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Revisiting the Basics



Parameter Space

Can exchange integrals over loop momenta for integrals over parameters

o o dxe v _ v,
Feynman Parametrisation [dx] =[] =[]

ecG e eeG
v—(L+1)D/2

%)
F(x;8) — 10

I'(v—LD/2) 5 B
J(s) = T Te L [dx]x 5(1 a(x))

%, F homogeneous polynomials of degree L and L + 1

] v—LD/2

a(x) arbitrary hyperplane* that bounds the integral in IRN for at least one x; > 0

*generally, integrate over positive projective simplex |P>0

Many Other Parametrisations
Schwinger
Lee—Pomeransky Parametrisation Lee, Pomeransky 13; Gardi, Herzog, SJ, Ma, Schlenk 22;...

Baikov & I_OOp-by—|OOp BaikOV Baikov 96, 96, 05; Britto, Duhr, Hannesdottir, Mizera 24; Frellesvig 24;

Correia, Giroux, Mizera 25;...
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Feynman Integrals in a Nutshell

N—(L+1)D/2
J(s) NJ ] v 0] 5(1 — a(x))

- [F(x;8) — iBIN-LD"

Singularities
1. UV/IR singularities when some x — 0 (or x = o0) simultaneously
2. Thresholds when & vanishes inside integration region, lim gives causal

5—07"
(Feynman) prescription




Kinematic Regions

T' egT!
Foxio) =Y (=s ) [[x.  Fxis)=Fyxs)+%x) ) mx,
T? et T? e

The signs of the monomials of # depend on kinematic invariants and masses

It all signs are the same: manifestly same-sign regime

If Vx € IRZXO c F(x;8) > 0: same-sign (Euclidean) regime

If Vx € IRZXO c F(x;8) <O0: same-sign (Pseudo-Euclidean) regime
Otherwise: mixed-sign (Minkowski) regime

For fixed s = (sq, ..., Sy, mlz, ...,m]%,):

The equation #(x;8) = 0 (variety of &) detines a codim-1 hypersurface



Landau Equations

Landau Equations (parameter space):

Necessary, but not sufficient, conditions to have a singularity

1) F(x;s)=0

0F(x;S) ,
2) x =0 Vj
axj'

Leading: x; # 0V}

Can think of solutions of leading Landau equations as “pinched” surfaces on
. 0F (x;8) .
which several hypersurfaces = 0 intersect

ax]'

Method of Regions: Smirnov 91; Beneke, Smirnov 97; Jantzen, A. Smirnov, V. Smirnov 12
Landau Discriminants: Mizera, Telen 22; Fevola, Mizera, Telen 23; Fevola, Mizera, Telen 23
Unitarity Cuts/ Discontinuities: Hannesdottir, Mizera 22; Britto, Duhr, Hannesdottir, Mizera 24
... (your favourite topic here)



3-loop Crown Example

P2 P4
Y g oy 2T
— xO .x7 9(XS)2+3€ ( _X7)
0 )
U(a) = xpXo x4 + XgXyX5 + XX Xg + (29 terms)
P1 p3
F(X;8) = =81, (X1X4 — XgX5) (X3Xg — XrX7) — S13 (X1X) — XgX3) (X5Xg — X4X7),
0F (x;8)
= Sy X5(X3Xg — XpX7) + 813 X3(XsXg — XyX7),
a.XO
0F (x;8)
12 X (X1 Xy — XoXs) + 813 X4(X1X) — XpX3)
7

Can have a leading Landau singularity with generic kinematics (arbitrary sy5, §;3)

when each factor of & vanishes!

Gives rise to new regions when this integral appears in an expansion
Halliday 64; Landshoff 72; Botts, Sterman 89; Gardi, Herzog, Jones, Ma 24
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Landau Equations

Landau Equations (parameter space):

Necessary, but not sufficient, conditions to have a singularity

1) F(x;s)=0

0F(x;S) ,
2) X =0 Vj
0xj

Leading: x; # 0V}

What happens when we satisfy only the first equation?

Let's consider this in the context of direct (numerical) integration in param. space



Contour Deformation

Feynman integral (after integrating o-func.): A
1 [%(X)]N—(L+1)D/2

J(S) ~ J [dx] x¥

0 [F(x;s) — i0]N-LD2

Y

Re(z)

F — F — i tells us how to causally deform contour
For numerics we need to explicitly pick a contour

0F (X;S
letz = X — it: g(z;s)zg(x;s)—inj x )+@(72) ... <a97>2

7% EED)
OF(x;8) T ' /
Choose 7 = A x(l — x;) with small Ai>0 - correct deformation sign

aXJ

Soper 99; Binoth, Guillet, Heinrich, Pilon, Schubert 05; Nagy, Soper 06; Anastasiou, Beerli, Daleo 07, 08; Beerli 08;
Borowka, Carter, Heinrich 12; Borowka 14; Borinsky, Munch, Tellander 23; ...

@

Can also generalise 4, = A(x) and train the deformation with a Neural Network

Winterhalder, Magerya, Villa, SJ, Kerner, Butter, Heinrich, Plehn 22

10



Contour Deformation: Example

00 9Y —242¢ 9/ —2+2¢ 1 9Y —2+2¢
s = J dx, dx, &) o(l —x; —xy) = J dz, @) = J dx|J,| ()
0 F(X;8)° ,  Flzps,m)e ] F(21(x); s, m)*

UKX) =x;+x, .

_ _ 5 5 --- Jacobian det
F(X,8) = —sx1%, + (m x;+m-x,) (x; + X,)

Im(z)

| 7.40 1513
| 6.66 1 3.90
| 5.92 1285
| 5.18 1171
4.44 0.57
3.70 -0.57
2.96 -1.71
2.22 -2.85
148 -3.99
0.74 -5.13
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Contour Deformation

Downsides of contour deformation:
1. Real valued integrand — complex valued integrand (slower numerics)

2. Large and complicated Jacobian from X — z (can be optimised, dual numbers?)
Borinsky, Munch, Tellander 23; Suggestion by Hirschi

3. Increases variance of function (integrand can be both > 0 and < 0)

e.g. JanBen, Poncelet, Schumann 25

4. Arbitrary and sensitive to choice of contour

5. Sometimes fails analytically and/or numerically

Summary: it is slow, arbitrary and can fail
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Positive Integrands



Avoiding* Contour Deformation

Various efforts to avoid/mitigate contour deformation in numerical contexts

Threshold subtraction (used in context of Loop-Tree Duality)

ki =p1—p2 ka = p1—p2
pl ;// foe N Locate thresholds of integral/amplitude,
N\ :
subtract using local counterterms
kl_\l ki — ko (kz— 1

< > o .

N\ P Dispersive/absorptive parts can be
P2 — \\ Vi 7/

" o computed separately

Kermanschah 21; Kermanschah, Vicini 24;
Locally finite amplitudes: Anastasiou, Haindl, Sterman, Yang, Zeng 20; Anastasiou, Sterman 22; Anastasiou, Karlen, Sterman, Venkata 24;

Finite 6 # 0 but flatten behaviour of integral near 6 — 0 with variable changes

(', Fo =iz [T x(a; 8) _ g
J=lm| dx — - — da |1+ F(x(a;0)), X =

Pittau, Webber 22; Pittau 24; GLoop code
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Picture in N-dimensions

o0 —2+42¢ UX)=x+x,
B U(x)
s = , dx; dx, F(x:5) o(1 = x; —x)) F(X,8) = —sx,X%, + (m°x;+m*x,) (x; + X,)

Sp={s> 4m?, m?> > 0}

Im(z;)

7.40
6.66

5.92

5.18

4.44

370 mmmea-

2.96 > =
2.22

1.48

0.74

L L | L L L L | L L L L | L L L L |
1 1 1 T

Singularities: live on boundary hypersurface N & -variety
(codim-1) (codim-1)
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Avoiding Contour Deformation

ldea:

1. Construct transformations of the Feynman parameters which map F(x;s) = 0 to

boundaries of integration for a given kinematic region sz = {S,;, < S <S¢ }

2. For transformations which make & non-positive, factor out overall minus sign

(using the ié prescription to generate the causally correct imaginary part)

3. Stitch together the resulting integrals

N, N_
J(s) = 2 JH(s) + 511%5 (=1 —is)"w—LD2 Z J(s)
n,=1 ~ n_=1

The individual integrals {J,;:, J, } have real non-negative integrands

—> no contour deformation, trivial analytic continuation, faster to integrate
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A First Example

Massless 1-loop On-Shell Box ” s
Jbox(®) =T'(2 + €) lim I (S; 5), 3 T4
5—0%
4 2¢ D2 P4
U (x
L. (s:8) =J dx 7(x;8) 8(1 — a(x) =J de,. ®) —5 (1 - a(x)) T2
R<o Riy i=1 (g?(x; S) — i5) UX) =x;+x+x3+ x4
g(X, S) —_ S12x1X2 - S13X3X4
Kinematics: s, = (p;+p)>,
SphyS = {O < $12 < 00, — $12 < 513 < O}
Resolution: {F(x;s) <0} U{0<x} Usy,
{ =517 — 5132324 < 0} U {0 <x, 0 <xp, 0 <3, 0 <X} U S,
— 5134344
{ <X FU{0<xy, 0<x3, 0 <X} U Sppys #mmmmmmmmmnnns solve for x,
S12%2
f(X;el) D X;&i — X\{xi} — {xla °°'9xi_17xl'+19 xN}
Can bisect domain in a single variable x; (Univariate Bisectable)
9(X, S) =0to X1 = 0: X1 — yi = X +f<X7é1) gives 9_(X, S) = §12X1X9,
2
X (—8712)X3X,
F(x;8)=0tox; = co: x>y = 1 f(x#) with x; #x;  gives FT(x;s) = Do
X1+ X Xy + Xy
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A First Example (II)

Resulting integrands product ot dim. reg. polynomials that are

Positive in [R];’O & Homogeneous (by construction)

1) 7 x)=1, % (x)= SNy
J x)=1, (X) =x;+x +x3+ x4+ T F(X;8) = SHX1X,
122
_ _ U (x)* e e 2€
Foox(X:8) = F7(X) F-(x.s)2e X7 (s1pxp) 7 3€<S12x2 (2 2y + 23+ ) = 513x3x4>
2) 2 2
(—8712)X3X, X (—=812)X3X (—812)X3X,

FHx) = 13)%3X4 %) = 1 M L b xta, FHs) = 1

S12X2(X1 + X4) X1 +X4  SppXp Xy + Xy

Ut (x)* —e _1-2¢ “l—c 2e
Loy _ 2

Fo (X58) = FT(x) Frx s (x+x5)  (s127%2) (—s13%3%7) <512x2 () +x4) (3 + x5+ x4) — 513X1X3X4>

Final Result

Joo(s) =T 2 +¢) lim L (s;6)
5—07

Loox(s;8) = I (8) + (=1 = i8) > I, (5)
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Algorithm: Univariate Bisectable Integrals

For univariate bisectable in sy integrals, we can formulate simple pseudo-algorithm

Algorithm 1: Univariate Bisection (UB)

Input: Z(x;s;9), sr

Output: Z7(x;s), Z(x;s)

foreach z; € x do
Let 7 = Reduce[{F(x;8) < 0} U{0 < x} USR, ;]; <®-----==------- solve for X;
if r~ (1) then
Let 77 (x;8) = J (%i, ¥i) (X, i3 —s;0)
Let T (x;8) = J (X4, ¥)) Z(X£i,Y};8;0)
return Z7(x;s), Z~(x;s)
else if r ~ (2) then
Let 77 (x;8) = J (%2, ;) (X2, y;; —s;0)
Let 77 (x;8) = T (%21, ¥i) L(X£4,Yi58;0)
return Z7(x;s), 77 (x;s)

end
return -UB n sy

Reduced system conditions:
0<x<f(xy4)} U  {0<xy;} U s (D
{f (x4) < x;} U {0 < x) U Sp» (2)

Transformations:

X:

x,-—ljxjf<x¢i>’ y;i = xi+f<x;éi)

Vi =

Algorithm either finds bisection of #(X; s, 0) in S or shows that one does not exist
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Some Examples ot (Massless) UB Integrals

I 1 s Ps
P1 p3 P1 p3 T
P1 — 4
X3 L4 I3 L4 I P4
P2 —
D2 D4 D2 D4 L3
X X
2 2 L2 p3
Sp12>0 = {O < p12 < 00, SR = {O < S12, S34, S51 < 00,
O<S12<OO,_S12<S13<0} _OO<S23’S45<O}
x3 L3
b1 P4 P1
L2 Ts
I L4 1| P3 P4
X
p3 T3 4
P2 D2
Te L2
SphyS == {0 < S12 < 0, — S12 < S23 < 0}

P2 P4

S ={0<S12<00,—512<Sl3<0}

phys

* after dissection
Gardi, Herzog, SPJ, Ma 24
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A Second Example

Massless 2-loop Non-planar Box p1 -
L5
Jpnpr = — 13 + 2e) (Slif(r)i Ignpy r1| p3 P4
7 14+3¢ L4
U(x)
Iynpy = [ [ ]dx )me(s (1-a(x)) P2 —

Ry i=1 (9‘7()(; S) — id

U(X) =x1x4 + X1X5 + X1 X5 + X1 X7 + XX
+X5 X5 + Xy X + Xr X7+

Kin: sp+s3+553=0, €--------- No Euclidean region XXy + X3Xs + X3Xg + X3X7 + Xy X

S = {O < S12 < o0, — S12 < $73 < O} +X4x7 +x5x6 +x5x7

phys
Res: (F(x:5)<0}U{0<x]}Usy F(X,8) = —81)(X3X4 X6 + XpX5X7 + XpX3X7

FX5X3Xg + Xy X3X5 + Xy X3Xy)
UXz) <xp U0 <Xy} U sy

— 573X X5Xg + (15 T+ $23)X1X4X7

S12 [x3x4x6 + XrX5X7 + Xy X3 (x4 + X5+ Xg + x7)]

J(Xyp) =

(512 + 523) X4 X7 — $p3X5X¢
Bisect domain in a variable x; (Univariate Bisectable)

F(x;8)=0tox; =0: FF(x;8) =x [(812 + 523) Xy X7 — s23x5x6]

S19X7 [x3x4x6 + Xy X5X7 + Xy X3 (x4 + X5 + Xg + x7)]
F(X;8) =0tox; = co: F(X;8) = :
x1 + X7
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What About Massive Integrals?

Primary complication

F(x;8) = O(x s) + U(x; s)z

d j=1 4
Linear in each X; Quadratic in each X;

Very easy to encounter non-UB integrals

Solutions for #(X; s) generically contain square roots

Often more thresholds and therefore more distinct kinematic regions

22



A First Massive Example

""""""""""""""" 2 ml
— (m; +
ﬂZ_S (ml 2)26(0 1)
+ s — ml—m2)
S T2 =771 S
- L1 _1%)
L2 =7 21 y_yi_l:uﬂ
N J
: l/// F = —sxixy + (% + x,) (mix; + myx,)
// ‘G 2 2 21+ﬁ2
S =X X — " 5 X1%2
—p
I1
l 15 20
L1
~ 4
I: x2—>y2=x2+]/+x1, <O/T+,1 ='x2('x2+1 ﬂﬂz'xl)’
— 45
I : X, =y =X+ 77X, FH2 = x(x + [y X)),
- 2
Xy = Vo =Xy + ¥ Xy, ~ 16/
III : : o F == T X1%2;
Xp =y =X t7 X, (1 =/ +p)

— +,1 +,2 . o —€ 7—
Ibub,mﬁém2 — Ibub,mﬁémz T Ibub,mﬁémz T ( 1 15) IbUbJ’”ﬁémz

23




A First Massive Example (Il)

—2¢€ —2e —€ 4ﬁ -
>0

(m,(1 = B)xy + [y (1 + B) + my(1 = B)lx)) 75 (1 — Z; a,-x,->

—2e —2e —€ 4'5 N
]l;ﬁmﬁémz = (m;m,)'"2¢(1 — p)*2 JRZ dx,dx, x; <x1 + [—p x2> X
>0

(my(1 = B)x, + [my(1 + )+ my(1 = B)lx,) 76 <1 - Z; al-xl-)

Komim, = (4mym,p)'=2(1 - ﬂz)ej dx,dx, (xlxz)_e X

2
IRZO

[(ml + m,)(x; + x,5) — (M — my)(x; — xz)ﬂ] s <1 — Ziz:l al-xl-> :

Resulting integrands are again positive & homogeneous (any 6(1 — a(x)) ok)

+,1 +,2 - -
’ <> ’ <> <>
Symmetry of Ibub’m1 i, Ibubm1 i, under simultaneous (x; <> x,, m; <> m,) manifest
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Some Examples ot Massive Integrals

Bubbles

Triangles

p? p? p? p?

Possible to resolve all in a similar* manner to the massive bubble

25



How about something a bit more interesting?

m m
Consider something that involves functions m
beyond polylogarithms s U 5

™m

Jop = lim —(=1+2€)1,
5—07

(x5 + 2,05 + x1x3)_3+3€ ) <1 -y a-x-)

i=1 i

sun

I =J dx;dx,dx;

—14+2¢
3 .
R2o —SX1XX2 + (X1%) + XXz + x3x:) M2 (x1 + % +x2) — IO
1X2X3 1Xp T XpX3 1X3 1 2T X3

| N

O F<0Nxz >0Nas>0N1—2y—29>0

o F <0

Oz >0Nze>0N1—21—20>0

4‘ ‘ ;1“‘ ‘O“ "1 ‘ ‘ 5
x1

F(x;s) = 0 hypersurface for s > 9m?
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2-Loop Elliptic Sunrise

] B HEae Hg
_ _ 1 _ _ 1 _ _ 1
LOf
ol | - Encounter algebraic (square-root) transformations
A | Singular structure can still be factorised = can use
9 - standard techniques (for examples considered)
0.4 S |
0.2/ 3
S D Sl A ] Isun — 2 ISTJ’:’L +(—1- i5)1_2€ IsTm
0.0t | ] | | n,=1
0.0 0.2 0.4 0.6 0.8 1.0
L1
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2-Loop Elliptic Sunrise (l1)

2 —14+2¢ 1
I = D7—6e37-€ <ﬂ2>2—2€ (8 + ﬂ2)2_2€ < L=/ > [ dxdx, (1 —x) %_2ex1%—2€x21—2eR;m (x1, %03 B)
0

A A
Carelessly integrating out 6-functional yields... Sin9u|ari(t)ies finite/regular
. X1, Xr =
inelegant results b

x; — 1

Ry (%1, %03 B) = Ry (xg; BIRy(x; BIR3(x1; BIR4(xy, BIRs(xy, X0 B),
R, (xy; ) = %7,

Ry(xy3 ) = =% + Pz, + 4| 7,

Ry(x;;p) = |4-p (2,3 (B*+ 1) = 36p°x,%, + 2ﬁﬁx1>] 3.

Ry B) = |23, (= 1162 + 3B%, + 20) + 45 (B — Bjx, + 4)] 1-2¢
R(xi,x5i ) = | BBy (% (=2 + B3R, +4) + 48 (36 — %)) ) + 4B (5 + 76> = (52 + 3) ps, + 4 ) |2
X = l—xl, )El =1—2x1, X2=2—x2,ﬂ_=1/8+ﬁ2,’3~=1_ﬁ2

Proot that resolution of elliptic integrals is possible, not an optimal/elegant
implementation of this resolution
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Numerical Performance

Goal: simplify/accelerate the numerical integration

Let's benchmark this using pySecDec (Sector Decomposition, Quasi Monte Carlo)

Note: code strongly optimised for contour deformed integrals, many possible optimisations possible for the type of integrals we obtain
here (real, positive, compact)

. . . :I; p5
1L Pentagon - Integration Time vs. Relative Error o 5 T4
o S19 = 4 T P4
; s19 = 40 P2 — xs3
10° o 515 =400 72 ps
% ® s12 = 4000 — T —
=
= 102
- 10
2
+~
<
~
o0
&
Hg 101 -
100 - === === (523, $345 S5 851) = (=3,2.5, = 3,5)
102 1074 107 107 1071

Requested Relative Error

Speed-up of > 10* X esp. close to singular/pinched points, promising for >1-loop
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Integration Time [s]

Integration Time [s]

Numerical Performance (ll)

104 i
103 i
102 4
10! 4
10-* 1072 107 100* 10® 107% 100" 107® 107°
Requested Relative Error
4 | °
10 E [I [ J S =
] ° [I S = 40
/ 1
/ /] ° s = 400
/! / ° s=4000
3 ! /
10° 4 i 1
4 II
/ / »
A ; ~
/’ ’/‘ //
(, ’/” ‘//
102 4 ‘/’,/ _._____r”’
."”’ ’f”’—
- S5 = — 1
10t 102 1073 10~4 107° 106 107

Requested Relative Error

b1 - 2!
)
I X4
b3 T5
b2 !
T
Fairly difficult to integrate with contour
deformation (even after some tricks)
Speed-ups > 107 X for more challenging points
P s
T1| P3 / P4
b2 x24

Although free of leading Landau singularities,

extremely challenging to evaluate using contour
deformation, much easier after resolution

Gardi, Herzog, SPJ, Ma, Schlenk 22
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2
p
103 3
] m m
21074
oo} ]
= ] -
& ]
.S 101 4
® ]
&0
it |
RS
1009 E
] — = e—e————=3—==F==f=mg===="
] e=c3-c-eocAEscgszEESIooe==3EESREET ¢
S =
1014 : : | |
1072 10~* 106 10-8 10710
Requested Relative Error
m
1 o m?2=0.01 s
m? = 0.0001 m
e m?=0.000025
2102 4 - —
(o) ]
g
E »-—-e
: )
R
g o4 =
e ]
E
10° 5 =
] —_—— = — = — ¢ =
10_2 10_4 ]_0_6 10—8 10—10

Numerical Performance (ll1)

Requested Relative Error

31

In m? — 0 limit integral develops 1/¢*
poles = end-point singularities

Contour is “pinched” against the
boundary of integration

Speed-up > 10* x

Proves that we can resolve and
numerically evaluate elliptic integrals

By far not optimal implementation

Speed-up of only 10 — 100 X



General Picture

Can we always perform this procedure?

Trying to find sign-invariant decomposition of
{F(X;8) <0} U{0 < x} Usp,

Borrow technique from real algebraic geometry
Generic Cylindrical Algebraic Decomposition

codim O

projection
of cells
either
disjoint or
identical

cell union of disjoint

boundaries cells is RY

are roots of
polynomials

Collins 75; Davenport, Heintz 88; Lazard 94; McCallum 19

Good: Guaranteed to work, constructive
Bad: Complexity doubly exponential in #vars, root degrees

(Work in Progress)

-
\_

Lee, del Rio, Rahkooy 25

F. CAD(F,)
| proj TLife
Frn_1 CAD(F,-1)
| proj TLift
| proj TLife
Fo CAD(F)
| proj TLift

]:.1 find roots , CAD(F;{)

split into cells

However, we are interested in a rather special case, #(X;s) homogeneous, linear
(quadratic) in massless (massive) variables... in practice, often much simpler
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General Picture: Examp\e (Work in Progress)

Consider again the 2-loop sunrise before integrating §-func

2.0
xZ 1.5(///
A

1.0 ///‘
p2

x2

4 positive cells +
Y 1 negative cell

3
Iin = 23'3%?‘4%4[ X3 2R (X1, 00) T Ry (X, X, %3) T RS (0, X, x3) T,
RS
R (x;, X)) = X% (Caxi Xy + 4cy(x% + X2
1\ X1 X X2 \E3X1X7 2 2/)>
Ry(x1, X5, X3) = X3 + (X] + X,)Cs,

R3(x1, X5, X3) = — ¢4/ Ry (xy, Xxp) (—x3 + (x; + xz)cs) — Ry(x{, X5, X3) ((xl2 + x7)ce + x1x207)

cy, ..., C7: algebraic functions of s/m (not depending on xy, x,, x3)

Dramatically simpler and more numerically stable than previous resolution
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A Final Example (Work in Progress)

Can apply these techniques to integrals of more phenomenological interest

Example 7
- No CD s =2.2
No CD s = 3.0 ~

10°- - No CD s =39 B e—

% - No CD s= 3.999

= 0 CD s =3.0 Sg = L4my < s <4m,

% CD’% = 3.9 —1<s5s<0,

= €D s = 3.999 2 2 2

g my > 0,m; > mg}

10" 4
Speedup 10 — 10° x
101 10—3 105 10~7 10~° 10— 11
T Stone Requested Relative Error

gg — HH amplitude @ 2-loops (406 MI) pySecDec & Contour Def: ~90 seconds/PS

T. Stone

Contour deformation is (the?) bottleneck for 2 - 3 @ 2-loop, 2 — 2 @ 3-loop
What is possible once we avoid contour deformation?
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Do These Integrals Have Any Meaning?

Interpretation

These integrals are related to discontinuities/ ! ‘
generalised cuts:
Disc [F*] = (F — i6) — (F +id) = — O[— F|[—F " 2isin(nA)

Maximal cuts: only & = 0 as boundary 5 W \ |

Non-maximal cuts: combination of & = (0 and o

o F <0

F<Oﬂl’1>00$2>001—.’[1—1’2>0

coordinate hyper-planes as boundary

1 >0Nax>0N1—27—29>0

| ,
Britto 23 —2 -1 0 1 2
X1

Relations

Presumably, can express entire amplitudes as sums of these positive integrals

= 6—-0
J

Would be very useful to have efficient IBPs available for parametrised integrals

A~ N eIt + ) lime(8)1-

Bitoun, Bogner, Klausen, Panzer 19; Chen 19, 19; Artico, Magnea 24;
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Conclusion

Summary:

* For several massless integrals up to 3-loop 4-point it is rather straightforward to avoid contour
deformation

* Massive integrals up to 3-loop 2-point (elliptic, hyperelliptic) can also be addressed, as well as
integrals with a mix of massless/massive propagators

* Trivial algorithm works for many simple cases

* Generic Cylindrical Algebraic Decomposition seems to provide a general algorithm

Next Steps

* Implement algorithm for massless (UB and non-UB) in public codes

* Investigate use of and optimisation of Cylindrical Algebraic Decomposition for the special case of
Feynman integrals

Outlook
« Can we automate and use this at scale for entire amplitudes?
 Can we further connect this picture to e.g. cuts or other approaches to studying amplitudes?

Thank you for listening!

36



Backup



Cancellations
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Cancellations

1

21, Sunrise: € 2
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Sector Decomposition




Sector Decomposition in a Nutshell

I~ I [dx] x"¥ (cl-xri)t
R

N (1) = convHull(r |, r,,...) = ﬂ {m e RV | (m, nf) +ap 2 O}
feF

Normal vectors incident to each extremal vertex define a local change of variables*
Kaneko, Ueda 10

— (ns.e;)
Xi = yf
fes,
( \'
—la r;)ta
50 [ L [T
GEAT fEG \ feo )
Singularities Finite

*|f |SJ-| > N, need triangulation to define variables (simplicial normal cones ¢ € AZV)
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Sector Decomposition in a Nutshell

2

YV N

1-2¢ [ dxldxz
I:Q:—F(—I—I—ZS) (mz) / 1.0 1.1 0.1 2—¢”
0 (xlx + XX, + XX )

e g = (D) ()0

n;3 =™ ap = 1 ay) — | az — —1

For each vertex make the local change of variables

RS B IR | NS ce =10 0, -1 ce 0ol 1]
€g. TiX =Y V3, o=V Y3, DX =Y Vo, o =V1Yo 0 I3 X =3, X0 =Y, )3

1—2¢ (1 y_gy_gy_1+8
I=-T(-1+2¢) (m*) dy dyrdy; ——2"——[5(1 —y2) + (1 —y3) + 8(1 —y1)]
0 01 +y2+33)* "

Schlenk 2016
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Neural Network Contour Deformation




Neural Networks for Contour Deformation

Normalizing Flows consist of a series of (trainable) bijective mappings for which we
can efficiently compute the Jacobian

Procedure

1. Contour deformation: - 2. A-glob:
used if multi-scale integral optimization of /1j parameters

Analytic
continuation

-/

y. € R G= Y1
]

3. Normalizing flow: z = yx) .
remapping of reals | '

L N
/ T1 dv; 73
0

j=1

Loss: L = Ly;c + L

sien CONstructed to minimise variance without crossing poles
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Neural Networks for Contour Deformation

Applied to several 1 & 2-loop Feynman Integrals with multiple masses/thresholds
using tensorflow

triangle2, (Sector 1) elliptic2L (Sector 1)

—_
=
w
*
—_
=
w

*  pySECDEC
*  A-glob
*  A-glob + Flow

pySECDEC
*  A-glob -
*  A-glob + Flow b

’—l
S
W
&
—_
S
W

—_
=
ot

’—l
S
t
»
'
»
%
-l-,'_z
+
o

)
(

P b3

I
\

i
¢

—t

=
(0.¢]

3

P2 P2 P

Relative integration error
p—t
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‘_#
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Relative integration error
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[\]
T
)—l )—l
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E:
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Ratio
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)—l
(@)

o

—_
@)
L

T AU

Proot of principle that Machine Learning can help to find improved contours and
reduce variance, still a tradeoff between training time/ integrating time
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Method of Regions




Regions due to Cancellation

What happens if ¢; have different signs?

Consider a 1-loop massive bubble at threshold y = m* — g*/4 — 0

(1 — ay — a,)(ay + a,) "2+

1
q I = F(e)[daldaz .
i (‘O};bub(al’ s, q2, y))
q2
Lo

9bub — T(al - a2)2 + y(al + 052)2

Can split integral into two subdomains a; < a, and a, < a; then remap

ap = oy/2 . F N q_za,z +y(a'; + a'y)?* (for first domain)
w=a,+a) 2 T LT T2

Jantzen, A. Smirnov, V. Smirnov 12

Before split: only hard region found (a; ~ y%, @, ~ y")
After split: also potential region found (a; ~ y°, @, ~ y'/?)
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Method ot Regions

Consider expanding an integral about some limit:
Piz N/IQZ, pi-p;— /IQ2 or m? ~/1Q2for/1 — 0

Issue: integration and series expansion do not necessarily commute

Method of Regions

I(s) = Z I®)(s) = Z T®I(s)
R R

1. Split integrand up into regions (R)

2. Series expand each region in 4

3. Integrate each expansion over the whole integration domain
4. Discard scaleless integrals (= O in dimensional regularisation)
5. Sum over all regions

Smirnov 21; Beneke, Smirnov 97; Smirnov, Rakhmetov 99; Pak, Smirnov 11; Jantzen 2011; ...
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Finding Regions

Assuming all ¢; have the same sign we rescale s — A%s «° Newton Polytope
X
[~ J [dX] x” (cl-x"i)t — J [dx] xv (Cixrill’”i,NH)t — N+l
R

N
IR20

Normal vectors w/ positive A component define change of variables n. = (v, ..., vy, 1)

x=1"y, 1 — ] Pak, Smirnov 10; Semenova,
A. Smirnov, V. Smirnov 18
Example
p(x, ) =A+x+x° P>
1,2 Ft
3¢ FT

(1,0) (2,0)

Original integral I may then be approximated as [ = Z 1D+
fert
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Additional Regulators/ Rapidity

Divergences

MoR subdivides /' (I) — { A (I®)} = new (internal) facets F™"

New facets can introduce spurious singularities not regulated by dim reg

Lee Pomeransky Representation:

VAIE ﬂ {m e RV | (m,n;) +a, > O}

fer
(

D
I ~ 2 | o] JR [dyf] yf<nf,1/>+2df ¢l 1y

ceAl, %o feo | feo

If f € F™ have ar = 0 need analytic requlatorsv — v + ov

S

\-

(ng,r;)+a;

)

Heinrich, Jahn, SJ, Kerner, Langer, Magerya, Poldaru, Schlenk, Villa 21; Schlenk 16
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Integrals with Pinch Singularities




Looking for Trouble: Algorithm

Generally, solutions of the Landau equations depend on s.
Let us restrict our search to solutions with generic kinematics

F=-Yslf@-g@| =) F_+F,

l

Fi_==sfl@), F,, =s8a), fa),ga=0

Algorithm (finds integrals which potentially have a pinch in the massless case)

For each s;:
1) Compute #, _, F,
2) 1 #F,_=0or #,;, =0 — Exit (no cancellation)

3) It 0F; _[da; =0 or dF; /da;=0seta; =0 — Goto 1

Else — Exit (potential cancellation)

Much more sophisticated algorithms for solving Landau equations exist

(E.g.) Mizera, Simon Telen 21; Fevola, Mizera, Telen 23
(See also) Gambuti, Kosower, Novichkov, Tancredi 23
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Interesting Example

b2 P4
‘~00 p ; %(X)4€ ( )
— xO .o .x'7 _x'7
U(a) = oga,a, + agon05 + oy, + (29 terms)
P1 P3
F(a;8) = =51, (14 — 0pQAs) (A0 — A7) — S13 (0 — OyoR) (A0 — A7),
0F (a; S)
= 81 As(306 — A7) + 513 G3(AsAg — A7),
a(l()
0F (a;S)
P = 515 a1y — AyAs) + 513 (A — Az)
7

Can have a leading Landau singularity with generic kinematics (arbitrary s5, §;3)
when each factor of & vanishes!
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Interesting Example

Let's try to compute this with sector decomposition (pySecDec)

® ssh 1

.738] from k146; decreasing deformp by 0.9 to (1.1765883620056724e-10, 1.1765883620056724e-10, 1.1765883620056724e-10, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16)
from k141; decreasing deformp by 0.9 to (1.5893964098094157e-11, 1.5893964098094157e-11, 1.5893964098094157e-11, 1.5893964098094152e-17, 1.5893964098094152e-17, 1.5893964098094152e-17, 1.5893964098094152e-17)
from k36; decreasing deformp by 0.9 to (4.558344385599467e-11, 4.558344385599467e-11, 4.558344385599467e-11, 4.5583443855994656e-17, 4.5583443855994656e-17, 4.5583443855994656e-17, 4.5583443855994656e-17)
from kl144; decreasing deformp by 0.9 to (1.9029072647552813e-13, 1.9029072647552813e-13, 1.9029072647552813e-13, 1.9029072647552823e-19, 1.9029072647552823e-19, 1.9029072647552823e-19, 1.9029072647552823e-19)
from k120; decreasing deformp by 0.9 to (1.1765883620056724e-10, 1.1765883620056724e-10, 1.1765883620056724e-10, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672e-16)
from k117; decreasing deformp by 0.9 to (2.4599539783880517e-10, 2.4599539783880517e-10, 2.4599539783880517e-10, 2.4599539783880515e-16, 2.4599539783880515e-16, 2.4599539783880515e-16, 2.4599539783880515e-16)
from k146; decreasing deformp by 0.9 to (1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16)
from k141; decreasing deformp by 0.9 to (1.4304567688284741e-11, 1.4304567688284741e-11, 1.4304567688284741e-11, 1.4304567688284738e-17, 1.4304567688284738e-17, 1.4304567688284738e-17, 1.4304567688284738e-17)
from k36; decreasing deformp by 0.9 to (4.1025099470395204e-11, 4.1025099470395204e-11, 4.1025099470395204e-11, 4.102509947039519e-17, 4.102509947039519e-17, 4.102509947039519e-17, 4.102509947039519e-17)
from k144; decreasing deformp by 0.9 to (1.7126165382797532e-13, 1.7126165382797532e-13, 1.7126165382797532e-13, 1.7126165382797541e-19, 1.7126165382797541e-19, 1.7126165382797541e-19, 1.7126165382797541e-19)
from k120; decreasing deformp by 0.9 to (1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16)
from k117; decreasing deformp by 0.9 to (2.2139585805492464e-10, 2.2139585805492464e-10, 2.2139585805492464e-10, 2.2139585805492464e-16, 2.2139585805492464e-16, 2.2139585805492464e-16, 2.2139585805492464e-16)
from k146; decreasing deformp by 0.9 to (9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17)
from k141; decreasing deformp by 0.9 to (1.2874110919456267e-11, 1.2874110919456267e-11, 1.2874110919456267e-11, 1.2874110919456265e-17, 1.2874110919456265e-17, 1.2874110919456265e-17, 1.2874110919456265e-17)
from k36; decreasing deformp by 0.9 to (3.692258952335568e-11, 3.692258952335568e-11, 3.692258952335568e-11, 3.692258952335567e-17, 3.692258952335567e-17, 3.692258952335567e-17, 3.692258952335567e-17)
from k144; decreasing deformp by 0.9 to (1.541354884451778e-13, 1.541354884451778e-13, 1.541354884451778e-13, 1.5413548844517786e-19, 1.5413548844517786e-19, 1.5413548844517786e-19, 1.5413548844517786e-19)
from k120; decreasing deformp by 0.9 to (9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245948e-11, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17, 9.530365732245943e-17)
from k117; decreasing deformp by 0.9 to (1.992562722494322e-10, 1.992562722494322e-10, 1.992562722494322e-10, 1.9925627224943218e-16, 1.9925627224943218e-16, 1.9925627224943218e-16, 1.9925627224943218e-16)
from k141; decreasing deformp by 0.9 to (1.158669982751064e-11, 1.158669982751064e-11, 1.158669982751064e-11, 1.158669982751063%-17, 1.1586699827510639%¢-17, 1.1586699827510639%e-17, 1.1586699827510639%e-17)
from k36; decreasing deformp by 0.9 to (3.3230330571020116e-11, 3.3230330571020116e-11, 3.3230330571020116e-11, 3.3230330571020105e-17, 3.3230330571020105e-17, 3.3230330571020105e-17, 3.3230330571020105e-17)
from k146; decreasing deformp by 0.9 to (8.577329159021353e-11, 8.577329159021353e-11, 8.577329159021353e-11, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17)
from kl144; decreasing deformp by 0.9 to (1.3872193960066002e-13, 1.3872193960066002¢e-13, 1.3872193960066002¢-13, 1.387219396006601e-19, 1.387219396006601e-19, 1.387219396006601e-19, 1.387219396006601e-19)
from k120; decreasing deformp by 0.9 to (8.577329159021353e-11, 8.577329159021353e-11, 8.577329159021353e-11, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17, 8.57732915902135e-17)
from k117; decreasing deformp by 0.9 to (1.7933064502448899%¢-10, 1.7933064502448899%¢-10, 1.7933064502448899¢-10, 1.7933064502448896e-16, 1.7933064502448896e-16, 1.7933064502448896e-16, 1.7933064502448896e-16)
from k141; decreasing deformp by 0.9 to (1.0428029844759576e-11, 1.0428029844759576e-11, 1.0428029844759576e-11, 1.0428029844759575e-17, 1.0428029844759575e-17, 1.0428029844759575e-17, 1.0428029844759575e-17)
from k36; decreasing deformp by 0.9 to (2.9907297513918106e-11, 2.9907297513918106e-11, 2.9907297513918106e-11, 2.9907297513918096e-17, 2.9907297513918096e-17, 2.9907297513918096e-17, 2.9907297513918096e-17)
from k146; decreasing deformp by 0.9 to (7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17)
from k144; decreasing deformp by 0.9 to (1.2484974564059401e-13, 1.2484974564059401e-13, 1.2484974564059401e-13, 1.248497456405941e-19, 1.2484974564059%41e-19, 1.248497456405941e-19, 1.248497456405941e-19)
from k120; decreasing deformp by 0.9 to (7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119218e-11, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17, 7.719596243119215e-17)
from k117; decreasing deformp by 0.9 to (1.613975805220401e-10, 1.613975805220401e-10, 1.613975805220401e-10, 1.6139758052204006e-16, 1.6139758052204006e-16, 1.6139758052204006e-16, 1.6139758052204006e-16)
from k141; decreasing deformp by 0.9 to (9.38522686028362e-12, 9.38522686028362e-12, 9.38522686028362e-12, 9.385226860283618e-18, 9.385226860283618e-18, 9.385226860283618e-18, 9.385226860283618e-18)
from k36; decreasing deformp by 0.9 to (2.6916567762526297e-11, 2.6916567762526297e-11, 2.6916567762526297e-11, 2.6916567762526287e-17, 2.6916567762526287e-17, 2.6916567762526287e-17, 2.6916567762526287e-17)
from k146; decreasing deformp by 0.9 to (6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17)
from k144; decreasing deformp by 0.9 to (1.1236477107653461e-13, 1.12364771076534 3, 1.1236477107653461e-13, 1.123647710765347e-19, 1.123647710765347e-19, 1.123647710765347e-19, 1.123647710765347e-19)
from k120; decreasing deformp by 0.9 to (6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807296e-11, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17, 6.947636618807294e-17)
from k141; decreasing deformp by 0.9 to (8.446704174255258e-12, 8.446704174255258e-12, 8.446704174255258e-12, 8.446704174255257e-18, 8.446704174255257e-18, 8.446704174255257e-18, 8.446704174255257e-18)
from k117; decreasing deformp by 0.9 to (1.452578224698361le-10, 1.452578224698361le-10, 1.452578224698361e-10, 1.4525782246983604e-16, 1.4525782246983604e-16, 1.4525782246983604e-16, 1.4525782246983604e-16)
from k36; decreasing deformp by 0.9 to (2.4224910986273667e-11, 2.4224910986273667e-11, 2.4224910986273667e-11, 2.422491098627366e-17, 2.422491098627366e-17, 2.422491098627366e-17, 2.422491098627366e-17)
from k146; decreasing deformp by 0.9 to (6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17)
from kl144; decreasing deformp by 0.9 to (1.0112829396888115e-13, 1.0112829396888115e-13, 1.0112829396888115e-13, 1.0112829396888122e-19, 1.0112829396888122e-19, 1.0112829396888122e-19, 1.0112829396888122e-19)
from k120; decreasing deformp by 0.9 to (6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926567e-11, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17, 6.252872956926565e-17)
from k141; decreasing deformp by 0.9 to (7.602033756829732e-12, 7.602033756829732e-12, 7.602033756829732e-12, 7.602033756829731e-18, 7.602033756829731e-18, 7.602033756829731e-18, 7.602033756829731e-18)
from k117; decreasing deformp by 0.9 to (1.307320402228525e-10, 1.307320402228525e-10, 1.307320402228525e-10, 1.3073204022285245e-16, 1.3073204022285245e-16, 1.3073204022285245e-16, 1.3073204022285245e-16)
from k36; decreasing deformp by 0.9 to (2.1802419887646303e-11, 2.1802419887646303e-11, 2.1802419887646303e-11, 2.1802419887646294e-17, 2.1802419887646294e-17, 2.1802419887646294e-17, 2.1802419887646294e-17)
from k146; decreasing deformp by 0.9 to (5.62758566123391e-11, 5.62758566123391e-11, 5.62758566123391e-11, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17)
from k144; decreasing deformp by 0.9 to (9.101546457199304e-14, 9.101546457199304e-14, 9.101546457199304e-14, 9.10154645719931e-20, 9.10154645719931e-20, 9.10154645719931e-20, 9.10154645719931e-20)
from k120; decreasing deformp by 0.9 to (5.62758566123391e-11, 5.62758566123391e-11, 5.62758566123391e-11, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17, 5.627585661233908e-17)
from k141; decreasing deformp by 0.9 to (6.84183038114676e-12, 6.84183038114676e-12, 6.84183038114676e-12, 6.8418303811467584e-18, 6.8418303811467584e-18, 6.8418303811467584e-18, 6.8418303811467584e-18)
from k117; decreasing deformp by 0.9 to (1.1765883620056724e-10, 1.1765883620056724e-10, 1.1765883620056724e-10, 1.176588362005672e-16, 1.176588362005672e-16, 1.176588362005672¢-16, 1.176588362005672¢-16)
from k36; decreasing deformp by 0.9 to (1.9622177898881674e-11, 1.9622177898881674e-11, 1.9622177898881674e-11, 1.9622177898881666e-17, 1.9622177898881666e-17, 1.9622177898881666e-17, 1.9622177898881666e-17)
from k144; decreasing deformp by 0.9 to (8.191391811479374e-14, 8.191391811479374e-14, 8.191391811479374e-14, 8.19139181147938e-20, 8.19139181147938e-20, 8.19139181147938e-20, 8.19139181147938e-20)
from k146; decreasing deformp by 0.9 to (5.064827095110519e-11, 5.064827095110519e-11, 5.064827095110519%¢-11, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17)
from k120; decreasing deformp by 0.9 to (5.064827095110519e-11, 5.064827095110519%e-11, 5.064827095110519e-11, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17, 5.0648270951105174e-17)
from k117; decreasing deformp by 0.9 to (1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051053e-10, 1.0589295258051048e- 1.0589295258051048e-16, 1.0589295258051048e-16, 1.0589295258051048e-16)
from k36; decreasing deformp by 0.9 to (1.7659960108993508e-11, 1.7659960108993508e-11, 1.7659960108993508e-11, 1.76599601089935e-17, 1.76599601089935e-17, 1.76599601089935e-17, 1.76599601089935e-17)
from k141; decreasing deformp by 0.9 to (6.1576473430320836e-12, 6.1576473430320836e-12, 6.1576473430320836e-12, 6.157647343032083e-18, 6.157647343032083e-18, 6.157647343032083e-18, 6.157647343032083e-18)
from kl144; decreasing deformp by 0.9 to (7.372252630331437e-14, 7.372252630331437e-14, 7.372252630331437e-14, 7.372252630331441e-20, 7.372252630331441e-20, 7.372252630331441e-20, 7.372252630331441e-20)
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Fails to find contour...
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Contour Deformation

But for this class of examples F(a) and all 0F ()/0da; vanish at the same point inside
the integration domain

— pinch singularity

Example
F(a;s) = —s), (104 — yas5) (0306 — A7) — $13 (A0 — AyA3) (As506 — O407),
0F (a;S)
= 815 a5(a306 — y07) + 513 a3(As06 — A7),
00{0
0F (a; S)
= 815 mplagay — apas) + 513 ooy — opa3)
0a7
vanish for
o3 A5 o7
az _— _, 4 — _, 6 p—
a; a; a;
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Resolution

The problem is that we have monomials with different signs...

Asy2.1 PreResolve->True

-bash 381

MACTHXJONES:fiesta sj$ cat diagram2636.m
Get["asy2.1.m"];

Print["Diagram2636"];

result = AlphaRepExpand[{k1l,k2,k3}, {k1A2, k2A2,k3A2, (kl+pl)A2, (k2+p2)A2, (k3+p3)A2,
(k1+k2+k3)A2, (kl+k2+k3+pl+p2+p3)A2}, {plA2->0, p2A2->0, p3A2->0, pl*p2->s12/2, pl*p3->
s13/2, p2*p3->-sl12/2-s13/2}, {s1l2 -> 1, sl1l3 -> -1/5}, PreResolve->True] (* 3-loop box *

))
Print[result];

MACTHXJONES:fiesta sj$ wolframscript -file diagram2636.m
Diagram2636

Asy?2.1

Variables for UF: {k1, k2, k3, pl, p2, p3}

WARNING: preresolution failed

MACTHXJONES: fiesta sj$ ||

Correctly identifies that iterated linear changes of variables are not sufficient to
resolve the singularity and reports that pre-resolution has failed
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Resolution

1) Rescale parameters to linearise singular surfaces

F(a;s) = —s1, (104 — Aya5) (0306 — M 07) — 513 (0 — Aya3) (A0 — yQ7)

Ay = gy, Oy = Ay, Ay —> KOs, Hg — Hgly

F(a;S) = a|az050 [—512(a4 — o) — ) — s13(ay — ag)(ag — a4)]

2) Split the integral by imposing o; 2 a; > o, 2 a,

gy = Qy+ o, + ay + A,
Ay = Ay + Oy + O,

ay — ay + o,

X = Ao

F(a;S) = a1az050

F (e 8) = o305 [—slz(az + o)y + ag) — S13(a2)(a6)]

+perms

—s12(t + ) + &) — s3(p) ()

:_S nl@)(ay+a; + ag) + 5 13(05())(056):
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All coefficients of

S12> S13 how have
definite sign



