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Stochastic inflationary evolution

m2 < 2H2
I

Evolution during inflation with approximately constant :   free parameters: HI (HI /fa, λ)→

spatial average over Hubble of massless fields has de Sitter fluctuations ≃ HI /2π



Φ = Φ0 |δΦ(k) | ≃ HI /(2π)

initial condition

(RHI)−1

scale factor



Φ = Φ0 |δΦ(k) | ≃ HI /(2π)

δΦ δΦ

δΦ δΦ

initial condition

(RHI)−1

scale factor



Φ = Φ0 |δΦ(k) | ≃ HI /(2π)

δΦ δΦ

δΦ δΦ

initial condition

(RHI)−1

scale factor



Φ = Φ0 |δΦ(k) | ≃ HI /(2π)

δΦ δΦ

δΦ δΦ

initial condition

(RHI)−1

scale factor

 = probability distributionP(t, Φ) ∫ dϕ1dϕ2P = 1



Φ = Φ0 |δΦ(k) | ≃ HI /(2π)

δΦ δΦ

δΦ δΦ

initial condition

(RHI)−1

scale factor

 = probability distributionP(t, Φ) ∫ dϕ1dϕ2P = 1

∂P
∂t

=
H3

I

8π2 ∑
i

∂i∂iP +
1

3HI
∂i(P∂iV ) ∂i ≡

∂
∂ϕi

Fokker-Planck



Φ = Φ0 |δΦ(k) | ≃ HI /(2π)

δΦ δΦ

δΦ δΦ

initial condition

(RHI)−1

scale factor

diffusion from 
quantum fluctuations

classical motion

 = probability distributionP(t, Φ) ∫ dϕ1dϕ2P = 1

∂P
∂t

=
H3

I

8π2 ∑
i

∂i∂iP +
1

3HI
∂i(P∂iV ) ∂i ≡

∂
∂ϕi

Fokker-Planck



Peq(Φ) ∝ exp [−
8π2V(Φ)

3H4
I ] ∝ exp [−α−4 (ρ2 /f 2

a − 1)2]Equilibrium distribution:

∂P
∂t

=
H3

I

8π2 ∑
i

∂i∂iP +
1

3HI
∂i(P∂iV )

α ≡
HI

λ 1
4 fa

⟨ρ2⟩ =
1

λ
H2

I ≃ α2 f 2
a

 uniformly distributeda(x)→



Peq(Φ) ∝ exp [−
8π2V(Φ)

3H4
I ] ∝ exp [−α−4 (ρ2 /f 2

a − 1)2]Equilibrium distribution:

∂P
∂t

=
H3

I

8π2 ∑
i

∂i∂iP +
1

3HI
∂i(P∂iV )

α ≡
HI

λ 1
4 fa

⟨ρ2⟩ =
1

λ
H2

I ≃ α2 f 2
a

⟨ρ2⟩ = f 2
a

α = 0.5 α = 2 α = 8

PeqPeq

Peq

α

α ≪ 1 α ≫ 1

⟨ρ2⟩ ≃ H2
I /λ1/2 ≃ α2 f 2

a

 uniformly distributeda(x)→



 = number of e-folds during inflation needed to approach the equilibrium solution (reached asympt.) Ns

PeqPeq

Peq

Φ0 ≃ ⟨ρ2⟩

α = 0.5 α = 2 α = 8

initial value 
before visible 

inflation



 = number of e-folds during inflation needed to approach the equilibrium solution (reached asympt.) Ns

PeqPeq

Peq

Φ0 ≃ ⟨ρ2⟩

α = 0.5 α = 2 α = 8

initial value 
before visible 

inflation



0 100 200 300 400

0

100

200

300

400

x HI

y HI

N=5

4

3

At the end of inflation, over length scales:

•    the angular field is random> eNsH−1
I

•    the angular field is homogeneous< eNsH−1
I

λ ≪ 1

HI /fa = π

eNsH−1
I



0 100 200 300 400

0

100

200

300

400

x HI

y HI

N=5

4

3

At the end of inflation, over length scales:

•    the angular field is random> eNsH−1
I

•    the angular field is homogeneous< eNsH−1
I

λ ≪ 1

HI /fa = π

Peccei-Quinn is restored (on average):

• in our Hubble patch, for Ns ≳ 50 − 60

• in a patch that re-enters the horizon after the QCD phase transition, for Ns ≳ 25

eNsH−1
I
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Φ0 ≃ ⟨ρ2⟩

did not reach 
equilibrium:  
axion homogeneous 
but leads to 
inhomogeneities
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a)ρ = 0

Evolution after inflation and string formation

If  we can neglect the gradientsNs ≫ 1

1) If  , patches go to the nearest minimum (except at string centres)ρ ≲ fa

this patch becomes a string centre

‘Inflationary formation’
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H(t) ∂V/∂ρ
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The angular field is initially almost homogeneous and gets effectively randomised over  eNsH−1
I

eNsH−1
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Landscape of inflationary QCD axion scenarios
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(RIHI)−1

1 50 − 60
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Broken PQ symmetry
(ruled out for large )HI

Restored PQ symmetry

(RQCDHQCD)−1

25
Late strings

(effectively post-inflationary)
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≲ 4 ⋅ 10−3 , from Lyman-  observations@k = kCMB α



Summary

- Late string/wall produce dark matter for all allowed  GeV, or fa ≳ O(108) ma ≲ O(0.05) eV

- Occurs for order one values of  and HI /fa λ

New QCD axion dark matter scenario between pre- and post-inflationary 

- Potentially observable via dark matter isocurvature measurements and substructure (mini-clusters)
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Approaching the equilibrium distribution

P̃ ≡ e
4π2V
3H4

I P ∂P̃
∂t

=
H3

I

8π2 [∂2
ρ +

1
ρ

∂ρ +
1
ρ2

∂2
θ − ((∂ρv)

2
−

1
ρ

∂ρv − ∂2
ρv)] P̃

∂P
∂t

=
H3

I

8π2 ∑
i

∂i∂iP +
1

3HI
∂i(P∂iV )

v ≡
4π2

3H4
I

VP̃ ∝ ψm(t, ρ)eimθAnsatz:

∂ψm

∂t
= Omψm Om =

λHI

8π2 [ d2

dx2
+

1
x

d
dx

−
m2

x2
−

8π2

9
(2x2(π2(x2 − α−2)2 − 3) + 3α−2)]

x ≡ λ1/4ρ/HI

P(t, x, θ) = Peq(x) + ∑
(n,m)≠(1,0)

anme−v(x)ψnm(x)
eimθ

2π
e−Γnmt

Eigenvalues of Om

Nnm =
HI

Γnm
Ns = N11
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λ1/2Ns

α =
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λ1/4fa

≃ (α /9)−2

≃ 10 Ns ≃
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λ

Ns ≃
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(HI /fa)2

For  :α ≫ 1          so to reach                       σΦ =
NHI

2π
σΦ ≃

HI

λ1/4
→ Ns ≃

10

λ

(independent of )λ
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Γ11
log [ 2a11b11

2F − 1 ]


