
Quantum Approximate Optimization Algorithm

Jamal Slim

DESY - FTX
jamal.slim@desy.de

Software weekly meetings
October 26, 2023

Jamal Slim (UC) QAOA October 26, 2023 1 / 8



The Quantum Approximate Optimization Algorithm

• The Quantum Approximate Optimization Algorithm (QAOA):
obtain approximate solutions of the problem of minimizing

C(x) =
∑

a

waCa(x)

• where x is n-bit string, wa are real weights and each Ca is a
boolean function

• E.g. Max-Cut problem, with every wa equal to 1 and Ca takes the
following form

xi ⊕ xj

Jamal Slim (UC) QAOA October 26, 2023 2 / 8



QAOA: Introduction
• For each boolean function Ca, a Hamiltonian Ha of the form

can be constructed as

a0I +
∑

i

aiZi +
∑
i<j

aijZiZj +
∑

i<j<k

aijkZiZjZk

• such that for every string x it holds that

Ca(x) = ⟨x |Ha|x⟩

• Then, minimizing C(x) is equivalent to finding the ground state
of

Hf =
∑

a

waHa

• given that Hf is diagonal and

C(x) = ⟨x |Hf |x⟩
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QAOA: State preparation
• The time dependent Hamiltonian can also be written as

H(t) = (1 − t
T
)Hi +

t
T

Hf

• with

Hi = −
n∑

j=1

Xj

• As an approximation of the evolution of the system, we
consider parametrized states of the form state of∏

(ei∆t(AHi+BHf )) |ψ0⟩

Using Lie-Trotter formula

ei∆t(AHi+BHf ) ≈ ei∆t(AHi )ei∆t(BHf )
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QAOA: State preparation

• Using a quantum circuit to prepare a state of the form

|β, γ⟩ = eiβpHi eiγpHf · · · eiβ1Hi eiγ1Hf |ψ0⟩

• for a fixed p, β⃗ = (β1 · · ·βp) and γ⃗ = (γ1 · · · γp) whole state ⟨β, γ⟩
• |ψ0⟩ =

∑2n−1
i=0 |x⟩
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QAOA: The Algorithm

• Choose a value for p and some initial angles β, γ
• Prepare the state ⟨β, γ⟩
• Estimate the energy E(β, γ) = ⟨β, γ|Hf |β, γ⟩ of |β, γ⟩
• vary β and γ in order to minimize E(β, γ)

• If the stopping criterium is met, stop. Else, go to 2
Step 2 is carried out on the quantum computer and steps 1, 3 and
4, on a classical one
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Rotations

• ψ0 =
∑2n−1

i=0 |x⟩ can be prepared with Hadamard gates
• Each e−iβk Xj is a rotationRX (2βk ) or equivalently
• For e−iγHf Xj

• Compute the parity of Xj with CNOT gates
• Apply RZ (2γk ) on the qubit where we have computed the parity
• Uncompute the parity
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Rotations
• |ψ0⟩ =

∑2n−1
i=0 |ψ0⟩ can be prepared using Hadamard gates

• Each e−iβk Xj is a rotationRX (2βk ) or equivalently

• For e−iγHf Xj is a bit more complicated:
• Implementing e−iγHf Xj only requires e−iγZi1

···Zij

• e−iγZi1
···Zij is diagonal in the computational basis

• |x⟩ 7→ e−iγk |x⟩ if xi1 ⊕ · · · ⊕ xij = 0 mod 2
• |x⟩ 7→ eiγk |x⟩ if xi1 ⊕ · · · ⊕ xij = 1 mod 2
• This is equivalent to the Rz rotation
• Compute the parity of Xj with CNOT gates
• Apply RZ (2γk ) on the qubit where we have computed the parity
• Uncompute the parity
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