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	  1.	  Introduction	 

•  Feynman	  rules	  based	  on	  SM,	  MSSM.	  
•  Any	  orders	  of	  Feynman	  diagrams	  can	  be	  generated	  
automa?cally.	  

•  1-‐loop	  diagrams	  of	  SM	  and	  MSSM	  can	  be	  evaluated.	  
•  1-‐loop	  integrals	  up	  to	  4-‐point	  func?ons	  are	  equipped.	  
•  1-‐loop	  integrals	  up	  to	  6-‐point	  func?ons	  are	  evaluated	  
with	  the	  reduc?on	  method.	  

•  2-‐loop	  integrals	  up	  to	  4-‐point	  func?ons	  are	  evaluated	  
numerically.	  

GRACE	  is	  the	  generator	  of	  event	  generators	 
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Let ε  be finite as	

with l=0,1,2,….	

ε0 and acceleration constant Ac are 	

positive numbers and given by hand.	


Evaluate the integral I numerically	

and get the sequence of I(εl). 

Extrapolate the sequence I(εl) to the 
limit (ε -> 0) and determine I. 

E. De Doncker, Y.Shimizu J.Fujimoto, F.Yuasa,  Comput. Phys. Comm. 159(’04)145.	
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εl =
ε0
(Ac )

l , Ac >1
1st step	

2nd step	

3rd step	

2.	  Direst	  Computation	  Method(DCM)	 



Example	  of	  	  the	  DCM	  application	 



F.	  Yuasa	  et.al.,	  arXiv:1112.0637v1	  	 



3.	  Introduction	  of	  b-‐functions	  	  
	  	  	  	  	  and	  P-‐operators	  	 

•  The	 application	 of	 this	 equation	 to	 Feynman	 
integrals	 was	 introduced	 by	 F.	 Tkachov	 in	 
1996.	 

•  b-functions	 were	 introduced	 	 with	 a-	 and	 c-	 
functions	 in	 the	 theory	 of	 prehomogeneous	 
vector	 spaces	 by	 M.	 Sato	 in	 early1970s.	 	 	 

•  Simultaneously	 and	 independently,	 the	 
existence	 of	 b(s)	 was	 proved	 by	 J.	 Bernstein	 
in	 1971	 .	 

•  The	 background	 of	 introduction	 of	 b-functions	 
related	 to	 the	 analytical	 continuation	 of	 the	 
hyperfunctions	 D(x)+

s	 .	 

	 

	 



Application	  of	  the	  equation	  on	  b-‐functions	  	  
to	  the	  1-‐loop	  integrals	  
	 	  F.V.	  Tkachov,	  Nucl.	  Instr.	  Meth.	  Phys.	  Res.	  A389	  (1996)	  309	  、	 	 

where,	 

	  G.	  Passarino,	  Nucl.Phys.B619:257-‐312,2001,	  
	  A.	  Ferroglia,	  G.	  Passarino,	  M.	  Passera,	  S.	  Uccira?,	  	  Nucl.Phys.B650:162-‐228,2003	  	 



Application	  of	  the	  equation	  on	  b-‐functions	  
	  to	  the	  2-‐loop	  integrals	 

•  As	  pointed	  out	  in	  	  	  
	  	  	  	  	  	  G.	  Passarino,	  Nucl.Phys.B619:257-‐312,2001,	  

	  	  	  	  V	  of	  the	  2-‐loop	  integrals	  is	  a	  highly	  incomplete	  polynomial	  	  
	  	  	  	  with	  few	  non-‐zero	  coefficients.	  Then,	  P	  	  has	  higher	  	  	  deriva?ves	  on	  x.	 
•  The	  paper	  claimed	  to	  	  use	  the	  equa?on	  on	  one-‐loop	  integrals	  
	  	  	  	  extensively	  even	  for	  2-‐loop	  integrals	  and	  more.	  It	  is	  called	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  “minimal	  B-‐T(Bernstein-‐Tkachov)	  approach”.	  
	  	  	  	  	  See	  also,	  	  
	  	  	  	  	  G.Passarino,	  S.	  Uccira?,	  Nucl.Phys.	  B629	  (2002)	  97-‐187,	  
	  	  	  	  	  	  A.	  Ferroglia,	  G.	  Passarino,	  M.	  Passera,	  S.	  Uccira?,	  Nucl.Phys.	  B680	  (2004)	  199-‐270	  
	  	  	  	  	  	  S.	  Ac?s,	  A.	  Ferroglia,	  G.	  Passarino,	  M.	  Passera,	  S.	  Uccira?,	  Nucl.Phys.	  B703	  (2004)	  3-‐126,	  
	  	  	  	  	  	  G.	  Passarino,	  C.	  Sturm,	  S.	  	  Uccira?,	  Phys.Lei.B655:298-‐306,2007	  	 



•  Minimal	  B-‐T	  approach	  woks	  well	  for	  the	  numerical	  	  
Integra?on	  of	  the	  2-‐loop	  integrals.	  
	  
•  b-‐func?ons	  are	  s?ll	  interes?ng,	  because	  all	  roots	  	  
of	  the	  b-‐func?ons	  are	  nega?ve	  ra?onal	  numbers	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (	  M.	  Kashiwara	  1976).	  
	  
•  There	  exists	  an	  algorithm	  for	  compu?ng	  b-‐func?ons	  	  
and	  construc?ng	  P-‐operators	  by	  T.Oaku,	  using	  Groebner	  
bases	  for	  rings	  of	  differen?al	  operators.	  
	  
	  

	  
	  
	  
	 



Outline	  of	  the	  algorithm	  by	  Oaku	 

2.  Because	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  
	  	  	  	  	  through	  	  the	  lel	  ideal	  	  C	  ,	  b(s)	  should	  be	  an	  element	  of	  	  	  	  	  	  	  
	  	  	  	  	  the	  intersec?on	  of	  	  C	  and	  K[s]:	  
	  
	  

2.  During	  geong	  	  	  Bf	  ,	  Qi	  	  and	  P	  	  	  can	  be	  obtained	  with	  
generators	  	  Pi	  	  of	  the	  annihilator	  ideal	  as:	  	  

3.  Because	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  then	  
4.  This	  	  	  P	  sa?sfies	  	  	  	  
	  

1.  Find	  annihilator	  ideal	  on	  	  	  	  	  	  	  	  for	  	  rings	  with	  differen?al	  	  
	  	  	  	  	  	  operators:	  	 



Symbolic	  	  systems	 

•  Groebner	  Bases	  Engine	  should	  be	  equipped.	  
•  Wyle	  algebra	  can	  be	  treted:	  
	  
	  	  	  	  	  like	  Maple,	  Singular,	  Macaulay2,	  etc.	  
	  	  	  	  	  	  	  	  	  	  	  
We	  have	  used	  
•  Risa/Asir	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  http://www.math.kobe-u.ac.jp/Asir/	 by	 M.	 Noro	  
•  OpenXM(Kan/sm1)	  	  	  	  
	  	  	  	  	  	  	  	  	  	  hip://www.math.kobe-‐u.ac.jp/OpenXM/	  by	  N.	  Takayama	  



4.	  Examples	  of	  P-‐operators	  	  
	  	  	  	  	  (4-‐1)	  one-‐loop	  5-‐point	  case	 

f:=	 
-‐x1*x2*s1-‐x2*x3*s2-‐x3*x4*s3-‐x1*x3*s12-‐x2*x4*s23+x1*x3*s34+x2*x3*s34	  
+x3^2*s34+x3*x4*s34+x1*x4*s4+x2*x4*s4+x3*x4*s4+x4^2*s4-‐x1*x4*s45	  
+x1^2*s5+x1*x2*s5+x1*x3*s5+x1*x4*s5+x1*x2*s51+x2^2*s51+x2*x3*s51	  
+x2*x4*s51-‐x3*s34-‐x4*s4-‐x1*s5-‐x2*s51+x1*xm1+x2*xm2+x3*xm3+x4*xm4	  
-‐x1*xm5-‐x2*xm5-‐x3*xm5-‐x4*xm5+xm5$	 
 	 
	 
pfs1	  :=	  2*dx1*(s1*s2*s3*s4*x4	  -‐	  2*s1*s2*s34*s4*x3	  -‐	  s1*s2*s34*s4*x4	  +	  s1*s2*s34*s4	  
-‐	  s1*s2*s4**2*x4	  -‐	  s1*s2*s4*xm3	  +	  s1*s2*s4*xm5	  +	  s1*s23**2*s34*x2	  +	  
s1*s23*s3**2*x4	  -‐	  2*s1*s23*s3*s34*x4	  +	  s1*s23*s3*s34	  -‐	  2*s1*s23*s3*s4*x4	  -‐	  
s1*s23*s3*xm3	  +	  s1*s23*s3*xm5	  +	  s1*s23*s34**2*x4	  -‐	  s1*s23*s34**2	  -‐	  
2*s1*s23*s34*s4*x2	  -‐	  2*s1*s23*s34*s4*x4	  +	  s1*s23*s34*s4	  -‐	  2*s1*s23*s34*s51*x2	  +	  
s1*s23*s34*xm3	  -‐	  2*s1*s23*s34*xm4	  +	  s1*s23*s34*xm5	  +	  s1*s23*s4**2*x4	  +	  
s1*s23*s4*xm3	  -‐	  s1*s23*s4*xm5	  -‐	  s1*s3**2*s4*x4	  -‐	  s1*s3**2*s51*x2	  -‐	  
s1*s3**2*s51*x4	  +	  	  …	  (cont.)	 

Kinema?cal	  variables	  kept:	  	  
s1,s2,s3,s4,s5,s12,s23,s34,s45,s51,xm1,xm2,xm3,xm4,xm5	 



	  	  
	  (4-‐2)	  	  two-‐loop	  2-‐point	  case	  :	 



4-‐2-‐1:	  
	 



4-‐2-‐2:	  
	 





(4-‐3)	  two-‐loop	  non-‐planar	  vertex	  case	 





5.	  	  Summary	 

•  Direct	  Computa?on	  Method(DCM)	  works	  well	  to	  treat	  the	  	  
Feynman	  loop-‐integrals	  in	  GRACE.	  

•  b-‐func?ons	  may	  be	  useful	  to	  analyze	  	  the	  structures	  of	  the	  
Feynman	  loop-‐integrals.	  

•  There	  exists	  an	  algorithm	  to	  calculate	  b-‐func?ons	  and	  P-‐
operators	  by	  T.	  Oaku.	  

•  P-‐operators	  are	  constructed	  in	  some	  cases	  of	  two-‐loop	  
diagrams	  using	  symbolic	  systems.	  

•  Applica?ons	  of	  P-‐operators	  to	  the	  numerical	  integra?on	  of	  the	  
mul?-‐loop	  integrals	  are	  s?ll	  open	  ques?on.	  
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