 Z'2_7" Z(2 -2
p— Linear in K
pD pD
One has O double — 92,0 — ‘71,1,2) +0o 1,1,I

By studying the left hand side of the equation as a function of x’;-x’,, one can
separate the contribution of the interference term and obtain an indication both on
K(x,,x,) and on the overlap

/ 56/2 . x/ x/
- b)H( 2 " ;b)db
/f” Z 7 2_ 72— 7
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By combing the information of O'Zible and of O Zﬁuble one may thus obtain an

indication on K(x,,x,) and on the overlaps

/fxlxz(b)ﬁ(%/l 7 V(727 g b

1
/ /
L1,L7, L2, 'CEQ)

which provide an indication on the size of the transverse correlation A
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Conclusions

Double parton interactions in pp collisions do not provide enough
information to disentangle the different partonic correlations in the hadron
structure.

Additional information is provided by studying double parton interactions in
pD collisions.

Double parton interactions in pD collisions are given by diagonal and off
diagonal contributions.

The contributions to the pD cross section, were both target nucleons interact
with large momentum exchange, are proportional to K(x,,x,), which
measures the longitudinal parton correlation.

By measuring double parton interactions in pp and pD collisions, one will
obtain reliable indications on the size of K(x,,x,) and on the correlation
length in transverse space A.



The Deuteron wave function

P/2+p

@, Bethe-Salpeter equation
. =
P/2-p
PI2-p
1 ig? d*q
Xp(P,p) = 5 2 / 2 _ 2XD(P’p+Q)(27r)4

[<§+p) —m2—|—ie][(§—p) —m2+ie} ¢k
In the Deuteron rest frame one has: ig* R —ig’
and one can thus integrate on g, g? — P+ p?
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Introducing ¢ p (p) = / xp(Mp, p)% one obtains
7
1 —ig? . d3q
o) = = | Zaent+ 0
(72 +m2) " (M3 — 4m? — 42) a

which, in the non-relativistic limit, becomes the Schroedinger equation

]52 1 92 . d3q o —»
D+ g | a0 D = B0

whre my 1s the reduced mass and B the binding energy. The relation with the usual
non-relativistic Deuteron wave function (normalized to 1 after integrating on p) is

¢p(p)
wNR(ﬁ) — ED(2W>3/2




p(p) = —i(p +m?) " (M — am® — 45 ) n(P)(2m)>?

Which gives the expression of the covariant Deuteron vertex in terms of the non-
relativistic Deuteron wave function as a function of the ¢c.m. three momentum p’
which has to be expressed in terms of boost invariant quantities:
1 Z 2 1 A 2

2 2 2 2
:—(—MD—F—mt), Dz (—MD——mt)
2Mp

E, S
2 7 2Mp \ 2 7

The function (p) is hence finally expressed in terms of light cone variables
through the non-relativistic Deuteron wave function YNR (p) as

1 / 2
Up(zD_;pt) = (QW)S/Q\/%<§ 127+§m%)

1 7 2 2
X UvR <4Mg (SMB+mi) - m2>




At first sighto, ¢ represents the transverse area in the overlap region of the two
interacting hadrons, which is effective to originate double collisions. A small
value of 4, £f would hence be originated by the correlation in transverse space
in the parton pairs.

This is not the only possibility however. Configurations with high parton
multiplicities may be frequent in the hadron structure, which would produce
many double collisions and therefore a small value of the effective cross section.



