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Reduction
FIRE A. V. Smirnov (2008)
Master integrals

S. Bekavac, AGG, D. Seidel,

V. A. Smirnov (2009)
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Master integrals
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)
D. J. Broadhurst (1991), (1996)



Decoupling: αs
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Bilinear quark currents
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Matching
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Vertex function
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+ · · ·



Particular cases

n = 1

ζ0
1 = 1 Z

(nf )
1 = Z

(nl)
1 = 1 ζ1(µ, µ′) = 1

n = 0
ζ0

0 = ζ0
m ζ0(µ, µ′) = ζm(µ′, µ)



Particular cases

n = 1

ζ0
1 = 1 Z

(nf )
1 = Z

(nl)
1 = 1 ζ1(µ, µ′) = 1

n = 0
ζ0

0 = ζ0
m ζ0(µ, µ′) = ζm(µ′, µ)



n = 4, 3

(
q̄γHV

5 τq
)
µ

=
i

4!
εαβγδj

αβγδ
4 (µ)(

q̄γHV
5 γδτq

)
µ

=
i

3!
εαβγδj

αβγ
3 (µ)

(
q̄γAC

5 τq
)
µ

= ZP (αs(µ))
(
q̄γHV

5 τq
)
µ(

q̄γAC
5 γατq

)
µ

= ZP (αs(µ))
(
q̄γHV

5 γατq
)
µ

S. A. Larin, J. A. M. Vermaseren (1991); S. A. Larin (1992)

ζ4(µ, µ′)

ζ0(µ, µ′)
=
Z

(nl)
P (α

(nl)
s (µ′))

Z
(nf )
P (α

(nf )
s (µ))

ζ3(µ, µ′)

ζ1(µ, µ′)
=
Z

(nl)
A (α

(nl)
s (µ′))

Z
(nf )
A (α

(nf )
s (µ))



n = 4, 3

(
q̄γHV

5 τq
)
µ

=
i

4!
εαβγδj

αβγδ
4 (µ)(

q̄γHV
5 γδτq

)
µ

=
i

3!
εαβγδj

αβγ
3 (µ)

(
q̄γAC

5 τq
)
µ

= ZP (αs(µ))
(
q̄γHV

5 τq
)
µ(

q̄γAC
5 γατq

)
µ

= ZP (αs(µ))
(
q̄γHV

5 γατq
)
µ

S. A. Larin, J. A. M. Vermaseren (1991); S. A. Larin (1992)

ζ4(µ, µ′)

ζ0(µ, µ′)
=
Z

(nl)
P (α

(nl)
s (µ′))

Z
(nf )
P (α

(nf )
s (µ))

ζ3(µ, µ′)

ζ1(µ, µ′)
=
Z

(nl)
A (α

(nl)
s (µ′))

Z
(nf )
A (α

(nf )
s (µ))



n = 4, 3

(
q̄γHV

5 τq
)
µ

=
i

4!
εαβγδj

αβγδ
4 (µ)(

q̄γHV
5 γδτq

)
µ

=
i

3!
εαβγδj

αβγ
3 (µ)

(
q̄γAC

5 τq
)
µ

= ZP (αs(µ))
(
q̄γHV

5 τq
)
µ(

q̄γAC
5 γατq

)
µ

= ZP (αs(µ))
(
q̄γHV

5 γατq
)
µ

S. A. Larin, J. A. M. Vermaseren (1991); S. A. Larin (1992)

ζ4(µ, µ′)

ζ0(µ, µ′)
=
Z

(nl)
P (α

(nl)
s (µ′))

Z
(nf )
P (α

(nf )
s (µ))

ζ3(µ, µ′)

ζ1(µ, µ′)
=
Z

(nl)
A (α

(nl)
s (µ′))

Z
(nf )
A (α

(nf )
s (µ))



Light singlet currents

n odd

n = 1 — trivial

n = 3

AsCFT
2
Fnl

(
nbm

−6ε
b0 + ncm

−6ε
c0

)(α(nf )
s0

π
Γ(ε)

)3

I Anomalous dimension: S. A. Larin (1992);
K. G. Chetyrkin, J. H. Kühn (1993)

I Decoupling: K. G. Chetyrkin, O. V. Tarasov (1993);
S. A. Larin, T. van Ritbergen, J. A. M. Vermaseren
(1995)



Heavy currents

Vector O(1/m2)

Axial

jb0 = b̄0γ
[αγβγγ]b0 jq0 = q̄0γ

[αγβγγ]q0 jb0 = ζ0
Ajq0

K. G. Chetyrkin, J. H. Kühn (1993)
K. G. Chetyrkin, O. V. Tarasov (1993)
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Heavy axial currents

ζ0
A =

[
A+ (Ag + AlTFnl + AhTFnb + Abc(x)TFnc)

αs0
π

Γ(ε)m−2ε
b0

+ · · ·
]
CFTFnb

(αs0
π

Γ(ε)m−2ε
b0

)2

Abc(1) = Ah Ahard
bc (x→ 0) = Al Ahard

bc (x→∞)→ Asx
−6ε



Conclusion

Fields and parameters of the Lagrangian

I αs, mq

I a, A, c, q

Bilinear quark currents

I Light non-singlet

I Light singlet

I Heavy
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