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Hopf algebra of graphs H = Q1 © @2, H/

» The coproduct
A'(T)

AN =Tel+lal+ Y  yal/y (1)

y=U;vi,wa(7i)>0
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Hopf algebra of graphs H = Q1 © @2, H/

» The coproduct
A'(T)

AN =Tel+1el+ Y yal/y (1)

y=U;vi,wa(7i)>0

» The antipode
SN =-T=> S(yr/y=-mS®P)A (2)
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Hopf algebra of graphs H = Q1 & @2, H/

» The coproduct
A'(T)

AN =Tel+1el+ Y yal/y (1)

y=U;vi,wa(7i)>0

» The antipode
S(M)=-T=% SM/y=-mS©P)A ()
» The character group
G20 d:H— V,0(hUhy) = &(h)d(h) (3)
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Hopf algebra of graphs H = Q1 & @2, H/

» The coproduct
A'(T)

AN =Tel+1el+ Y yal/y (1)

y=U;vi,wa(7i)>0

» The antipode
N=-T-YSC)/=-mSeP)a ()
» The character group
G20 d:H— V,0(hUhy) = &(h)d(h) (3)
> The counterterm
SR = —R(®(h) =D SEM®(/7))
“R® (m(SE @ ® P)A()) (4)




Hopf algebra of graphs H = Q1 & @2, H/

» The coproduct
A'(T)

AN =Tel+1el+ Y yal/y (1)

y=U;vi,wa(7i)>0

v

The antipode
M =-r=3 50 /r=-mSeP)A 2)
The character group
G20 d:H— V,0(hUhy) = &(h)d(h) (3)

v

» The counterterm
SR = —R(®(h) =D SEM®(/7))
= —R®(m(SE @ P)A(I)) (4)

v

The renormalized Feynman rules

dr = m(SE @ d)A




BCFW and the core Hopf algebra

» a sequence of quotient Hopf algebras by looking at short
distance singularities in 2k dimensions

HyCH, CHy C---C Hy C---Hy (6)

PN,
B % o
¥ ) - 1
= WPVE 3 Alexander von Humboldt
RS jon
“BERV

Stiftung/ Foundat



BCFW and the core Hopf algebra

» a sequence of quotient Hopf algebras by looking at short
distance singularities in 2k dimensions

HyCH, CHy C---C Hy C---Hy (6)

() = o
(<) =200 Qo ®

> the primitives are all one-loop
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BCFW and the core Hopf algebra

» a sequence of quotient Hopf algebras by looking at short
distance singularities in 2k dimensions

HyCH, CHy C---C Hy C---Hy (6)

() = o
() <100 Qe

> the primitives are all one-loop
» quantum gravity: Hyen = Hoo, wa(l) = 2|7 + 2
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BCFW and the core Hopf algebra

» a sequence of quotient Hopf algebras by looking at short
distance singularities in 2k dimensions

Ho CHy, CHy C--- C Hy C -+ Hy (6)

(<) = o
() = 2re e

> the primitives are all one-loop
» quantum gravity: Hyen = Hoo, wa(l) = 2|7 + 2
» Hochschild cohomology, co-ideals: trade loop for Ieg expansion
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BCFW and the core Hopf algebra

» a sequence of quotient Hopf algebras by looking at short
distance singularities in 2k dimensions

Ho CHy, CHy C--- C Hy C -+ Hy (6)

(<) = o
() = 2re e

the primitives are all one-loop
quantum gravity: Hyen = Hoo, wa(l) = 2|1 + 2
Hochschild cohomology, co-ideals: trade loop for leg expansion
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Kinematics and Cohomology

» Exact co-cycles ] ) )
(B9] = BIY 4 by ®)

with ¢"/ . H —» C




Kinematics and Cohomology

» Exact co-cycles ] ) )
(B9] = BT + by ®)
with ¢/ : H = C

» Variation of momenta

G ({g} s, {0}) =101, 0, (X"({e}))  (9)

with X" =1+ 3", &/ B (X Q(g)), bBLY = 0. Then, for
kinematic renormalization schemes:
{9} — {0} & B” — B” + b
=
OF a0y = L, {@}*“’L (o}
(DR(ln S, {@} {@0}) ﬁn ({@0} * (Dl scale(ln S) * (Dﬁn({@})
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Graph Polynomials

0— HY(N — QfF - Q"° —o. (10)
{h;} basis of homology (loops!)
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Graph Polynomials

0— HY(N — QfF - Q"° —o. (10)
{h;} basis of homology (loops!)

> (90,91,92,G3)" — qo-1+q1-i+ qa-j+ qs -k quaternionic
embedding
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Graph Polynomials

0— HY(N — QfF - Q"° —o. (10)
{h;} basis of homology (loops!)

> (90,91,92,G3)" — qo-1+q1-i+ qa-j+ qs -k quaternionic
embedding

NO = (Zeeh,ﬂhj Ae) U ]1 Zeehj ,ueAe
Zeehj fieAe > ecrll flefteAe

N :=
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Graph Polynomials

0— HY(N — QfF - Q"° —o. (10)
{h;} basis of homology (loops!)

> (90,91, 92, qs)T —qo-1-+qg1-i+qg>-j+ g3k quaternionic
embedding
| 4
N = NO = (ZGEh,’ﬂhj Ae) . I Zeehj ,ueAe
= ij
Zeehj fieAe > ecrll flefteAe
> [No| = (),

IN| = o(T).
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Example

r—

A1+ Az + A3 A1 + Az Arpn + Aopiz + Aspiz

NF = Al + A2 Al + A2 + A4 A1/1,1 + A2,U,2 + A4/1,4
Arfir + Aofiz 4 Aszjiz  Arfin + Aofio + Asfis Eizl Aili i

Yr = (Al + A2)(A3 + A4) + A3As = Zsp.Tr.T HegT Ae
or = (As + As)A1Axp2 + AcAsAspy + A1AsAsp? =
Zsp.2—Tr.T1UT2 Q( Tl) : Q( T2) He€T1UT2 Ae'
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The Feynman rules in projective space

First, or — or +9r(>, m2Ae).

forestsum
=~
(.50, (8.801) = | S (-
PE— 1R+ f
In %¢r/f¢f+¢,9¢r/f
¢?/f¢f+¢,91/)r/f
2 2 S
r/eve (E—1)—form

Note: for 1-scale graphs, ¢r = 9r.
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The polylog as a Hodge structure

Iterated integrals: obvious Hopf algebra structure

1 0 0
—Li(z)  2mi 0 =(G, G, G) (1)
—Lir(z) 2miln(z) (27i)?

Var(SLix(z) — In|z| SLir(z)) =0 (12)

Hodge sructure from Hopf algebra structure: branch cut
ambiguities columnwise
Griffith transversality < differential equation
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Limiting mixed Hodge structures

» Hopf algebra from flags
f=m1CyC...CT, A'(’yi+1/’y;) =0 (13)

The set of all such flags Fr > f determines Hopf algebra
structure, |Fr| is the length of the flag.
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Limiting mixed Hodge structures

» Hopf algebra from flags

The set of all such flags Fr > f determines Hopf algebra
structure, |Fr| is the length of the flag.

» It also determines a column vector v = v(Fr) and a nilpotent
matrix (N) = (N(|Fr|)), (N)**! =0, k = corad(I") such that

lim (=" M)p(v(Fr)) = (c] () Ins, &5 (©), cf(©) Ins)T (14)
-

where k is determined from the co-radical filtration and t is a
regulator say for the lower boundary in the parametric
representation.
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The Feynman graph as a Hodge structure

Hopf algebra structure as above

1 0 0 0 0

—(X {I} 0 0 0
g : \\g % i —(C1, G2, G5, G, G)
L A4 T 44
Var 34_[§RQ.3Q]+

Hodge structure: cut-reconstructability: from Hopf algebra structure
branch cut ambiguities columnwise S G -
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Griffith transversality < differential equation?



1
C(S]_, o 7Sk) - Zn,-<n,-+1 nil...nik

» counting over Q

1= 2 ) T T xyiPe (15)
1—-x2 (1—x%)(1-x5)

n>3 k>1

— first irreducible MZV from planar graphs at 7 loops in
scalar field theory (integrability??7?)
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1
C(S]_, o 7Sk) - Zn,-<n,-+1 nil...nik

» counting over Q

L AN e Cul W § | ) (PRI

1—-x2 (1—x%)(1-x5)
n>3 k>1

— first irreducible MZV from planar graphs at 7 loops in
scalar field theory (integrability??7?)

» When is a graph redicible to MZVs? Francis Brown: when it
has vertex width three.
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C(sl’ e

» counting over Q

— 1
75k) - Zn,-<n,-+1 nil...nik

L AN e Cul W § | ) (PRI

1—-x2 (1—x%)(1-x5)
n>3 k>1

— first irreducible MZV from planar graphs at 7 loops in
scalar field theory (integrability??7?)

When is a graph redicible to MZVs? Francis Brown: when it
has vertex width three.

Caution! Non-MZVs at eight loops from non-planar graphs, at nine
loops from planar graphs ('A K3 in ¢*', Brown and Schnetz). Proof
from counting points [Xr] on graph hypersurfaces Xr over Fq,
defined by vanishing of the first Symanzik polynomial. If the graph
gives a I\/IZV [Xr] better is polynomial in the prime power qg=p"

eII|pt|c curves with complex multiplication, and point- cou@hg

function a modular form.



Decomposing scales and angles

Consider

r— o (16)

and

2 i (17)

We let S :pf+p§+p§+2pl-p2+2p2-p3+2p3-p1 (which

defines the variable angles ©/ = p; - p;/S,©¢ = m2/S) and

subtract symmetrically say at So, @ij = —(45U 1) and 7, s -,
0= m2/50 which specifies the f|xed angles ©g. % lexander von Humbalds
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¢>r( )

n
oR — ¢r(@0) Qr. (18)
Ui

To find the desired decomposition, we use
AN =TRIRI+IeMRI+IxIcT. (19)

We then have

R = & 1(O0)(T) + O (5/S0) (M) + Pan(©)(F). (20
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We have

¢r(@0)
¢g§(eo>(r>=— g (21)
e
S
R (5/%0)(T) = =229, (22)
r

which integrates to the renormalized value
O (5/S0)(T) = 6¢(3)In&. Finally,

¢r(©)
1/1|—2°

U

These integrands indeed all converge, which is synonymous for us
to say that they can be integrated against PE1(R ).

In
(Dﬁn(@)(r) =

Qr. (23)
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