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Outline

In this talk;

= Renormalization in conformally-covariant form

= Baryon wave functions

Twist-three effects in polarized deep-inelastic scattering
= High energy scattering in QCD

= Some open problems

not included:

m SUSY extensions: From N = 0to N =4
m N = 4 SUSY and gauge/string correspondence
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From spin lattice models to QCD and beyond

1994: Compound states of reggeized gluons:

Complete integrability Lipatov; Faddeev, Korchemsky
1} 1997: “Possible that evolution equations in SUSY
Number of degrees of freedom = theories are integrable”
number of conservation laws Lipatov

1998: Three-particle evolution equations in QCD:
Braun, Derkachov, Manashov

1999- Applications to QCD phenomenology:

1926: Heisenberg spin chain Braun, Derkachov, Korchemsky, Manashov

1981-83: Generalizations for arbitrary spin Belitsky

Mathematical methods: 2001- Spectrum of multireggeon states:

1932: Algebraic Bethe Ansatz Lipatov, de Vega

1971: Baxter Q—operator
1985: Separation of variables 2003— N=4 SUSY and AdS/CFT

Derkachov, Korchemsky, Kotansky, Manashov

Kotikov, Lipatov
Minahan, Zarembo
Beisert, Staudacher: ...

DESY, 27 Sep 2007 Integrability in QCD - p. 3/32




401

yN R
3
30/
25/ R

20t

15! Exact analytic solution

10t

Mn(Q) = / do ™ ga(z, Q%)

N — 1 independent operators contribute

r 5 10 15 20 25 30

1991: Ali, Braun, Hiller N, — oo limit

() Exact analytic expression for the lowest v

(> All other operators decouple from g2 (x, Q2)

1998: Braun, Derkachov, Manashov
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1983: Bukhvostov, Kuraev, Lipatov

One-loop mixing matrix

One nonperturbative parameter for each N

Open SL(2,R) Heisenberg spin chain

Integrability in QCD - p. 4/32




Example:

Leading-twist
Twist-three operators <~ three-particle parton
distributions

E.g. baryon distribution amplitudes B = N, A, . ..

1 .
(0lq(z1)q(z2)q(23)|B(p, ) = ---/dﬂfldfﬂ2dﬂf35(2$i—1)€_Zp(xlzl+x2zz+m3z3)903(%;,MQ
0
A=3/2
"q'd" = o),
A=1/2
T 11 YN /(CCz'aM2)
q qq — A=1/2 9
SOA (:CZMM )

e quark fields “live” on a light-ray z* = 0
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Mixing matrix:

DESY, 27 Sep 2007

Ez2(N)

p(zi) = (ki) = /Dﬂ?z‘ vy astws® (i, 1)
q(z1)q(22)q(zs) — (DYq) (DY?q) (Df?q)

N =ki1+ ko + k3

16 ‘ ‘

I
12 %%31@ |
10 - DR
g I i
6 [ n=01..
4 I N=14 i
2 | i
0 [~ | | | | | N

0 5 10 15 20 25 30
N

Example:

sleje
A=3/2

Rich spectrum of anomalous dimensions reflects
complexity of genuine degrees of freedom
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Conformal Symmetry on the Light-Cone: SL(2, R)

Hz’zzjiz, ad —be =1 @(z)%f@)w(ﬁjc’;)-<cz+d)‘2j¢
Jjq = 1, j4 = 3/2is conformal spin of the field
I o) = —La@)
N B dz

Ly ® = (29 425z 0

Generators obey the S L(2) algebra +®(2) = 2 + 2joz | P(2)
d :

Lo ®(z) = (ZE —|—jq>) d(2)

Casimir operators
L? =L — Lo+ LiL_ L*®(2) = j(j — 1)®(2)

Summation of spins
Lq?k} — Z (Li,a _I'Lk,oz)2 L%23 — Z (Ll,a ‘|‘L2,a +L3,a)2

a=0,1,2 a=0,1,2
e second-order differential operators on the space of (z1, 22, 23)
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RG equations in SL(2)-covariant form: Light-ray formalism

. 0 0
Light-ray operators {,u @ + B(g) 8_9} B="H-B, B(z1, 22,23) ~ q(21)q(22)q(:

Two-particle structure:

quq — 7_(12 + 7'(23 + H13

Renormalization = Displacement along the light-cone: Balitsky, Braun ’88
17 " ado A g
Hi2B'' ' (21,22,23) = — [23(21,2‘2) — B(az1 + @z, 22) — B(z1,az2 + ozzl)}
o 1—

Ql
I
—_
I
Q

® Symmetry transformations explicit
® Straightforward generalization to SUSY

DESY, 27 Sep 2007 Integrability in QCD - p. 8/32




Light-ray formalism — continued

Belitsky, Derkachov, Korchemsky, Manashov '04
® Super-light-cone: z — Z ={z,01...0x}
® Superconformal algebra
® Light-cone superfield formulation Mandelstam, Brink et al. '83

Complex scalar N' = 4 chiral superfield
O =07 A+ 007 4 + 2007 Gap — e, nop0t0P09ND — Le L 949P9P o, A

® Method of truncation for N < 4

A two particle kernel
5 k+1

acts as a displacement in the light-cone superspace
1 _ _
Vi20(Z1, Z2) = [} 2 [2042 (21, Zs) — O(aZy + aZs, Zo) — O(Zy, aZs + aZl)]
® same expression as in QCD, apart from a power of «; [For quarks j, = 1, for chiral superfield jo = —1
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RG equations in SL(2)-covariant form — Hamiltonian approach

Bukhvostov, Frolov, Kuraev, Lipatov '85

write H as a function of Casimir operators ~ L3j, = — 5 %(zi—zk)Q = Azk(jzk — 1)
(A

®§®®

= | Hiz =2[¢(J12) — ¥(2)] HA=3/2 = MYy + Hys + HYs

1 2 3

o =

(e) _ 1 _ 1 A=1/2 A=3/2

000007 — 7—(1/2 — L2, T Ji12(J12-1) quq /2 = quq /2 - 12 — Has
1 2 3

Have to solve H¥  ,, = En VU Non
— A Schr édinger equation with Hamiltonian H

DESY, 27 Sep 2007 Integrability in QCD - p. 10/32




Hamiltonian approach — continued

Hilbert space?
® Polynomials in interquark separation

. _ . — related by a duality transformation BDKM
® Polynomials in covariant derivatives (local operators)

® The Hamiltonian is hermitian w.r.t. the conformal scalar product:

QQ Eigenvalues (anomalous dimensions) are real numbers

() systematic 1/N. expansion

gN,n — NCEN,TL—|_NC_15EN,TL+
Unn = U +N26Un, + ...

with the usual quantum-mechanical expressions
0) —2 0 1 0
SBnn = UN, 172 (R, IHO TR

etc.
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Complete Integrability

® Conformal symmetry implies existence 9
P M, L% = [H, Lo] = 0

of two conserved quantities:

® For qqq and GGG states with maximum helicity and for ¢(Gq states at N. — oo there exists an

additional conserved charge

q9q A=maa Q = [L7,, L33]
GGG H,Q] =0
BDM '98
N.—o0 Q = {LgG,Léq}—FCngG—I—CgLéq
Gq | = H,Q] = 0
® Anomalous dimensions can be clas- HU =&V . o _ 5( )
sified by values of the charge Q): QY = q¥ — <\

{ A new quantum number
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WKB expansion of the Baxter equation = 1/N expansion

G. Korchemsky '95-'97
(' equation QWY = qV is much simpleras HVY = EW
@ non-integrable corrections are suppressed at large [NV

@ can use some techniques of integrable models

E(N,¢) = 6Ilnn—3In3 -6+ 6vg

3
—Z(2¢+1
m )

_n_12 (56° +5¢—17/6)

- 1
72n3
+ ...

(4640° + 6964 — 802¢ — 517)

n=+/(N+3)(N+2)

An integer ¢ numerates the trajectories:
(semiclassically quantized solitons: Korchemsky, Krichever, '97)
® |Integrability imposes a nontrivial analytic structure
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WKB expansion of the Baxter equation = 1/N expansion — continued

150 r N =230
14.0
T 130 |
Ll
120 +
Example: 1+ exact
11.0 |
R — WKB
A=3/2
10.0 —
-0.20 -0.10 0.00 0.10 0.20
3
a/n
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E(q) = 2In2—-6+6vg +

3
+ 2Re) ¢(1+4in°6k) + O(n°)

k=1

d1, are defined as roots of the cubic equation:

2807 — Oy, —q/n3 =0

n =/ (N+3)(N+2)
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Breakdown of integrability: Mass gaps and bound states —"experiment”

Simplest case:
Flow of energy levels

Difference between A*=3/2 and ]\T(A)>‘:1/2 (anomalous dimensions):

16

1 1
H(e) = H —5(— —) 14
i Li, L3

H(8 = 1) = Hl/g

N
|
\
\
|

T
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Breakdown of integrability: Mass gaps and bound states —’theory”

In lower part of the qqg spectrum

‘ 1 ] 1 1 1
Perturbation” (g’ L1, i L3g 9~ &= N Of order ~ In N lower levels
Level splitting ~ — have to be rediagonalized
In< N
S
po 1 1 q
<q ’L%2 + L%g ’q> ~ ﬁ COS(QQ — 9(1’) /./
P
Phases of the cyclic permutations: (123) - (312) \.\
Matrix (In N x In IV): P‘C]> — Hq‘q>
(1 12 -1/2 1 L) [(mN 0 0 0 ... )
1 —1/2 1 —-1/2 —-1/2 ding 1 0 InN 0 0
In N —-1/2 —-1/2 1 —-1/2 ... In NV 0 0 0 O

' Amass gap !
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Breakdown of integrability: Mass gaps and bound states —’interpretation”

A*=3/2 \wave function Nucleon and A'/? wave functions
as(p) \ TNn=0 3/2
a3z ()t = Z SONn 0 (W) {a:l(l xl)CN+1(1—2:c1) —|—x2(1—x2)C’J\,/_|_1(1—2:z
—|—a:3(1—903)C]3V/_|2_1(1—2903)}
YN,n=0
par/z(z)? = wiwaws Z PN =0 (5(—(:;))> {PJ(\,l’?’)(l —2z3) + PP (1 — 2:c1)}
free motion
/
o e o [ < > ] ‘e
1 2 3 1 2 3

scalar diquarks?
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From OPE to the parton distributions

three quarks, A = 3/2

16—
14 | : -
12 | : :
10 | : :
8 | T3 :
6 | | :
4t 1 1
5| _ _
ofl Lo

0 5 10 15 20 25 30 0 5 10 15 20 25 30

each red trajectory grows as ~ 6Iln NV
each blue trajectory grows as ~ 4In N

large g — 1 behavior.

small tg — 0 behavior:  singularities in the complex N plane?
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Non-quasipartonic operators

2004: Feretti, Heise, Zarembo
2005: Beisert, Feretti, Heise, Zarembo

Embedding SL(2,R) in SO(4, 2)

Example: Twist-4 nucleon distribution amplitudes

(0] ul (a12)ul (a22)d! (asz) IN(P,\)) ~ NI(P) /Dse—ipzzﬁi%(gi)
(0]l (ar2)ut (a22)d (as2) [IN(P,N))  ~ NL(P) /Dfe‘ipzzgi“@i(&)
0] u’ (a12)ul (a22)d] (a32) IN(P, X)) ~ NL(P) /pge—ipzzwcpf (&)

involve a ‘'minus’ component of one of the quark fields

Braun, Manashov, Rohrwild; work in progress

More distant future: Twist-4 corrections to DIS
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Advanced Example: Polarized deep-inelastic scattering

Cross section: v=pq/M = E; — Ej
dgjlaEl/ (L1+11) = 82;53 |:F2(£IZ‘,Q ) cos” g + ?WFl(a: Q?) sin” g]
dg;;l/ (11-11) 28&5?'%{91(%,@2)(1+ L cos0) — 2]]\343792(9: Q )]
At tree level:
fi(z) = / T Rty s aOisgn)lp. 5-)
s@) = g [ gre s a0 gm0

— quark distributions in longitudinally and transversely polarized nucleon, respectively
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Polarized deep-inelastic scattering — continued

Beyond the tree level

(N (p,9)|q(21)G(22)q(23)|[N(p, A)) =

1
— ... / dridrodrs §(x1+Ta+x3) e_Zp(xlzl+x222+m3Z3)Dq (x4, ,u2)

—1

qGq = gb "(zp, pu*)
qGq

p+n 2
e = gy (zB,u°)

quark-gluon correlations in the nucleon
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Renormalization of quark-gluon operators, flavor non-singlet

Hoaq = NoHO) — NLCH(l) 7

HO = Vi (J12) + Use (Jas)

HWD = V5 (J12) + Usgg (Jaz) + Usg’ (Ja3) -

where
VOW) = (J+3/2) +9(J —3/2) — 20(1) — 3/4,
UDT) = $(J+1/2) +9(J — 1/2) — 2(1) — 3/4,
V(l)(J) _ (_1)J—5/2
49 (J—=3/2)(J—1/2)(J+1/2)"
. B (_1)J—5/2
Usd (1) = —37 =173y
VP = 9(J)— (1) - 3/4,
UD) = 3BT~ 1)+ (] +1)] - (1) - 3/4.
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Open inhomogeneous spin chain

40}
yN . P
=
30! <>The|owestlevelisspecial
e and is separated from the rest of
e the spectrum by a “mass gap”
20} -
BDM 98
15] Exact analytic solution
w7 N
r 5 10 15 20 25 30

<> This special level was found by ABH 91’ and it determines the evolution of g2 (:c, Qz) to the

leading logarithmic accuracy

<> It corresponds to the particular combination of quark-antiquark-gluon operators that can be
reduced to the quark-antiquark twist-three operator using equations of motion

Detailed study:
Belitsky; Derkachov, Korchemsky, Manashov '00
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Flavor singlet ¢Gg and GGG operators

BDM '01
ol , 2888
40 | 88823 ¢88% -
I o 8 8 8 8 8 8 ° 2 e @
35 L © 0 o © o o g ® ¢ ° -
I o 2 2 2 ; g v + ¥ 1 % %
530 ¢ 0 09 N : i % i The highest qGq level is separated
L i o @ + F T E Toq E I E SR .. .
o5 | e ®  r P rorroioiitriioig from the rest by a finite gap and is
20 | o LTIt forl - R S almost degenerate with the lowest
. a+iiiiii+iiiii+***+ GGG state
15 -+ . Lt j: . L+ + |
10:; ; T | | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20
N
qGq levels: crosses GGG levels: open circles

e Interacting open and closed spin chains
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Approximate evolution equation for the structure function g»(z, Q°)

Introduce flavor-singlet quark and gluon transverse spin distributions

d L d
Q2dTQQAQ$’S(w;Q2) = 47T Zy{ Pyo(z/y)Agy (y;Q2)+P£(x/y)AgT(y;Q2)]
dy
—A = A
Q° dQ2 gr(z; Q%) 47T Y Pyy(z/y)Agr(y; Q°)
with the splitting functions
r . [40r] ' 1 -
qu(a:) = _1—$_++6(1 519) _CF+NC (2 3>:| QCF,
T [ AN ] [ | 2
Py,(z) = _1—x_++5(1 x) _Nc( 3 3) Snf}
2 B 2
+N (T o) 4 N B (2 )
3 x 3
P,,(x) = —4ny [z —2(1 — z)*In(1 — z)] .

DESY, 27 Sep 2007 Integrability in QCD - p. 26/32




Twist-3 Fragmentation Functions

Belitsky, Kuraev 97

eTe” — H(O+X -

I
I
I
I
I
I
:
e |
I
I
I
I
I
I
I
I
I

Fragmentation function
d\ —
DO =Y [ Sre O Omlh, X) (b XIFO)0
X

has autonomous evolution for N. — 00, i.e. does not mix with functions involving gluon field:

2(0.¢) = 3 [ o G O v ) e X) (b, XIG(O) B (Xm0
X

Integrability?
<> short-distance expansion not applicable — no relation to local operators
<> Operator language exists: Balitsky, Braun '91
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High Energy Scattering: The Regge Limit of QCD

1976-78: Balitsky-Fadin-Kuraev-Lipatov (BFKL) pomeron:

1 Ne4ln 2
A(s, t) ~ igtTas/mNedln s — 00, t ~ const

Partial waves with the complex angular momentum

d+i00 g »
A(s,t) ~ isa?/ —w,swA(w,t)

S—ico 2T

can be writtten in the impact parameter representation
Alw, t) = /d%eiqb/d%kd%;@(bl — b, by — b)To, (b1, ba; b, b)) P (b, bh) = /d2beiqb<q>(b)|’ﬂ‘w|<1>(c

where the kernel satisfies Bethe-Salpeter equation

Oﬂsj\fc

T

os N

1
wT, = T&O) + Hprkr.To, — To = (w — HBFKL) Tc(uo)

s

Hence singularities of T&O) in the w-plane are determined by eigenvalues of Hprki,

HprKL * Ya (b1, b2) = Eqta (b1, b2)

The largest E, corresponds to right-most singularity alias leading large-s behavior
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High Energy Scattering — continued

Hpgrk1, has a number of remarkable properties Lipatov
® Holomorphic separability 51,2 — 21,2
Hprkr, = H2 +Hz  He = 05" In(212)0z, + 0, In(212)0z, + In(0z,02,) — 2¥(1)

e Invariance under SL(2, C) conformal transformations of the transverse plane
— can be rewritten in terms of two-particle Casimir operators

Hprk1, = % [H(J12) + H(J12)] , H(j) =2¥(1) —¥(j5) — V(1 —j)

the solutions can be characterized by a pair of complex conformal spins

1 _ 1 —
+n—|—i1/ h = n—l—z'l/

om0 (5 40) o (5 )

The maximum value correspondston = v =0, FEyo=41In2

h =

Unitarity?
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High Energy Scattering — continued (11)

Generalization to [V interacting reggeized gluons in the N. — o0 limit:

N

Z |H(Jk,kt1) + H(Jp, k1)
k=1

Hy =

I

e Complete Integrability: H x (separately in holomorphic and antiholomorphic sector)

is the Hamiltonian of the SL(2, C) closed spin chain
Lipatov ‘94, Faddeev, Korchemsky ’95

[qlmHN]:[QImqn]:O k’,’I’LZQ,...,N

<> Algebraic Bethe Ansatz not applicable (no pseudovacuum state)
<> Quantization conditions?

Methods:
(N = 3) eigenvalue problem for the transfer matrices Janik, Wosiek '97, Bartels, Lipatov, Vacca '00
(N > 3) construct the Baxter Q operator Derkachov '99, Derkachov, Korchemsky, Manashov '01
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High Energy Scattering — continued (111)

The spectrum of g3 (N = 3) DKKM "02 States with maximum energy DKKM '02
2] R N iq3 q4 iq5 q6 iq7 En
| +++++++++++++++++++++ 9 27
_ 1 +++++++++++++++++++++++++ 3 2053 _24
A + o+ o+ o+
< 09+ + 4+ + + + + + + + + + 4 0 1536 .67
I + o+ o+ o+ o+ 4
E ] £+ F T s 5 2677 0395 | .0602 -.12
-1 b4+ o4+ o+ o+ o+ o+
L A 6 0 .2818 0 .0705 .39
] o+ o+ o+ o+ o+
2
L +++++++++++++++++ o 7 3131 | .0710 | .1285 | .0085 | .0195 || -.08
-2 -1 0 1 2

Re[q3"(1/3)]

WKB approximation

]1/3:r3<2/3><1 V3 )

ni,n —n1 +1—n
lg3(n1,mn2) o 1 5 12

2

Unitarity?
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For odd /V there are also solutions
with Eny = 0,2 =...gn =0
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Outlook

® One-loop dilatation operator (evolution equations) in QCD is/are integrable in some
sectors

0 Classical bremsstrahlung: A~ ——

w 60
[0 Cusp anomalous dimension: for N — o0
YN ~ Teusp(as) log N

[l Integrability appears as a consequence of the existence of massless vector particles

m Offers powerful machinery

® Open problems in QCD context:
[ Analytic structure of the spectrum — Parton interpretation in higher twists
O From SL(2,R) to SO(4, 2): Rethinking of the role of non-quasipartonic operators; properties of
anomalous dimensions in all twists

[ Beyond one loop: Formal conformal limit

./4 _ Aconformal + 6(99) AA

Integrability? Particular models?
[ Breaking of integrability vs. breaking of conformal symmetry: physics issues?
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