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Introduction
n-point tensor integrals of rank R: (n,R)-integrals
d R r
l#r"un — / dk Hr:1 k#
H d 2 n Vi
imd/ [Ii=i ¢’
d = 4 — 2¢ and denominators ¢; have indices v; and
chords g;
2 2 g
¢ =(k—q)°—m; +ie
< tensor integrals due to, e.g.:
, , « fermion propagators
; « three-gauge boson

~ — couplings
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[D.B.Melrose, Nuovo Cim.40 (1965), Reduction of Feynman diagrams, Cayley
determinants

[Davydychev:Phys.Lett. B263 (1991), integrals in diff. space-time dim.

see also Z.Bern et al. Phys. Lett. B302 (1993). ]

[Tarasov:Phys.Rev. D54 (1996), dimensional recurrence relations. ]
[JF,Jegerlehner,Tarasov: Nucl. Phys. B566 (2000), 1-loop and “signed minors”. ]

[T. Binoth, J. Guillet, G. Heinrich, E. Pilon, C. Schubert, An algebraic / numerical
formalism for one-loop multi-leg amplitudes, JHEP 10 (2005) 015].

[JF and T.Riemann: Phys. Rev. D83 (2011), Complete reduction of 1-loop
tensors. ]

[V.Yundin C++ package PJFry. Available at https://github.com/Vayu/PJFry]

[JF and T.Riemann: Phys. Lett. B707 (2012), A solution for tensor reduction of
one-loop n-point functions with n > 6. ]
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Tensors expressed in terms of integrals in higher dimension
Following [Davydychev:1991 | ,alSO [J.F. et al.:2000 ]
express tensors by means of scalar integrals in higher
dlmenSIOI’]S( nj = vjj = 14+ (5,‘/', Njix = VijjVjjk, Vijk = 14 6k + 6jk etc.):
d n n
s
r=1 i=1 ’
v d - - o2 1 [d+]
W= / KK H & = Z a qf nj i~ ng hn
r=1 ij=1
A d & & P 1T
B = [ e == Y qtgadm i+ 53 ag
r=1 ij k=1 =1
N d n n J 4
pvAe / Kk ik [Ter' = >0 o qf g af mjw 1150
r=1 i.j,k,I1=1

1 3 1 2
—5 2 arq mi L ghg i
=

Conclusion
o]

g
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The integrals

I n
/[d+]’,stu-~- . [0+ H 1 d%
pyijk- C1+5,,+5,,+6,k+ —0Ors—0rt—0ru—++ rd/2’

r=1

where [d+] =4 + 2/ — 2¢.

I,I;‘“{ ét>} S, ab#s

is obtained from

,r{7u17-~~}
by
e shrinking line s
e raising the powers of inverse propagators a, b.
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Comments

e External momenta and g"” in 4 dimensions.

e Integration in higher dimension (generic: d = 4 — 2¢).

e No contraction of g"” with an integration momentum.

e g"¥ cancels for n = 5. Will be exemplified.

e Considering an N-point tensor, gy = 0 is chosen.
Needed also for

1
(@i ) =3 Y= Yin— Ynj + Y]

e Cancellation of (“reducibel”) scalar propagators is avoided.
If needed, the integration rules also hold for reduced
tensors of rank N — 1 with gy_1 # 0. No shift of integration
momentum.
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Notations: modified Cayley determinant

Modified Cayley determinant () of a diagram with N internal lines and chords g;:

0 1 1 1

1 Yo Y2 ... Yin

1 Y] Y. .. Y
Ov=| 7 '= 2N,

1 Y1N Y2N “ee YNN

with matrix elements

Gram determinant Gn: Gp = |2q;qj|,i,j =1,...n

For a choice gn = 0, both determinants are related: ()y = —Gn_1

= The determinant () does not depend on the masses.
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Notations: signed minors

We also need signed minors of (), constructed by deleting m rows and m columns
from (), and multiplying with a sign factor:

ook m —
K ke o km )y T
rows ji - - - jm deleted ’

= (—1)2iUrtk) )
= (=D=""sangy 804 | columns ki - - - km deleted

where sgn;, and sgny,, are the signs of permutations that sort the deleted rows
J1 -+ - jm and columns ky - - - ky into ascending order.

The signed minors are antisymmetric under exchange of
neighboring indices j and k.
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Some algebraic relations [D.B.Melrose, Nuovo Cim.40 (1965)]

and

02),- .0, ().0) -0

”master formula” ((A.13) of D.B. Melrose )

(),(00),= ), (), + (9, (), =015

N=7
0000

Conclusion
o]
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Recursion for integrals

Following [Tarasov:1996,JF:2000]: apply recurrence relations relating
scalar integrals of different dimensions in order to get rid of the
high dimensions.

Vji+lr(7d+2) S + 1) k- 19
)” 0 5 k=1 k n

oot = g ](e) 5 () x e

k=1

where the operators it, j=, k* act by shifting the indices
vj,vj, v by 1. Example for a “scratched” integral (v; =1+ 6;):

[d+]%,s ((/)Ss)s [d+],s (/Iz)s [d+],s > (jtg)s [d+],st
Viily j = el A sl Y 7 b
(3)5 (3)5 t=1 (3)5
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Recursion for tensors

5-point tensor recursion (5-PTR): Express any (5, R)
pentagon by a (5, R — 1) pentagon plus (4, R — 1) boxes

[T.Diakonidis,JF T.Riemann,J.B.Tausk: Phys.Lett. B683 (2010)]
5)

M1 BR—1K M- HR—1 A M1 HR—1,S AL
It = It Q&h-> 1k Q5.
s=1

auxiliary vectors with inverse Gram determinants

(

For e.g. R =3, again [1/()s]® will occur.

v o ®s
& = > ¢ o s=0,...,5
i=1 5
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Contractions |

iy~ Qigun

911012 Qiy g+ Qigpr

etc. ,are obtained by constructing projection operators

i1 [R
Is

RN
Is

Rank 3 tensors N-point, N > 6 N=7
00000 000 0000

= /ddk I1r1(q; - k)
imd/2 H}L';:1 G
/szdk [1ra(q; - k)

i—d/2 5
imd/ [l-1 ¢

)

"

or

by calculating scalar differential cross sections
(Born x 1-loop)
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Forg,=0, a=1,....n—1, s=1,...n

o ), 1
(qa : QO) = Z(Qa : qj) () 1= _E(Yan - Ynn)a
j=1 n
D
(qa : Qs) - Z(Qa ' CU)T - E(éas - 5ns)a
j=1 n

Writing the 5-PTR as (g5 =0,i=1...4):
/ Kkt ... kHR—1 (kq,.) / kHt ... kKPR—1

C1C2C3C4Cs C1C2C3C4Cs

Qoqi)

5
Kt ... kHR—1 .
_Z/ S(quf)7
— C1C2C3C4Cs

with kqg; = —% [ci — ¢c5 + Y5 — Yss], follows its proof.

Conclusion
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Cancellation of g

4
LV v d+ v ld+
l5 :Zqﬁqﬂu’éu] 9“ 1,
I7j:1

1 5.()
—_gtv — 75 gt Y.
2g ”2_31 ()5 %

. |
jos _ (s jar 25: (s s (s o+
s=1,s

R A  0s 05 °

“Scratched” vector:

S, > u(7§)5 —
QH = qu. 5) , 17=0...5
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Scalar Expressions: Contracting after integration

5

5
LY W S, |S S, st v
/5 _ISQO_E: C)0 /4_§:Qt l3 S
s=1 t=1

Contracting with vectors ga, Qs

Qa;. Qb /é“/ = (Qa : /5)(qb : QO)
5 5
- > {(Qa OG- (Ga- Of)/:?’} (Gb - Qs),
s=1 t=1
with
5
(Q'a' 15) = E(Qa : QO) - Z If(qa' Qs)-
s=1
Recall (Qb : Qs) = 1§ (6bs - 555)-
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Further
Q) = 1 _y2s Q) = 1yt
(ga- Qg) = a (9a- Q) = a >

(8)
s/5
4

= S (), -3, ()02
Sawa (), - 3{(9).00- (5),03)-

For all such sums see JF and T.Riemann, Phys.Lett. B701
(2011) and Phys.Lett. B707 (2012).

So far we assumed the 4-point sub-Gram (). to be "large*
- but some cancellations occur already !
Another important point is that the sum over the vector indices
i,j,...is performed in closed form.

(s)s

1,st
Za
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We take the following scalar products

N-point, N > 6

[e]e]e}

@-a) — |©s .
b - Qo) 2| 0 + Y5 |, (Qo - Qs)
(Q-Qs) = 7%535 (QF - Qs)
5
(ls- Qo) = E(Qo- Qo) — > 3(Qo - Qs)
s=1
1 (8 s [@s
) 2{@)5;(0)5’4 05 © 7

- cancellation of (175 - and finally (not surprisingly)

guylé“/ - EE + /E

2
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The principle

We obtained a simple formula for the reduction of 5-point
tensors to 4-point tensors, 5-PTR.
One of its properties is the the cancellation of g”.

Of course it was necessary to reintroduce g"” in order to
provide a’standard” version of the tensor decomposition - and
this resulted in the publicly available program PJFry for the
numerical evaluation of the 5-point tensors.
Contracting higher N-point tensors one also needs this version
in order to avoid the inverse Gram determinant of the 5-point
function.

Nevertheless one may ask why to reintroduce g+ instead of
systematically eliminating it and thus simplifying the 5-point
tensor.

19/35 J. Fleischer Efficient contraction Wernigerode, April 19, 2012
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Moreover: Separating the indices from the integrals, we saw
that the summation over the indices may be performed
analytically,
which saves the numerical iteration to calculate tensor

coefficients of the 4-point functions.
As a more complicated example, we reproduce the following
4-point part

ol gt _ W) )
RO 00
L BOOBOO- @O0 HOO GO0 GO0, o

L @G+ () (@) + () E) gorre

+ ...
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Tensor of rank 3:  remains to contract the 4-point tensor of rank 2

Special: B =1 Q- 1S Q)
The corresponding 4-point function reads (gs = 0):

4
v v qldt2s 1 ld,
B = > gl = S0

e 2
i,j=1
(OS) (iS) 5 (tS)
ld+17s _ s/ ldt]s | Us)s ld+].s js/5 (ld+]st
Vijly jj (s) 4,i (S) 4 Z (S) 3,i
s/5 s/5 t=1 \s/5
For i,j = s the integrals %1° and %1 vanish (due to

vanishing signed minors) and summation over all values of i, j
is possible. The following identity allows to eliminate g~

©, 0, 0,

®s 05 05O
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au Qoo I
5
uv,S _ SI S
QauCIbul4 = (Qa‘ /4 Qb C?0 E I3 Qb : Qz)
t=1

_(si(Qa - Qs)(qp - Qs)lz[tdﬂ °
(5)5

We need the additional sums

1 1
(qa. ng) = podll (qa 031) = Z1,SIU
(st)s (st)s
with
3,st 1 st t st s
Za - 2 { < > Ya + (SO) 5Da + <0t> SDa }
1,stu 1 st\ . [\ s
T 3 - DS 5.
) : o) D5 (1) 2%
22/35
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Result for g, qp, I}"°

SUV,S

1 .
Qan Qb " = Qe Qo Z(aas—555)(5bs—555)(,5i/£d+]’5 with
(s
Gaulos s~ = Z(Yas— Yss)(Yos — Yes) - If
1 1 s > (s
+ *(635_655)((%5—555) |:< > Rs— ( > RSI:|
s D 10), 2 ),

1
+ 1 [(6as — d55)(Yos — Ys5) + (Yas — Ys5)(0bs — 55)] R®

5
b2 (B )Gt — 350) + (s — ) (Bt — 350)] A

t=1

1 5
+ 1 > " 1(Gar — Gst)(Yos — Yos) + (Yas — Yos) (9ot — dst)] K

t=1

Conclusion
o]

+ 425ar—65r)(6b, st) R + 1 Z(am Jst) (Sau — Osu) 5.

tu1
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S\ s > S\ st 1 S d+],s > Os
()52 0) - () -2 (),
Rer

_ 1 [d+],st Ost stu
~ (@) o2 (60) 2]
st/ 5 5 u=1 5

»
—_

R =

R® =

—~
L,
-
(3
—
—
o n
~ o~

and
ER R ( ) -2 (5,7

= (3_2;5 {() (d —2)(d — 1)1 (g) ld+1s+z ( )5 Y
+§5: <gf) RS’}

EIiminattI)n of (21)5 solved - a=b=c=sy+#5only!
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000

Contractions
000
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Contracting g,.. [y, we take the following scalar products

(G5 - &%)
(Qs - Qs)
(QF - &%)

(eyey

(eaxen)
which yields

25/35

1 0s S 1
= — 2 ) —Y:
2, |(0s), +2(6),75] + 27
_ 1(2)5
2 ()5’

5, [(0),~ (2), e+ (7) 9
= — ot + 0s5|
2(3)5 L\0s/5 \s/5 t)g °

g0 () ()l
= - dt5 + ds5|
2(3)s S/s t)s
= 0,
uv,s Y55 S s5 S
g,uz//4 = 7’4 + 37 + 0s5R
J. Fleischer Efficient contraction
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General Approach for N-point tensors

Following ideas presented in
Z.Bern, L. J. Dixon, D. A. Kosower, Nucl. Phys. B412 (1994) 751-816,
an iterative approach has been systematically worked out in

T. Binoth, J. Guillet, G. Heinrich, E. Pilon, C. Schubert, JHEP 10 (2005) 015.

N
[ire e = Z CH N "A" with the conditions
r=1
N ] N
wav L v mo__
> Clq = 594> > ¢ =o
=1 =1

The solution of this set is not unique. Assume
N—1

1 v v
59" = > Gigl'ql, then

i,j=1

N—1
Cl'=> Gjq".
i=1
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N=6
We have to find a proper representation of the metric tensor. E.g. we have
n—1 .
Si 1 S 1
S (@ a)a-a)| S, = 5(qa- )| o) — 700 (Oas = 3ns) (965 — Grs) .
= ] 2 S 4
W= n n

Observation:all our sums are valid for arbitrary n and have to be considered
as identities in terms of arbitrary (symmetric) Yj.
From (), = 0O for the "physical“ ones, we obtain

1 . i ”
10 SOy o

Cs,pi > ;J,(.SSII')Si S, 1 o
=3¢ 5 Q" s=1...6.
i=1 s/6

° Sr

E <> =0, s=1,...6
S

r=1 6

(s _ G
(s = (s

Efficient contraction Wernigerode, April 19, 2012

yields the second condition. Further : Q" or =
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N=7,8...

Starting with a sum, again, to find the proper metrik tensor:

G <80> = (G- ab) (g) n

i,j=1

N=7 Conclusion
0000 o]

—% { [( ) (Gat — i) — ( > 5as—5ns)] (Gt — Omt)

+

<;> (5as 5ns) - ( ) 6at - 6ns :| 5bs - 6/75)} )

With dimension 4 of the chords, all (),, n > 7, have rank 6. (Melrose,1965).

The (), is of order 8 and thus
(), =0and (), =0,

and therefore the whole curly bracket vanishes with the result

6

L 1 St' L L
Crst,; = Z W <51‘[I’> q/’ = Q,‘?t’/ .
7 7

i=1 \st

Similar for the 8-point function, etc..
28/35 J. Fleischer Efficient contraction
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Complete contraction
pke--iR =— Z O,S{t"” [g2#R" st : redundancy indices,
r1:1
/étzmuﬂ,ﬁ — _ Z QH U2 /#3 BRI
1
- ° 01 (st
=y a
st i
=1 (51)7 stn 7
o riui
Qrfuuvlf‘z 1 I
2 r1u i
P r1u rure
1 st st Is
t
(Qa : Qrs ) = S7st (5ar - 57() - (0at — d7t) — (0as — d7s)
2(3) st sr tr
st)7 7 7
1

=5 (0ar — 07¢) for s, t# a7
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The 5-point vector: no redundancy index

Two versions

7
w,rre _ nr 1o, 1t ryrof: 1o, 1L .
a) JnE = EneQpEr - N QR with
r3=1
(r1 r20) 6 (r1 rzrg)
re,n N 77 rlo i pw\nril/z
Q Z a (H fz) ) Q Z i <f1f2)
nrly i=1 rr/7
This version contains the inverse Gram of the 5-point function! It can be
avoided by using the version

7 6 (gﬁfzfa_)
porry 012,14 112173 Or o, __ p \Onr 177
b) I = = Qe g =24

3 i (Oﬁ rz)
rz=1 i=1 Orra/ 7

6
Ostu 1 stu
;(Qa . q,-)<03ﬁ>7 = 2{ (st0>7 (Yar — Y77)

Ost Ost Ots
+ <08f> ] (6au — O7u) — (08 >7 (6at — d7¢) — (OTU> } (6as — 575)}-

30/35 J. Fleischer Efficient contraction
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The 5-point tensor of rank 2 : avoiding ) and cancel g"*

11277

r-\

4
"= a'qEj+g"Exn with

ij=1
& 11 S [d+]
EOO = Z()( ) I4d+ S7
= 20)s\0/,
5 .
1 0i 0s
g = 3| (%) e (5) ]
s=1 (0)5 / 5 5

Contractions with chords yields:

4
QaGor 6" =Y (Ga- G)(qb - G)Ej + (Ga - Gb) Eco-
ij=1
With

4 ;
Z(qa-q,-)(qbﬂj)((;jl-) = %(qa'Qb) (8) +%()5YbDZ.
5 5

i,j=1

Conclusion
o]
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The scratched sum for the 7-point function

> (2 a)(a6 - G) (2};5) - %(qﬁ G) (cs)?:) .

=

o _<f“> (825 — b75) — <f5>7 (3at — b70) — <j§>7(6au - 57u] (Yo7 = Yo7)
+% < ) abu_a7u)+<é“>7(5b,—6n)] (Jas — 075)

_% <0u> (82t — 67¢) (Gt — 57,)+<01) (620 — 57u)(6bu—67u)}

+% (;L) (Sau — 670) (Bt — 670) + <f)‘t’>7(5a15n)(5bu57u)]~
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Conclusion

e Starting with the representation given by Davydychev,

e a systematic application of the algebra of signed minors
according to Melrose

e was first presented in JF et al. in connection with the recursion
relations of Tarasov.

e Cancellation of the g"” for the 5-point function was observed.
o After separation of the indices from the integrals

e for the contraction a method for the summation over the indices
was developed, yielding analytic expressions, JF & T.Riemann .

e An almost "trivial® cancellation of ()5 is observed.

e Avoidance of the inverse 4-point Gram (), is achieved.

e Applicability for any higher N-point functions is demonstrated.
e Package in preparation in collaboration with J.Gluza.
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Small (j)5

JF and T.Riemann: Phys. Rev. D83 (2011):

4
Z‘{d+]1_lz()l[d+]t I=1,...
(0)

t=1

l‘[1d+]L Zarl[ ZL+) bLZLH}’ L=0,---4.
with r = % and
(o)

1

L oT(L+j+3) 1
27

1
—oj A" " 2) L_ i)
g F(L—&—%) , bj w(L+j+2) (L +

The (z) is the logarithmic derivative of the Gamma function.

Conclusion
o]
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The 4-point g"

Using the 5-PTR, takes into account already some cancellation
of the g,
g..~contributions from 4-points simpler to handle!.

A remark concerning the 4-point function: here only 3 of the 4
vectors g;,i = 1,...4 are independent:

i 8vHVY
G — G =9g" 22%%() 0
i,j=1

with
Vi =7 (g1 — qu)A(G2 — Ga) (G5 — Qu)o-

Assume g4 =0—(g;-v)=0,i.e. q,G" = 0:
effectively vanishing !
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