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1 Introduction

Rotational superradiant scattering, or short superradiance, is the process of amplification of
waves by scattering of a medium that rotates with superluminal speed compared to the wave
and that offers a mechanism for dissipation. Via superradiance, rotational energy is transferred
from the medium to the wave. For black hole (BH) superradiance, the dissipative medium is
the rotating spacetime itself.

It has been theorised first by Penrose [1] that it is possible for particles to enter the ergore-
gion of a rotating black hole (which is described by the Kerr metric [2]), extract energy and
angular momentum from the black hole and leave the ergoregion with more energy than the
particle initially had.

Zel’dovich first argued [3, 4], that a spherical symmetric wave can be amplified by a rotating
medium, i.e. object, that asserts friction to the wave. This can be applied to rotating BHs.

To use superradiance to built up the field it has been theorised to put a BH inside a mirror,
confining the scattered wave to the BH and leading to a runaway process of superradiance,
which has been called a BH bomb [5].

If a scalar field possesses a mass term, this leads to a natural confinement, leading to a
superradiant instability which can make the scalar cloud grow until the BH has been spun
down [5-7].

Since the bound states of the scalar fields in the Kerr metric resemble hydrogenic states, the
superradiant clouds around BHs have been called gravitational atoms. Introducing a binary
companion gives rise to gravitational atomic physics [3, 9].

We are going to derive the most important basic results heuristically, sketch the actual cal-
culations of the superradiance rates, look at the most important ideas for the phenomenology
of BH superradiance and discuss level transitions due to a binary companion.

Due to time constraints we are going to ignore the effects that non-zero self interactions [10]
or coupling to the SM of the ultralight particles could have [11-13]. We are also not going to
discuss superradiance for vector and tensor fields. For a review containing all of the above, see

[14].

We work in units where ¢ = 7z = 1, but sometimes I may have forgotten factors of G. In
general, due to time constraints, this manuscript will contain typos. Sorry in advance.

2 The Kerr metric and hydrogenic states

The Kerr metric in Boyer-Lindquist coordinates is [3]

2 2
ds? = pAZ(dt — asin?(0)dg)? + %drz + 02%de? + su;)z(g)(adt — (P + a?)dg)?, (1)

where
A=7r*—2GMr+a*> and (*=r*+a*cos’(9). (2)

Here M is the mass of the BH, a = J/M, where | is the angular momentum. We will also use
i = a/(GM) < 1, the dimensionless spin of BH.! The event horizon is the positive root of A,

IIn the literature, this is often called X



r1+ = GM + +/(GM)? — a2. The surface where gy = 0is rg = GM + +/(GM)? — a2 cos?(0) and
is called the ergosphere. Inside the ergosphere, no observer can be at rest.
The Lagrangian density of a scalar field ¥ with mass y in a general metric g, is

L= —%gﬂbvawquf — %;42‘}’2. (3)

Just due to the components of the inverse metric, the actual equations of motions found from
this Lagrangian look horrible, so we will not show them. There is no FULL analytic solution
for a scalar field in the Kerr metric. The rest of the first half of these notes is to understand some

aspects.
We make the non-relativistic ansatz to decouple the oscillations due to the mass
1 ‘ ‘
¥(F) = —= (Pt 7)™ 1 (1, P, )

N

where ¢ is a complex scalar field that varies on timescales much longer than #~1. The action
for ¢ then reads

1 .
S = f d*xy/—g [—Zy (Vap* V4 + ing™ (¢* Vayp — 9 Vatp*) + (g% + 1>¢*¢)} : (5)

When writing the explicit terms, the combination &« = GMpy will pop up, which is dimension-
less and for reasons that will become obvious in a moment is called the gravitational fine-
structure constant. It is the ratio of the event horizon to the Compton wavelength of the scalar
field. We define 7. = (ua)~! = (GM/a?) (which we will discuss in the next chapter) and as-
sume 1 ~ r.. We can now expand the above action into powers of #, and assuming & « 1, we
find an approximate equation of motion for the field far away from the horizon. The leading
order contributions give

.0 . 1= «a .
—p(t,7) = [ —=V%—=) p(t,7). 6
590 = (3,725 )it ©
This is the Schroedinger equation for a hydrogen atom, with a substituting the electromagnetic
fine-structure constant. This dubbed the term gravitational atom. The solutions are superposi-
tions of

lpnlm(tr r, 9/ (P) = e_(w_y)tRnl(r)Ylm(el (P)r (7)

where R, (r) are the radial wavefunctions of the hydrogen atom, but with r, being the ”gravi-
tational Bohr radius”.
Typical values for BH mass and ultralight scalar for small « are:

M 2
w~ 007 <10M@> (10712 eV) ’ ®

We see that, as in atomic physics, the states are distinguished by the general quantum num-
ber n, the angular momentum / and the “magnetic quantum number” m, i.e. the value of the
angular momentum in z-direction. In the non-relativistic regime, the eigenvalues of the levels
are given by [, 15]

©)

o? (1 6 2\ ot 16 ama®
2n2

wmm=ﬂ[1— 8n 2011 1)@ AR D2 +2) @

This derivation works only in the limit far from the horizon, and for small a. Therefore
it does not capture the effect of the horizon. For the hydrogen atom, the wavefunctions need
to be regular at the origin. Here, the wavefunction need to be purely ingoing at the horizon.
This will lead to non-zero imaginary parts of the frequency, and hence growing and decaying
modes. Before having a small peak into how this arises, we will give some heuristic arguments.
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3 Scalar field superradiance basics - the heuristic approach

3.1 A very basic analogy

The basic principle of superradiance can be understood with a non-rotational analogy in one
dimension: If Casey jumps with initial horizontal velocity v; and lands on the floor with (some)
friction, the final velocity vf will be reduced, vf < v;. If Casey jumps onto a treadmill that runs
with velocity v; that is slower than the horizontal speed v; < v; and it has (some) friction, the
treadmill will pull Casey back with it, again making v < v;. However, when the treadmill
runs faster than the initial horizontal speed, v; > v;, in the rest frame of the running treadmill,
Casey’s initial speed will be negative, i.e. v} < 0. This means, when Casey lands, friction will
make this negative velocity less negative. (For a realistic treadmill of course it will make it 0
in the treadmill frame.) Back in the ”lab”-frame, this leads to vy > v;. The energy to increase
Casey’s speed came from the treadmill, of course. This is the basic superradiance argument,
and exchanging the jumping person with a wave, and the treadmill with a rotating body is the
Zel’dovich argument.

3.2 The Zel’dovich argument

We follow [3]. Consider a scalar field ¢ within a dissipative medium, with friction/damping
coefficient ¢. In the reference frame where the medium is at rest, the equation of motion for the
scalar field is

[ — & — m*p = 0. (10)
Let us imagine the medium is actually rotating with angular velocity (2. We then make the
ansatz for a cylindrical problem ¢ = f(r) exp(—i(wt + m¢)), where w is the frequency, m € Z
and r and ¢ are the polar coordinates in the plane orthogonal to the rotation vector. If we look
at the field at a specific radius R, and take the x = R¢ direction to be reckoned along this circle,
the Lorentz transformation with velocity v = Q)R into the rotating frame changes the damping
term to

oy — E’y(@tlp — U&xlp)
1
cy(0r — UE@PW

- QR (1
— —icy(w = =)y
= —ify(w — Qm)p.

This result shows that when QOm > w, i.e. when the medium rotates faster than the spher-
ical modes of the wave oscillate, the damping term switches sign, i.e. the rotating medium
amplifies the wave.

3.3 Growing the cloud: cloud size, growth rates, spin down, and mass

With rather heuristic arguments, we can find the rough size of the cloud, the scaling of the
decay rates and the final spin of the black hole after the superradiance condition has been ex-
hausted.

Cloud size: To find the cloud size, we assume that the cloud is non-relativistic and hence
the energy is given by w ~ u + % where p? < 0, because we have a bound state.
We expect the kinetic energy to be of the same order as the potential energy at the radius of
the cloud r, by the virial theorem:
Ipl* _ My (12)
I3 Fe




For the n-th energy level, we expect the energy level times the wavelength to match the cir-
cumference of the cloud, while wavelength and momentum are related as usual

nA ~ 2mr, = n‘zrif’ ~ 277, (13)

Solving this for || and plugging it back into Eq. (12), we can solve for the radius of the cloud:
2 2 2

ro ~ n _ n“GM _nrg (14)

GMpu?2  (GMpu)2 a2’

where r, = GM is the gravitational radius.

Superadiance rate: While we discuss analytic calculations of the actual superradiance rate
in the next section, we are going to give a heuristic argument how to find the scaling with « for
a given state:

The superradiance rate is the ratio of (negative) energy change of the BH divided by the
mass in the cloud: )
Egu
M.~

[sg >~ — (15)

Epy has to be given by the superradiance condition, the density of bosons at the horizon, which
is 1p2|r+, integrated over the horizon, which we approximate by multiplying by 72, times the

frequency w for dimensional consistency:
Egy ~ —(w — Qpm) 1/J2|r+ . (16)

The scaling of the field, i.e. the radial wavefunction, is roughly @ ~ (r/r¢)'e~"/"<. We find the
mass of the cloud via M. ~ u? {drr?y?. Integrating this gives

M, ~ u?r. (17)

Ignoring the exponential function, this gives for the ratio

21
r+ 2

E‘BH

— ~ —(w—Qym)

MC 1’?‘1/[2 (18)
1,3_1-5-2

HTc

where we used that w ~ . We can now use 7, = GM(1 ++/1 — a2) ~ GM and the above result
re ~ rg/a? = GM/a?, and find:

EBH (GM)21+2064Z+6

M., ~ u(GM)2I+3

fA1+6 (19
T GMu’
Hence, the scaling of the superradiance rate is
FSR ~ (cu — QHm)w4l+5. (20)

We see that the rate is extremely sensitive to the value of &, which leads to the fact that for
every given BH mass, scalars with mass too small will not grow a cloud with significant density
during astrophysical or even cosmological timescales.
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We will see that the cloud also decays via GW emission, again on time scales strongly de-
pendent on «. The combination of these two phenomena leaves, for every given BH mass, only
a small window in the scalar mass parameter space where BH superradiance is viable.

Spin down and mass loss: The superradiance rate obviously depends on Q0ym — w. Since
the BH loses spin during the growth of the cloud, superradiance will stop at one point. It is
easy to estimate when this happens.

The energy for scalars in the n-th level is w = u(1 — a?/(2n?) + O(a*), but for now it is okay
to just set w = p again. The angular velocity of the horizon is Qg = d/(2ry) = 4/(2GM(1 +
V1 —4?). Equating this two expressions and dividing by y gives

1-m 4 ~0. 1)

20(1 — \/1—2)

The solution for 4 is
dmw

m? + 4a?’
We see that for small a the |211) state spins the BH down to 4 ~ 4w, while the |322) spins it

down further to @ ~ 2«. Note that when this happens, the superradiance rate of the |211) state
turns negative, and this state begins to decay.

(22)

ﬁsat =

Mass of the cloud: The last estimate we want to make is how much mass the cloud extracts,
i.e. find M./M, the ratio of cloud mass to BH mass. The final angular momentum of the cloud
is given by the number of particles M./p times the angular momentum of a single particle m
(note that we work in units where it = 1), i.e.

M,
= —m.
H

L (23)

The angular momentum of a black hole is ] = aGM?. If the BH is extremal in the beginning, i.e.
i = 1 we can extract down to Jmax = (1 — 4a)GM2, but lets keep it general and say, we extract
j < 1 of the dimensionless spin of the BH, i.e. Joxt = jGM?. We set this equal to the angular
momentum of the cloud:

L M, 1
— =1=—"m—. 24
Jext p ! GM e
Solving this for M./M gives
M o
ST (25)

This bound is derived in vacuum. It can be relaxed in astrophysical environments due to accre-
tion from surrounding matter. We also note that during the whole process, angular momentum
and mass is extracted in a way that keeps the BH area theorem in tact. Since a fast rotating BH
has a smaller horizon than a non-rotating BH of the same mass, during the spin down the area
of the BH grows.

4 Sketch of the Detweiler approximation

The best-known derivation of the superradiance rates for & « I (note: not necessarily a « 1)
has been done by Detweiler [7]. After realising that the equation of motion of the scalar field is
separable into spherical and radial part, the equation for the radial wavefunction is

A;r <Ai11:> + [Qz(rz + az)z — 4aGMrmQ) + a®m? — A(VZT’Z +a? 0% + MIR =0, (26)



where A is a separation constant coming from the spherical wavefunction. The solution we
are looking for is outgoing at infinity and ingoing at the event horizon. Detweiler then ap-
proximates the radial equation for small « and with k* = p? — w?, n = Mu?/k and x = 2kr
as

4 x x2

which resembles the radial wavefunction for the hydrogen atom and has the analytic solution

d*(xR) {_1 L I(1+1)
dx?

} xR = 0. 27)

R(x) = xle_"/zu(l +1-n,2l+2,x), (28)

where U is a confluent hypergeometric function. For the hydrogen atom, n corresponds to the
principal quantum number, which is integer, and satisfies n = | + 1 + v, where v is also integer.
However, due to boundary condition at the horizon, we expect an instability and therefore a
small imaginary part in n, dn:

n—Il—-1=v+dn. (29)

For small dn, the solution for R(x) can be expanded into real and imaginary part. Without
going to more details, the full radial equation is then simplified in the limit of small r, which
again admits analytic solutions, this time in terms of hypergeometric functions. They admit
independent solutions that describe ingoing and outgoing solutions at the horizon. Both ap-
proximations have overlapping regions, which has been used in [7] by matching the lowest
terms of the Taylor expansion for the large r solution, but at small » with the asymptotic be-
haviour of the near horizon solution, and find a value of én such that the outgoing solution
for the near horizon limit vanishes. Defining the complex frequency w = wg + il' gives the
superradiance rate via

. on GMpu 3
T=cm <l+1+v> ' (30)

The result is

1—‘nlm = 277+Cnl glm‘x4l+5(mQH - wnlm)/ (31)

, ! - . 24+ (4 1)1 2 —)
with g1, = [Ty [F*(1 = 82) + (am - 2r,w)?], Cyy = nzz+4(n(i7,)1)g ((21)1(lz!z+1)!> Fr=14+vV1-22,
MQy = a/(274).

For reference, typical inverse superradiance rates are

9
Iy} ~ 4.6 x10° (101\]6[@) <01Xl> s, (32)

1 13
Ih ~ 1.8 x 10° ( I O%@) <01X> yrs. (33)

The possible regions in the BH Regge plane (showing mass and spin) for superradiance and
how BHs move through it is shown in Fig. 1.

There are also analytical results for « » 1, like [17, 18]. For this, a WKB approximation can
be used, which reduces the problem to a Schroedinger equation for ¥ = (1> + a%)"/2R with a
potential:

a2y

— V¥ = 4

dar2 0, (34)
where dr, = #dr is the tortoise coordinate, and with

2
V=—uw+

+
2+ a? (r? + a2)? (r? + a2)?

drgramw — a*m? LA 2 l+1)+ K> 37 —drgr+a>  3AP 35)
(12 + a2)? 2+ a? '
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Figure 1: Effect of superradiance for a QCD axion with mass y, = 10~ eV and decay
constant f, = 6 x 107 GeV. Shaded regions correspond to BH parameters which would
result in spin down within a binary lifetime (10° years), for | = 1 (dark blue) to I = 5 (light
blue) levels. We also show an example evolution of a 6 Mg black hole with initial spin
4 = 0.95. Plot and caption taken from [16].

In written form this may look non-trivial, but plotted for typical parameters as in Fig. 2 it
reveals, how the mass term actually leads to a confinement, i.e. provides the natural “mirror”
that leads to superradiance, which is why we included it here.

Ergo-region Barrier Potential Well
region
Exponential
growth region
“Mirror”
= zft r~1/p
E=] /
=]
(5] /
< ¥
o
a \/ —
«— Black Hole Horizon *

T

Figure 2: Potential from Eq. (2). Taken from [18].

5 Phenomenology of gravitational atoms (that are not part of bina-
ries)
There are two possibilities to observe (the effects) of a superradiant cloud of a BH that has no
binary companion:
* (a) Spin of the BH
¢ (b) GW emission from the cloud

(a) Superradiance extracts BH spin — observation of highly spinning BHs exclude the cor-
responding mass of ultralight scalars. We observe spinning stellar black holes as well as su-
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permassive black holes. Therefore, bounds in the corresponding ultralight scalar mass range
where clouds should be able to grow on astrophysical time scales have been put e.g. in [16]:
Spin measurements of BHs are usually based on the measurement of the innermost stable circu-
lar orbit of the accretion disk: the radius at which matter in the disk stops orbiting and rapidly
falls into the black hole is a monotonically decreasing function of 4 that becomes steeper for
i ~ 1. We show the regions where ultralight scalars are supposedly excluded in Fig. 3. How-
ever, these exclusions are not without caveats, since measuring the spins of BHs is not trivial,
and also there may be other reasons why the cloud could not grow in the first place, for exam-
ple caused by perturbations in the surrounding environment.

-60

20 exclusion 1: M33 X-7 ~14 1o exclusion 1: NGC3783 -65
-1 2:LMCX-1 2: Mrk110
S:gROXJl(l:SS—4O —_ 3 MCG 6-30-15 —_
4 - B : ~30- o
_ 5 GRS 19154105 —65 < -16 i 4 4: NGC4051 =70 <
S -14 2 4 N g 2 3 N
% 90 % -18 _75 2@
S 16 2 -70 © <) S
E 1 3 o0 = = —20 =
3 D < 3 o =" 80 =,
i | | | -22 CD W0 --~ o0
18 s g5 S | e 3
- ) -24 ey
-20.° . - e i e
-13 -12 -11 -10 -9 -19 -18 -17 -16 -15 -14
Log[ua/eV] Log[pa/eV]

Figure 3: Exclusion regions for ultralight scalars due to observed BHs in the corresponding
mass region with large spin that should not be possible if the superradiant clouds exist or
once have existed. Taken from [16].

(b) Due to annihilation of two axions into gravitons with rate I, the cloud decays into GWs
over time. The corresponding equation for the particle number is given by

N = —I',N2. (36)
The solution to this is N
_ 0
N(H) = 1+ Nol'yt 37)
The quantity T = 1/(NoI',) is known as the decay time of the cloud. Typical values are: [9, 16,
]
M 0.07\"
~ 1.5 x 10° —
1 ~ 1.5 x 10 yrs<10M®> < . ) , (38)
M 0.2\"*
~ 8 i
T322~1.5><10 yrs <1OM@> ( x ) , (39)

The monochromatic GW signal from the decaying cloud has a GW-frequency of f ~ 2y /(27)
103 Hz(u/10~'! eV). So far there are no exclusions from a non-observation of these monochro-
matic GW signals, but it has been investigated how this should be possible with aLIGO and
LISA. [14, 20] We show estimated GW strains compared to sensitivites of GW observatories in
Fig. 4.

6 BH superradiance in binaries: atomic transitions
If we now bring a binary companion, for example a second BH, into the picture, it will act as

a gravitational perturbation that mixes the states. The most dramatic effect of this is resonant
level mixing, when the orbital frequency matches the energy difference between the two levels

9
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Figure 4: GW strain produced by the clouds compared to the sensitivities of aLIGO and
LISA (black thick curves) as well as DECIGO (dashed line), assuming a coherent observa-
tion time of four years in all cases. Nearly vertical lines represent BHs with initial spin
d = 0.9. Each line corresponds to a single source at redshift z € (0.001,3.001) (from right
to left), and different colors correspond to different boson masses. Thin lines show an
optimistic estimate of the stochastic background produced by the whole population of as-
trophysical BHs. Taken from [20].

divided by the angular momentum difference, at which a so-called Landau-Zener transition
[21, 22] happens.

We only have time to discuss resonant transitions between bound states on equatorial and
ciruclar orbits. There is also non-resonant mixing due to the perturbation [23] and excitation of
bound states into unbound states, which is called ionisation and happens inside the cloud and
is the ultralight scalar equivalent to dynamical friction [24-26]. For inclined orbits see [24-27],
for eccentric orbits, which give rise to additional resonances, see [27, 28]. These references also
take the decay of the states into account, which we also ignore.

6.1 Gravitational mixing

We are working in spherical coordinates aligned with the cloud, with coordinates (7,6, ¢). The
binary companion is at R, (f) = {R.(t), ©.(t), p.(t)} and has mass M.. The gravitational poten-
tial of this companion can then be decomposed into multipoles [3]:

Vi(t;F) = =GMup 2, D5 57— Vi, (Oe 94)Vi . (0,9) (Rw@m* —1)+ O - R») . (40)

l*>2|m*|§l* *

For equatorial orbits (@, = 71/2), the spherical harmonic depending on the companion’s
coordinates becomes a prefactor times ¢+#+, which is a crucial ingredient for what follows.
To find the mixing with two states |a) and |b), we now have to calculate the matrix element
(b| Vi |a).

For resonances that are triggered when the companion is far away from the cloud, we can
ignore the part with ®(r — R), because in that region, the wavefunctions of the states will be
exponentially suppressed.

10



We rewrite r = r/r., GM.y = % = qa. With this, the tidal interaction is given by [, 9]

o0
b|Vilay = Z 2 qéz)e_lm*‘P*, 41)

Le=2|m,|<l.

0 _ _%R—(lﬁ-l) 4 Y E LI
77ab re * Zl* + 1 (*) <2 ’ (P*> riQ) s
0 ¢]
I, ~ f drrzﬁ;ﬂ%arl* (42)
In = f dQY; (6,9)Y () (6, 9)Ya(0, ), (43)

where (x) = (I,,m,), Re = r*R. is the (dimensionless) hydrogenic radial wavefunction. We
note that this formula is true for all the terms in the expansion with I, > 2, while for I, = 1, a
different formula applies that makes the mixing only non-zero when the companion is inside
the cloud.

The integral I, gives the strength of the mixing, which is determined by the overlap of the
wavefunctions. Note that for simplicity, we took the limit of the integral to be oo, since if the
companion is far away, the radial wavefunctions are strongly suppressed for large r anyway.

The second integral, In does not depend on the position of the companion, has well-known
analytic solutions, and for given states |a) and |b) determines, which terms of the infinite sum
in Eq. (40) actually can contribute to the mixing. It is only non-zero if the following selection
rules are satisfied:

(Sl) My = mb - ma/
(S2) Li+L+1,=2p, forpeZZ, (44)
(S3) |la—1Ip| <L <Ip+1.

Transitions from states where only m changes have the smallest difference in energy and hap-
pen first in the orbital evolution. They are called hyperfine transitions. Fine transitions are
when n, = n,, but l, # I,. The transitions where n changes are called Bohr transitions, as in
atomic physics. The selection rules show us, which terms we need to take into account. For
example for the fastest growing |211) state, there could be hyperfine transitions to |21 — 1) and
|210). The selection rules make clear that |211) — |21 — 1) needs I, = 2, because it needs to be
even, but cannot be larger than 2. So the quadrupole term, [, = 2, is the only one contributing,
with m, = —2. |211) — |210) needs to be mediated by the quadrupole perturbation as well,
however, the m selection rule tells us that m, = —1. While In # 0, the spherical harmonic
Y5 _1(71/2, ¢«) = 0, which makes this hyperfine transition only possible for inclined orbits.

6.2 Landau-Zener transitions

Let’s assume from the last subsection we found a transition between two states that has non-
zero 11. For circular orbits', the frequency evolution is given by

40 0 11/3
T Yo <Qo> , (45)
with 9%
Yo = 5(]__’_6]q)1/3(GMQO>5/BQ%’ (4:6)

T'We are going to ignore eccentric orbits, as well as orbits that are not aligned with the spin of the central BH and
the cloud.
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where () is any reference frequency. Near a certain resonance frequency, we can linearise the
frequency evolution to

Q = Oy + Yot (47)

This is the crucial ingredient to find Landau-Zener transitions.

We are going to write a general bound state of the cloud as |¢(t)) = Y, ¢i(t) |i), where ¢; is
the occupation density of the i-th state. Most of the time we will assume that just one c; is non-
zero. If we ignore the decay or growth of states, we will have }; c;(t) | = 1. The Schroedinger
equation describing the evolution of the cloud can then be written in terms of the occupation
densities as

i = 2 i), (48)
j
with H;; = E;d;; + Vjj(t). For a system with two states |a) and |b), the Hamiltonian reduces to
_AE iAme.(t)
_ 2 Hav(t)e
1 (et ™) @)

with AE = E, — E, and Am = my — m,, while the off-diagonal terms come from the most
dominant mixing term that we found as described in the last subsection. Here, we have ignored
the decay rates of the states. From here it is not obvious why there are resonant transitions
between the states. The exponential functions are oscillating heavily. Therefore it makes sense
to go to the dressed frame, the frame that co-rotates with the companion. This can be done via
the time-dependent unitary transformation

plAme, /2 0
In the dressed frame, the Hamiltonian becomes
i (AmQ)(t) — AE)/2 Hap(t)
—yt gyt a

where Q)(t) = @.(t). Since the transformation is unitary, the occupation densities of the states
corresponding to the dressed frame Hamiltonian will be same as for the original one.
The resonance condition now becomes obvious, which is when the diagonal terms vanish:

AE
Am’

We can understand the transition by assuming the linearised behaviour of the frequency,
Q = Qg + 7t (we have dropped the subscript 0 on 7) and setting () = Q5. We also assume

that 77,5 (¢) is constant (— 7) during the resonance, because the companion inspirals slowly. The
dressed Hamiltonian then becomes

Hp,1in(t) = %t ((1) _01) +1 (2 (1)> , (53)

whose energy eigenvalues are E4 () = £4/(7t/2)? + 72, while the eigenstates are

Qres = (52)

[Ex(£) = NEH (/2 24/ (v/2) + 12, 1p). (54)
Careful investigation of the behaviour in the infinite past and infinite future shows
|E+(_OO)> = (O/ 1)/ ’E—(_OO)> = _(110)/ (55)
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while

|E+(+0)) = —[E-(=0)), [E-(+0)) = |E4(=0)). (56)

This means, due to the mixing term, the two eigenstates permutate their identities. This implies
that as long as the transition happens slow enough, i.e. adiabatic, so that the system can track
its instantaneous eigenstates, a system that starts with a fully populated state |a) completely
transfers its population to the other state |b). This is the Landau-Zener transition.

Long after the transition, we have

ICE.4 (00) [ip(o0))[? = e727%, (57)

where z is the Landau-Zener parameter defined as

4

/s
L (58)

It is obvious that if z is larger than unity, we have full transfer of the population. Two examples
are shown in Fig. 5.

1 1
— |c1 |2
= |eal?
E 0.5 e—2mz 0.5
3

. \/\

0 0

—40 —20 0 20 40 —20 —10 0 10 20
Vit Vit

Figure 5: Examples of the population transfer for Landau-Zener transitions. (left): Adia-
batic, z > 1, (right): Non-adiabatic, z < 1. Taken from [9].

6.3 Backreaction onto the orbit

So far, we have treated the orbital frequency as independent of the transition. This may be true
in atomic physics, but not in our system. During the transition, the cloud gains or loses angular
momentum and energy, and this will necessarily lead to a backreaction onto the orbit.

We can understand the backreaction by writing a full balance equation for energy in the
orbit, the cloud and the dissipation term due to GWs!:

. 32G'M¢*(q +1
Eot Eo= Fow= 2o Maa+D) (59)
5 a
where g is the semi-major axis. The orbital energy is given by E, = — szqu, while for the

cloud the energy is a sum over the populated states, E.;y = (Mc,o/ w)eilcil?.

Twe are ignoring decay rates rates, hence also the backreaction of the BH.
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. . o
<3 ) 05 =
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0.5 -- Normal orbit ea[?
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0—1 —-0.5 0 0.5 1 1.5 2 -1 -0.5 0 0.5 1 1.5 2

1t/ 1t/

Figure 6: Comparison of a LZ transition without (dashed lines) and with backreaction
(solid lines) showing orbital frequency (left) and occupation densities (right). Taken from

[9].

With () = %VI, the above equations can then be rewritten as
40 R RLE
ar o <Qo> / (60)
~11/6
: sgn(sAm) (& 2
=t 1y () o (61

Fow v/ v0lAm| dt

in terms of the orbital parameters, where

—3/2 1/3 1/3
p = Meo Am[3? <Q> (1+4)" (GMQo) ™™ O , ©2)
M Qo g V70
and for co-rotating orbits (orbiting the same direction as the BH spins) s = 1, otherwise
s = —1. We see that an “effective” LZ parameters emerges: ((tf) = z/r(t), making it a fully

nonlinear system.

We see that b is always positive, ¢, is negative during the transition, so if we have a transi-
tion on a co-rotating orbit (s = 1) in which the cloud loses energy AE < 0, Am must be negative,
so the whole second term of r is negative. This means during the transition, the backreaction
reduces r. Solving the system numerically, we find that it tends towards zero. This can be an-
alytically understood by seeing the r — 0 corresponds to { — oo, which means the transition
becomes as adiabatic as possible.

Whenr =0, Q= 0, this means the orbit floats. We note the following things:

* A floating orbit of a binary would be a smoking gun signature for the ultralight boson
cloud.

¢ A non-adiabatic transition can become adiabatic due to the backreaction.

* The system is “self-regulatory” in the sense that backreaction makes the transition in-
finitely adiabatic at best, but cannot lead to outspiral (r < 0).

There is of course the opposite effect that for transitions during which the cloud gains energy,
and Am > 0 for co-rotating orbits — r > 1 and the inspiral happens faster, i.e. the orbit sinks.

An example of how backreaction changes the transition for a floating orbit is shown in
Fig. 6.
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