
Top quark pairs at two loops
and

Reduze 2

Andreas v. Manteuffel

Loops and Legs in Quantum Field Theory

11th Workshop organized by Theory Group, DESY, Zeuthen

15-20 April 2012, Wernigerode

Andreas v. Manteuffel (Uni Mainz) Top quark pairs at two loops / Reduze 2 Loops and Legs 2012 1 / 25



Top pair production at hadron colliders

 [pb]tt
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ATLAS Preliminary

Data 2011

Channel & Lumi.

New measurements

19 March 2012
Theory (approx. NNLO)

 = 172.5 GeVtfor m

stat. uncertainty
total uncertainty

(lumi)±(syst) ±(stat) ± tt

Single lepton -10.70 fb   7 pb±  9 ±  4 ±179 

Dilepton -10.70 fb  pb-   7
+  8  -  11

+ 14  6  ±173 

All hadronic
-11.02 fb

  6 pb± 78 ± 18 ±167 

Combination   7 pb± -   7
+  8  3  ±177 

 + jetshad
-11.67 fb  43 pb± 19 ±200 

All hadronic
-14.7 fb

  6 pb± -  57
+ 60 12  ±168 

LHC precision below NLO accuracy already: see talk by G. Dissertori

full WWbb at NLO: see talks by S. Dittmaier, A. van Hameren

threshold/resummations: see talks by M. Neubert, A. Mitov and refs. therein
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Ingredients for full NNLO calculation
VV : two-loop ME for qq̄ → tt̄ and gg → tt̄

RV : one-loop ME for tt̄ + 1 parton

Dittmaier, Uwer, Weinzierl ’07

RR : tree level ME for tt̄ + 2 partons

subtraction terms : up to 2 unresolved partons needed

Gehrmann-De Ridder, Ritzmann ’09; Daleo et al. ’09; Boughezal et al. ’10; Glover,
Pires ’10; Czakon ’10, ’11; Anastasiou, Herzog, Lazopoulos ’10; Abelof, Gehrmann-De
Ridder ’11; Gehrmann, Monni ‘11; Bierenbaum, Czakon, Mitov ‘11

→ see talks by I. Bierenbaum, G. Abelov, A. Mitov, J. Pires

consider VV (2→ 2 ingredients) :∑
spin,colour

|M|2 = 16π2α2
s

[
A0 +

(αs

π

)
A1 +

(αs

π

)2
A2 +O(α3

s )

]
with

A0 =
〈
M(0)|M(0)

〉
A1 = 2Re

〈
M(0)|M(1)

〉
A2 =

〈
M(1)|M(1)

〉
+ 2Re

〈
M(0)|M(2)

〉
〈
M(1)|M(1)

〉
: Kniehl, Körner, Merebashvili, Rogal ’05-’08, Anastasiou, Aybat ’08
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Gauge invariant subsets in two-loop contributions

gg channel: 789 two-loop diagrams (+ ghost init.) contrib. to 16 coeff.:

2 Re
〈
M(0)|M(2)

〉
= 2CFNc

(
N3
c A + NcB +

1

Nc
C +

1

N3
c

D

+ N2
c nlEl + nlFl +

nl

N2
c

Gl + Ncn
2
l Hl +

n2
l

Nc
Il

+ N2
c nhEh + nhFh +

nh

N2
c

Gh + Ncn
2
hHh +

n2
h

Nc
Ih

+ NcnlnhHlh +
nlnh

Nc
Ilh

)
qq̄ channel: 218 two-loop diagrams, 10 coefficients

example: for leading Nc coefficient A we need:

300 two-loop diagrams (+ ghost initiated), e.g.:

two independent ratios of scales

up to: 4-point, 7 propagators, 4 loop momenta in numerator
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Steps toward complete NNLO calculation
for 2Re

〈
M(0)|M(2)

〉
:

small mass expansion :

Czakon, Mitov, Moch (2006) for qq̄, gg

IR poles :

Ferroglia, Neubert, Pecjak, Yang (2009) for qq̄, gg

qq̄ with full dependence on s, t, mt , µ :

numerical result for all contributions:
Czakon (2008)

analytical result for fermionic:
Bonciani, Ferroglia, Gehrmann, Maitre, Studerus (2008)

analytical result for leading Nc :
Bonciani, Ferroglia, Gehrmann, Studerus (2009)

gg with full dependence on s, t, mt , µ :

analytical result for leading Nc :
Bonciani, Ferroglia, Gehrmann, A.v.M., Studerus (2010)

analytical result for light fermionic:
Bonciani, Ferroglia, Gehrmann, A.v.M., Studerus (in preparation)

numerical result for all contributions:
Czakon, Bärnreuther (in preparation)
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Organisation of our calculation

Recipe

1 generate Feynman diagrams with QGRAF by Nogueira

2 build interference terms

3 reduce scalar integrals to masters with parallel Laporta

4 solve masters with differential equations

5 renormalize: MS , pole mass

⇒ analytical result in terms of generalized polylogarithms,
allows fast numerical evaluation, expansions, . . .

various tasks automatized in computer program Reduze 2
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Laporta algorithm
index integrals:

define integral family: set of propagators {1/D1, . . . , 1/DN} such that:
all scalar products with loop momenta are linear combinations of Di

sector defined by subset of propagators (denominators)

counting propagator exponents indexes integrals:

Feynman integrals of some topologies → Z
N∫

ddk1 · · · ddkL
1

Dn1
1 · · ·D

nN
N

7→ {n1, . . . , nN} with ni ∈ Z

Laporta algorithm

1 define ordering for integrals I (n1, . . . , nN)

2 generate integration by parts identities (IBPs): sparse system of equations

3 solve linear system of equations

based on:

Chetyrkin, Tkachov ’81

public implementations:

Anastasiou: AIR, Smirnov: FIRE, Studerus: Reduze 1
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Reduze 2 - Distributed Feynman Integral Reduction

A.v.M., Studerus
arXiv:1201.4330

http://projects.hepforge.org/reduze
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Reduze 2: parallelization of Laporta-Algorithm

generate the system of equations

sort equations in blocks with the same leading integral

I5 + c14I4 + c13I3 = 0

I5 + c24I4 + c22I2 = 0

I5 + c33I3 + c32I2 = 0

I3 + c42I2 = 0

I3 + c51I1 = 0

I2 + c61I1 = 0

send blocks to workers

m a n a g e r

worker  1

worker  2

worker  3

worker  4
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Reduze 2 and external software

key features
I fully parallized reductions, resumable
I topological analysis of diagrams and sectors

open source C++

libraries / programs used (no proprietary mandatory):
I GiNaC by Bauer, Frink, Kreckel
I yaml-cpp
I optional: MPI
I optional: Berkeley DB
I optional: Fermat CAS by Lewis (closed source)

interfaces
I input: QGRAF, YAML
I output: FORM, Mathematica, Maple
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Reduze 2: performance for single sectors

sector B (for s ≤ 4):

sector A (for s ≤ 3):

0.1

1

10

1 2 5 10 20

t [h]

nworkers

sector B, GiNaC
sector B, Fermat
sector A, GiNaC

Fermat very fast GCD (speedup often > 10x)

scaling problem specific

single sector: tt̄ typically benefits from up to 10-20 cores (speedup 5x-10x)
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Reduze 2: parallel execution of jobs
consider reduction of multiple sectors:

(3,385)

(2,384)

(3,388)(3,392)

(4,39)

(3,38)

(4,46)(4,135)

(3,134)

(4,142) (4,149)

(3,148)

(4,150)(4,156) (4,166)(4,195)

(3,194)

(4,198)(4,210)(4,387) (4,389)(4,393)(4,394) (4,396)(4,408) (4,417)(4,418)

(5,47) (5,55)

(4,53)

(5,61)(5,62) (5,103)

(4,99)

(5,107)(5,143) (5,151)(5,157)(5,158) (5,167)(5,174) (5,181)(5,182)(5,199)(5,211)(5,214) (5,227)(5,391)(5,395) (5,397) (5,398)(5,409) (5,412) (5,419) (5,421) (5,422)(5,425)(5,426)

(6,63) (6,111)(6,159) (6,175) (6,183) (6,189)(6,190)(6,215) (6,231) (6,243)(6,399)(6,413) (6,423)(6,427) (6,429) (6,430)(6,442)

(7,191) (7,247)(7,431)(7,446)

⇒ parallel reduction of several sectors (”jobs”), balance workers between them

Andreas v. Manteuffel (Uni Mainz) Top quark pairs at two loops / Reduze 2 Loops and Legs 2012 12 / 25



MPI processes in Reduze 2
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Reduze 2: performance for multiple sectors

reductions incl. all subsectors (for s ≤ 4):

1

10

10 100

t [h]

ncores

GiNaC
Fermat

scaling problem specific

multiple sectors: may benefit from up to 100 cores (speedup up to O(50x))
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Reduze 2: removing ambiguities for integrals
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Reduze 2: sectors, graphs and matroids

sector A (propagators) ←−−−−− ∃shift ? −−−−−→ sector B (propagators)yconstruct

yconstruct

graph A ←−−−−− isomorphic ? −−−−−→ graph B

problem: graphs not unique !

e.g.: ←−−−−− same propagators
but not isomorphic −−−−−→

solution: select unique representative by allowing for twists

idea based on theorem by Bogner, Weinzierl (2010):

first Symanzik polynomials U isomorphic ⇔ graphs isomorphic up to twists

proof based on Whitney’s theorem for isomorphisms of cycle matroids
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Reduze 2: shift finding algorithm

shift finder

1 generate graph for sector

2 colour edges according to masses

3 connect external legs with a new vertex

4 decompose into triconnected components (Hopcroft, Tarjan ‘73; Gutwenger, Mutzel ’01)

5 minimize graph by twists

6 check for graph isomorphism (McKay ’81)

example:

−→
1

3
4in0

8

6

1
4

3in1

9

7
2 1

10in2

3

8
1

2
1

11

10in3

5

2 1
11in4

4

9
2

8

1 0
9

1 1

tree of triconnected components

(dashed “virtual edges” mark positions for Tutte twists)

e.g.: ←−−−−− same propagators
but not isomorphic −−−−−→

tree of triconnected components:

1
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8
1

2
1

11

10in3

5
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“virtual edge” (dashed) mark positions for Tutte twists
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Application example
auto-generated shifts for non-planar double box family:
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Available jobs in Reduze 2
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Top quark pair production at two loops: gluon channel results
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Results for gg leading Nc : expansions

threshold expansion:

A(0)

β

exact

O(β2)

O(β4)
-1000

-800

-600

-400

-200

0

200

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

β =
√

1− 4m2
t /s,

c.m. scatt. angle = π/2

small mass expansion:

A(0)

η

exact

O((m2/s)0)

O((m2/s)1)

O((m2/s)2)

-1000

-500

0

500

1000

0.1 1 10

η = s
4m2

t
− 1,

c.m. scatt. angle = π/2

(careful with phase space for small m expansion:

don’t introduce forw.-backw. asymmetry, φ = −(t −m2
t )/s = const )

Bonciani, Ferroglia, Gehrmann, A.v.M., Studerus (2010)
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Light fermion loops in gg → tt̄

analytical result for light fermion loops in gg → tt̄:
Bonciani, Ferroglia, Gehrmann, A.v.M., Studerus (in preparation)

required calculation of 11 new master integrals
I differential equations + Mellin-Barnes for const.
I used: MB.m by Czakon ‘05, planar: AMBRE by Gluza, Kajda, Riemann ‘07 + Yundin ‘10

most difficult integrals: massive non-planar double box

I 3 master integrals (+ subtopo MIs)
I analytical solution for massless case: Tausk 1999
I 3 + 1 scale problem: s, t, u and m appear naturally

subtopo with s,t: subtopo with s,u:
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Analytical solution for massive non-planar double box

solved with differential equations:
A.v.M, Studerus (in preparation)

all masters up to and including finite parts
determined integration constants from

I regularity conditions
I symmetry conditions
I Mellin-Barnes (cmp. with SecDec by Carter, Heinrich ‘10)

in kinematical limits (finite const. up to 3-fold scaleless M.B.)

found result in terms of (x , y):

linear combinations of GPLs with rational prefactors

transcendality up to 4

805 GPLs total, 166 two-dim.

GPLs with argument y: weights {0,−1,−x ,−1/x ,−1/x − x ,−1/x − x + 1}
GPLs with argument x: weights {0,±1,±i , (1± i

√
3)/2}

I for univariate cmp. Ablinger, Blümlein, Schneider (2011) & talk by C. Schneider
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Simplification via symbols

result for 1/ε of scalar master:

using GPLs with variables (x , y): 62 different GPLs (23 two-dim.)

choosing different arguments via symbols, this simplifies to:

M1|1/ε =
1

16m2y1z1(y1 + z1)
×

×
(

Li3

(
y1z1

y1 + z1

)
+ Li2

(
y1z1

y1 + z1

)
(log(−y1 − z1)− log y1 − log z1)

+polynomial in log(y1), log(z1), log(−y1 − z1), log

(
1− y1z1

y1 + z1

))
with y1 := −t/m2 + 1,

z1 := −u/m2 + 1

recent progress with symbols: Duhr, Gangl, Rhodes ’11, Duhr ’12 & talk by C. Duhr
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Conclusions

Reduze 2 is open source tool for

I parallelized reductions of Feynman integrals

I finding shifts between sectors or diagrams

gg → tt̄ : analytical two-loop corrections for leading Nc + light fermionic

massive non-planar double box: analytical solution

choice of polylogs via symbols: simplifies QCD integrals with mass
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