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Automation of subtraction at NLO based on
~ Frixiowe—Kuwst-Sig ner (FRS) subtraction Frixione, Kunszt, Stgner

® cata wi—seg mour (CS) Dipole subtraction  Catant, Seywour, Bittwmater, et al.

® Nagy-Soper subtraction Bevilacqua, Czakon, Kubocz, Worek

The long way to automation of subtraction at NNLO ...

® Antenna subtraction Gehrmann-pe Ridder, gehrmann, Glover, Hetnriceh, et al.
® ColLoRFul subtraction Del ducea, duhr, Kardos, Somog 51, Trosoawgi, et al.
® STRIPPER Czakow et al.
® Nested soft-collinear subtraction Melnikov et al.
® Local analytic sector subtraction Magwea, Maina, Torrielll, U. et al.
® gqT-slicing catani, Grazzini, et al.
® N-jettiness slicing Boughezal, Petriello, et al.
~ Proj ection to Born Ccacciari, Salam, Zawnderight, et al.
® Sector decompostition Awnastasiow, Binoth, et al.
~ 8—‘Presariptiow Frixtone, Grazzinl
® Lnsubtraction Rodrigo et al.

® Geometric Herzog
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§ sector functions to disentangle
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Features of the
Local Ana Lgtic Sector Subtraction

& universal subtraction formula

§ sector functions to disentangle inspired by 7.

stngulartties and STRIPPER

¥Local counterterms defined by means of  tnspired by colorFul

nested stngular Limits and E-prescription

& Phase-space maddblngs to achieve a complete . ;
B Iz P Inspired by catani et al.

analytic integration of counterterms and Antenna Subtraction



State-of-the-art of the
Local Ana Lgt’w Sector Subtraction

¢ nitial and final state radiation tn the massless case at
with damping factors

¢ Partial treatment of the massive cases at
€ Funal state radiation L the massless case at NNLO

& Partial meLemewtatiow L MADNRLO

TEO-PE Lict

¢ Complete treatment of the massive cases at
¢ nitial state radiation in the massless case at NNLO
¢ Treatment of the massive cases at NNLO

& complete the meLemew’catiow L MADNRLO
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Toolag’s talk Ls about ...

$ Phase-space mappings to achieve a complete

analytic integration of counterterms

with the goals ...

& Complete treatment of the massive cases at

€ (nttial state radiation L the massless case at MNMNLO

Let’s start with ...
phase-space sy mmietries



& O SR

Three-pa rticle phase space
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Gehrmann-pe Ridder,
Gehrmann, Hewnrieh

® Sab <7 Seds Sac <7 Sbds Sad <7 Sbes



catant’s maPPLWQ
a,b,c ﬁwa ls
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catant’s maPPLWQ
a,b,c ﬁwa ls
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Apply phase-space sy mmLetrLes
to not-sy mmetrie phase spaces

or

“Reinvent the wheel”

® start with a symmeetric radiative phase-space

® ntroduce an explicit mapping of momenta

® Pick up a symmetry which simplifies phase-space integration

® Trawnslate the symmetry into transformation of integration variables
® Introduce an explicit mapping for the non-symmetric phase space

® Apply the va rtable transformation to the non-sy mmetrie phase space



catant’s mapplng
a,b,c funals - b,c massive

a
b [ dBea(t) == [de,((Bye) [aeln),
M Sn
iy SR — 1S Sae =haldi= s Spe = (1—2)(1—y)s

/d@EZECLMz ( ) / / (21 —2)(e—2-) (A=) (sy+md)| (1-y)

L (Q—m¢)?—m? e i v/ $2(1—y)2 —4m2(sy+m3)
s 2(8y+mb) s(1—y)
P s e e e S _[gibc)

® soft massive kernel is sy mmetric for R <> L (R,L = b,c)
2 2
i Skl m m
8Igl):f7;g<‘ ._2/@_ 2;)

® Phase-space not symmetric for permutations of Ra, Ry, R.

® But we can use variable transformations



catant’s mapplng
a,b,c funals - b,c massive

a
b [ dBea(t) == [de,((Bye) [aeln),
M Sn
oy SR =S Sae =haldi= s Spe = (1—2)(1—1y)s
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Soft massive counterterm

2
7i ikl i ikl Skl m
g = N [ a0, 60 = o [ a2 - Tk

SikSil S
BasLe mappuwg
® By hand computation Ln £ pages

® Cumbersome result
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Soft massive counterterm

2 2

7i ikl i ikl Skl m m
g = A [ a0, 60 = o [aol,, (2L - Tk L)

SikSil Sik Sil

“ReLnvented” ma‘P‘leg

By hawnd oompu’catiow LA 5 pages

o Compact result

e B Q? s S VA MMy
e = e el S |
MM = i 27 (,u ) {L iRl (s—2mEmy)? | | 24/\ ke e S g n8+2mkml




Double catanl’s mappiwg
a,b,c,d funals

gn 2 — abc:be abc bed
/ B () = / 0D, ({f}(@besbed)) / 4 20eibed)

Sn
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Fural-state radiation
L,J R, r finals

Sample integrand: Collinear 2-gluon kernel

3 (3g)
Z PZJk?g :Ci l—e(sjk_sik+zi—zj>2+§1—e
j Siik s \sijk  Sigk g 4 55
LR e g (1 =9 S0 =D,
i1 22 Zik(1—22y,) S it ZiZjk 222k oo (A
k 28358k | 2k Zij Zik Zij 22k
I e L) e el 5 3
fr‘ e 4223 RiZj ( Zkzj) —|—zk—|—]}—1—(5perm)
SijkSij | 2% 2k RiZk<ik 2 7
Shr Shr + Sir . T
Heane = Gt S — i i 715
kg 4 ' 2 Sir+3jr+3kr 5ir+5jr+5kr ’ 2
Integrands are rational functions of tnvariants
® Numerators: harmless for tntegration
® Denomilnators:
Invariants without r : R RS S el
Invariants with r : Sl Sy Sl e = Sl S TS By . Sipals SRS TS b



Fural-state vadiation
i,j R, r finals

Sample integrand: Collinear 2-gluon kernel

/) 2 Denominators:
~]7€ Invariants without 7 : Siiy  Siky  Sjky S5 ST S
r Invariants with r : Sy Sipy o Shy G R R

Sir+3jr7 Sir 1 Skr, 3jr+5kr



Fural-state vadiation
a,b,c,d funals

Gewneral case

® DPenomilnators:
Invariants without d : Sabs  Sacs  Sber . SabTSae oG

Invariants with d : Sads Sbds Seds  Sad+SbdT Seds

& O SR

Sad+Sbds Sadt+Scds  Sbd T Sed



Double catant’s mapping
a,b,c,d funals

Gewneral case

a ® Denominators:
2 Invariants without d : Sabs  Sacs  Sber . SabTSae oG
d Invariants with d : Sads Sbds Seds  Sad+SbdT Seds
SadT5Sbd; SadTScd;  Sbd T Scd
= yy's Sac = y(1—y')2's sbe = Y (1 —y

(1—1y) [y'(l =02 2201 2w . z)} S

= (1-yv) {y’z’(l — A A ke L — 2 — z)} S

RIS A= ) s



Double catanl’s mappim,g
a,b,c,d ﬁwats

| simple factors |

Gewneral case

O DenomLnators:

Invariants without d :

Invariants with d :

& O SR




Double catant’s mapping

a, b, C, d ﬁ A LS Simple factors
Gewneral case
a ® DPenominators:
g Invariants without d : Sabs  Sacs  Sbes  Sab+ Sact Sbe
d Invariants with d : Sad, Sbd>» Secds Sad+Spd+Scd,

| SadTSbd,} SadtSedy, Sbdt+Secd

— i See = y(1—19")2"s Spe = -y (1 —y FEEESS S

e (1 — ) [y’(l—z’)(l—z)+z’z—2(1—2w’)\/y’z’(1—z’)z(1—z)}8

Seaes (L) [3/2”(1 = ) (1= 22+ 2(1 = 2w/ o (I Z)} S

(1 -y ) (l—2)s




Double catanl’s ma'PPLW@
Simple factors
a/ b/O/d ﬁwa LS T v:/k ,,

| Sumeple hypergeomeetrie tntegrals |
| P Yperg 9 |

Gewneral case

® DPenomilnators:
Invariants without d : Sabs  Sac>  Sbes  SabtSac+ Spe

Invariants with d : Sads  Sbds Seds Sad+Sbd+Secd,

& O SR

Sad_l_scda de—l_scd

| /1dz e ([ 1 I(l—¢)'(n—¢)

= Fill,l—€,[+n—2€, —
Y + 2 —y'z v D(I+n—2¢) 2 1(7 €, L+ N —2€,




Double catanl’s mappiwg
a,b,c,d ﬁwaLs

Simple factors
Simple hypergeometric integrals
Gewneral case
® Denomilnators:

Invariants without d : Sabs  Sac>  Sbes  SabtSac+ Spe

& O SR

Invariants with d : V Scd,  Sadt+SpdtSed,

Sad+Sbds  Sadt+Seds  Sbd T Sed

Sab = YY 8 Sac = Y(1—y)2's sbe = YL —y RIS
 Sad = (1—y)[y’(1—z’)(l—z)+z’z—2(1—2w’)\/y’z’(1— ’

st = (1= ) [y/#(1 = 2) + (1= )z + 2(1 — 20/ (1 -

PR IL — ) (L — 2) 5




Double catanl’s mappiwg
a,b,cd -ﬁwaLs

general case N

Simple factors

Simple hypergeometric integrals

® DPenomilnators:
Invariants without d : Sabs  Sacs  Sbes  Sab+ Sact Sbe

Invariants with d :

& O SR

| Scd;  Sad+Sbd+Scd;

SadTSbd, | Sad T Scd; RECiibig

Sab = YY 8 Sac = Y(1—y')2's sbe = YL —y RIS

T e — —— e = e ——— _

' Seq = (1—1y) [y'(l — 21 —-2)+2'2—2(1 - 2w’)’z’(1 —
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z + 2
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C

Inspired by Gehrmann-be Ridder Phb thesis




Pouble catantl’s ma]:piwg
a,b,cd -ﬁwa LS

Simple factors

Simple hypergeometric tntegrals

C(CWEYQL case Not-obvious hypergeometric integrals
a ® DPenominators:
2 Invariants without d : Sabs  Sacs  Sbes  Sab+ Sact Sbe
d Invariants with d : Sads  Sbds  Seds  Sad+ Sbd+ Scd,
Sab = YY' S Sac = Y(1—y')2's sbe = YL —y RIS

e L) [y’(l — R R Ol = el — z)} S

Sl (1—y)[y’z’(l—z)—|—(1—z’)z—|—2(1—2w’)\/y’z’(1—z’)z(1—z)}s
L (L) (1—2)s




Pouble catantl’s mappiwg
a,b,cd -ﬁwa LS

Simple factors

Simple hypergeometric tntegrals
cheral’ case Not-obvious hypergeometric integrals
a ® Denomilnators: -
2 Invariants without d : Sabs  Sacs  Sbes  Sab+ Sact Sbe
d Invariants with d : Sads  Sbds  Seds  Sad+ Sbd+ Scd,

Sab = YY 8 Sac = Y(1—y)2's sbe = YL —y RIS




Pouble catant’s mappiwg

a,b,c,d funals

Gewneral case

a O DenomLlnators:

b Invariants without d :

C

d Invariants with d :
SR s See = y(1—19")2"s

Simple factors

Simple hypergeometric tntegrals

Not-obvious hypergeometric integrals
Sab; Sac; Sbhe; SabT SacT She

Sady  Sbdy Scdy Sad+Sbd T Scd,

Sad 1 Sbd,

see = Y (1 —y HIEESSE

S (L — ) [y’(l — R R Ol = el — z)} S

(1 -y ) (l—2)s

— R {y’z’(l — A A ke L — 2 — z)} S

Don't solve hard integrals, when Yow have sy mnetries



Pouble catant’s mappiwg
a,b,c,d funals

Gewneral case

a ® DPenomilnators:

b Invariants without d : Sabs  Sacs  Sbe,  Sab TSao T
C

d Invariants with d : Sad, Sbd>» Secds Sad+Spd+Scd,

Sad+Sbds Sadt+Scds  Sbd T Secd

Sab <7 Scd,s Sac <7 Sbd, Sad <7 Sbe

Sab = (1—y)(1-9y)(1—2)s
— (1—y)[y’z’(1—z)—l—(l—z’)z—l—Q(l—2w’)\/y’z’(1—z’)z(l—z)}s

Spe = (1 —19) [y’(l — A= A RN L — e — z)] S

Sad = Y(L—9y)(1-2)s std = Y(1—y)2's Sed = YUY 'S



Double catanl’s mappiwg
a,b,c,d funals

Simple factors

Gewneral case

O DenomLnators:

Invariants without d :

& O SR

Invariants with d :

Sab <7 Scd, Sac <7 Sbd, Sad <7 Sbe

+ (1 2z + 2(1 — 2w [y . z)} S

Spe = (1 —19) [y’(l — A= A RN L — e — z)] S

—— — i p— e

 sqq = y(1—y)(1—2)s spg = y(1—9y')2's

Sed — yy/S
- e ——— — . e e ——— — — __-T

| Sab + Sac +Sbe = (1 —y)s Sad T Sbd T Sed = Y S Sad + sba = y(1—y')s|




Double catant’s mapping
a,b,c,d funals

Simple factors

Gewneral case

a ® Denominators:

b Invariants without d : Sab,  Sacs  Sbes  Sab+ Sact Sbe
C

d Invariants with d : Sads  Sbd>»  Seds  Sad+Sbd+Secd,

Sad T Sbd, |

Sab <7 Scd, Sac <7 Sbd, Sad <7 Sbe

Ly (L 2)s
S [y’z’(l = 2Dz 20 2w . z)} S

»
Q
O

|

Spas — (1—y)[y’(l—z’)(l—z)+z’z—2(1—2w’)\/y’z’(1—z’)z(1—z)}s
e il ) (L 2)s

i; Sed +8ca = Yy (1 —2"+4y'2")s




Double catanl’s mappim,g
a,b,c,d ﬁwaLs

Simple factors

i’” =
[

| Stmple hypergeometric tntegrals

‘? ‘

Gewneral case

a ® Denominators:

b Invariants without d : Sabs  Sac,»  Sbe,  SabtSac+ She

C

d Invariants with d : Sads  Sbds  Sed>»  Sad+Sbd+Secds
Sad+Sbd, |

Sab <7 Scd, Sac <7 Sbd, Sad <7 Sbe

| 1 (z’)l_l_‘f(l—z:’)”_l_6 ['(l—e)['(n—e)
d = (1, l—e. l4+n—2e,1—7/
/0 . 1— 2 +y'2 ['(l4+n—2¢) 2F1 (1, 1—¢ l4n=2¢, 1-y)
1 INl—1—e€ \Nn—1—e
z 1—2z 1 T'(l—€e)'(n—e¢
/d’z( ) / (/_ /) / — ;l ) E )2F1 (1,l—€,l—|—n—2€,—
0 y + 2 —y'z y  T(l+n—2e)

— — e = _ ———

Svd + Sed = Y




DDM.bL@ cata V\/L,S Vm,a'P'P'LW@
0,4 finals A =ie

Simple hypergeometric tntegrals
Gewneral case

a ® Denominators:

b Invariants without d : Sabs | L Subt+Sact Sbe
C

d Invariants with d : Sads  Sbds  Sed>»  Sad+Sbd+Secds

SadtSbdy SadTScdy  Sbd T Secd
Sab <7 Scds Sac 7 Sbd, Sad <7 Sbe

Sap = (1—y)(1—gy)(1—2)s

———

i< Sac = (1 —1y) [y'z’(l —2)+(1—-2")2z+2(1 - "(1

1 — 2w )\/y'2' (1 —

Spe = (1—y){y’(1—z’)(1—z)+z’z—2

——— — ——

g vy ) (1—2)s sbd = Yy(l—y')2's Sed = YY S



Double catanl’s mappiwg
a,b,cd -ﬁwaLs

Simple factors

Simple hypergeometric integrals

Geweral case

a ® Denominators:
b Invariants without d : Sab, | R S +Sqc+ She
d Invariants with d : Sads  Sbds  Sed>»  Sad+Sbd+Secds

Sad TSbdy | Sad T Sed;, SbdtSed

Sab <7 Scd, Sac <7 Sbd, Sad <7 Sbe

e L) (1 ) s L e
= 1=y |y2(1-2) + (1 - )z +2(1 - 2u) WoEe

|

| Sac

| spe = (1— 1) [y’(l 21— 2) + 22— 2(1 — 2wy 2 (1

s ==

/dU/dw v (o) 1w 159 T(9l(n—e) . )
Cv+D(1—v)£2(1-2w')/CDv(1—-v)  CT'(1-2) I'(n—2e) C




Double catant’s mapping
a,b,c,d funals

general case Not-obvious hypergeometric integrals

Simple factors

Simple hypergeometric tntegrals

O DPenomlnators:

Invariants without d : Sabs | Sacs  Sbes  SabtSac+ Spe

& O SR

Invariants with d : Sads  Sbds  Sed>»  Sad+Sbd+Secds

Sad 1T Sbds  Sad 1+ Seds  Sbd+ Sed

Sab <7 Scd, Sac <7 Sbd, Sad <7 Sbe

Ly (L 2)s
) [y’z’(l = 2Dz 20 2w . z)} S

»
Q
O

|

Spe = (1 —19) [y’(l — A= A RN L — e — z)] S

(g ) (1-2))s Spa = Yl —y)z's Seqr =SuluaE



Pouble catant’s mappiwg
a,b,c,d ﬁwa [

general case Not-obvious hypergeometric integrals

BASLC Mapping

Simple factors

Simple hypergeometric tntegrals

& O SR

Invariants without d : Sabs  Sacs  Sbes  Sab+ Sact Sbe

Invariants with d : Sads  Sbds  Seds  Sad+ Sbd+Scd,

Sab <7 Scds Sac <7 Sbds Sad <7 Sbe

Invariants without d : Sabs | Sacs  Sbes  Sab+ Sact Sbe
Invariants with d : Sads  Sbds  Seds  Sad+Sbd+Secd,

Sad+Sbds Sad 1T Scds  Sbd T Sed



InttLal-state radiation
LJ finals - R,r tnitials

Sample integrand: Collinear 2-gluon kernel

k

r

X

(

J

}D(Bg)

17,k

S

2
ij.k

(38)
Pz’jkg

2
Sijk

kk—>—l€k
kr——k,



InttLal-state radiation
LJ finals - R,r tnitials

Sample integrand: Collinear 2-gluon kernel

: (3g) (3g)
k 2 i R Y
2 = 2
S5k Siik z’;:_’gf
r J

integrands are rational functions of tnvariants
® Numerators: harmless for tntegration

® Denominators:
Invariants without r : ST 5 Lot S LIl S e S

Invariants with r : S S T e i el e G S 22

Skr —Sir,

Sk:'r""Sj?“



InttLal-state radiation
LJ finals - R,r tnitials

Sawmple integrand: Collinear 3-gluown kernel

% i ©® Denominators:
Invariants without r : Sijs  Siky  Sjks Sk S EESOUE
r ] Invariants with r : Siry  Sjr,  Skry  Skr—Sir—Sjr,



InttLal-state radiation
a,b finals - c,d tnitials

Gewneral case

C a © Penominators:
d b Invariants with d : Sads  Sbds  Secdy Secd—Sad - Sir

Sad+Sbds  Sed—Sads  Sed — Sbd



InttLal-state radiation
a,b finals - c,d tnitials

Gewneral case

C a © Penominators:
Invariants without d : Sabs  Sacs  Shes . Sac - Sbe oD
d b Invariants with d : Sads,  Sbd»  Secdy Secd—Sad - Sir

Sad+Sbds Sed—Sads  Sed — Sbd

® The phase-space Ls not symmetric for Sap <> Sed, Sac <> Sbd, Sbe < Sad

® But we can use vartable transformations



Double catantl’s mappiwg

SO back to a,b,c,o finals
o Sob = YUY S o = NI Spe = Y (1 — gy e
b G y{y’l—z WL = 2zl = 2= e )z(l—z)}s
& S — y[’z’(l—z (1— 2"z 2(1 = 2w el )z(l—z)]s
d - < ) (1-y)(1-2)s g — stabeden

__l
Eas

/dcb%fcd) — Gt / dy / dz / dw’ / dy’ / dz’ E
0

x [y(l Y2 (1-2)yP (1-)*2(1-2)] (1-y)y(1-y)



Double catantl’s mappiwg

SO back to a,b,c,o finals
o SR o = NI Spe = Y (1 — gy e
b G [y’ (1— 21 —2) + 22— 2(1 2w/ e ——zﬁ} S
& S — (" —y [ 21— 2) + (1 — 2z F 201 — 2w/ o s ——20] S
d - < ) (1-y)(1-2)s e

__l
Eas

/dcbii’jffcd) — Gt / dy / dz / dw’ / dy’ / dz’ E
0

x [y(l ¥ (1= 2 (1-y)22(1-2)] (1-y)y(1-y)

Sab <7 Scd, Sac <7 Sbd, Sad <7 Sbe

e L

, g L) (L)
transformation
L (1-9)2 & v (1-2)+(1-2)z+2(1-2w')\/y'z'(1—2")z(1—2)

/ d@gzgcszd) is invariant — / @EZQCQde) = / d ig\c&,Z

vartable

7\




Double catant’s mapping
a,b ﬁwaLs - ¢, d unttlals

/d(I)n+2 {k’} Sn+4-2 //dq) xkc,kd,{k}(abeCd)) d(I)r,(»ZIZ{CQb ,cd)
Sab,c
— Sab,cd = Sab—Sac—SbcTScd —Sad — Sbd

(=25 seo=(1-y)(1-—y)(1-2)s 5o~ (ISCHESSISEE
S {y’(l S (2w z)}s
Sht [y’z’(l — 2l (= 2 el = il = ) — z)}s

Sed — S

1—2¢
(ab,c;b,ed) inv Scd — Sad — Sbd Scd — Sad — Sbd
/ d(I)ra,d 2 =k d(I)rad,2 :

Sab,cd




Double catant’s mapping
a,b finals - c,d tnitials

¢ Sn 1. . ab,c;b,c
[ st = 222 [ fao, orefras ) antigh

Sn

Sabicd — Cobo e Sbc T Scd — Sad — Sbd

(L2 sa=(1-y)(1-9)(1-2)s  sec = (ISUHESSTEEE
S {y’(l S (2w z)}s

Sht [y’z’(l — 2l (= 2 el = il = ) — z)}s

Sed — S

Il =iz
(ab,c;b,ed) inv Scd — Sad — Sbd Scd — Sad — Sbd
/ d(I)ra,d,Z x d(I)rad,2
Sab,cd S




Pouble catant’s mappiwg
a,b ﬁwaLs - ¢, d unttials

/ d0,o({k}) = 22 / / A, (2 ke, s {RHEDEOCDN GRS

i Sab,cd — Sab— Sac — SbcTScd — Sad — Sbd

)z s = (1-y)(1-y)(1-2)s  sp. = (IS
ST {y’(l S (2w z)}s
Spg = [y’z’(l — 2l (= 2 el = il = ) — z)}s

wm .\ 1—2¢ ;
(ab,c;b,ed) inv Scd — Sad — Sbd Scd — Sad — Sbd
/dq)ra,d 2 T d(I)rad,2 .

Sab,cd




Double catant’s mapping
a,b ﬁwaLs - ¢, d unttlals

/d(I)n+2 {k’} Sn+4-2 //dq) ZEkc,kd,{k}(abeCd)) d(I)r,(»ZIZ{CQb ,cd)
Sab,c
— Sab,cd = Sab—Sac—SbcTScd —Sad — Sbd

(=25 seo=(1-y)(1-—y)(1-2)s 5o~ (ISCHESSISEE
S {y’(l S (2w z)}s
Sht [y’z’(l — 2l (= 2 el = il = ) — z)}s

Sed — S

1—2¢
(ab,c;b,ed) inv Scd — Sad — Sbd Scd — Sad — Sbd
/ d(I)ra,d 2 =k d(I)rad,2 :

Sab,cd

variable { y o (1-¢)(1-2)

transformation (1-y")2 < y2'(1—2)+ (1-2")z +2(1-2w")\/y' 2/ (1—2")2(1—2)

and get ...



Pouble catantl’s mappiwg
a,b finals - c,d tnitials

a
: : i h “Retnvented” mapping

sab = (1—y)(1-y)zs
G — (1—y)[y’(l—z’)(l—z)+z’z—2(1—2w’)\/y’z’(1—z’)z(l—z)}s

Seer =" (1 — 1) [y’z’(l 2z 20wy . z)} S
)

S — (1l—y)(1—2")s Sl R P St



Pouble catanl’s mappiwg
a,b finals - c,d tnitials

a

h “ReLnventeo” mappiwg

sab = (1—y)(1-y)zs
— (1—y){y’(1—z’)(l—z)+z’z—2(1—2w')\/y’z’(1—z’)z(l—z)}3

Seer =" (1 — 1) [y’z’(l 2z 20wy . z)} S
Y

S — (1l—y)(1—2")s Sl R P St

= -,

| very similar to the final-state one

s ) ) (1 2)s
(1—1y) [y’z’(l L Al RO AR T — (1 — z)} S

) [y’(l A G ey — L — z)} S

/

) (1—2)s

-k I =




Double catant’s mapping

a, b ‘ﬁ:wa LS i 0, d LWLtLa LS SLVWPLC factors

Simple hypergeometric integrals

a
Not-obvious hypergeometric integrals
b “Retnvented” mapping
sab = (1—y)(L—9y')zs
el — vy {y’ (== 2y 2z =201 2w )y e i z)} S
Sher = (L —y {y’z’ Q=2 — 20z~ 2(1 = 2wl . z)} S
S — (1l—y)(1—2")s Sl R P Sed. =05

D Denominators:

Invariants without d : Sabs | Sacs  Sbes  Sac+Sbe—Sab

Invariants with d : Sad>s  Sbds  Seds  Sed—Sad— Sbd,

SadTSbdy; Sed—Sads  Sed — Sbd



Double catant’s mapping
a,b ﬁwaLs - ¢, d unttlals

/d(I)n+2 {k’} Sn+4-2 //dq) e Il{?d,{k}(abeCd)) dq)q(nzlzizb ,cd)

b “Retnventeol” mappbwg

Sab,cd — Sab—Sac— Sbe T Scd — Sad — Sbd

sion— 1 —y) (1 —y')zs
— (1—y) y’(l—z)(l—z)+z’z—2(1—2w')\/y’z’(1—z’)z(l—z)}3

Seer =" (1 — 1) [y’z’(l 2z 20wy . z)} S
Y

S — (1l—y)(1—2")s Sl R P St

1—2e¢
(ab,c;b,ed) inv Scd — Sad — Sbd Scd — Sad — Sbd
/ d(I)ra,d 2 =k dq)rad,2
Sab,cd S



Pouble catantl’s mappiwg
a,b ﬁwaLs - ¢, d unttials

/d(I)n_|_2 {k’} Sn+4-2 //dq) e Il{jd,{kj}(abeCd)) d(I)r,(»ZIZ{CQb ,cd)

“ReLnventeo” mappbwg

b
S — T/ (1 y) Sab,ed = Sab—Sac—Sbc T Scd —Sad — Sbd
o — y[y’l—z S D Ay ] )z(l—z)}s
e = Ay [ 21— 2) + 1—z’)z—|—2(1—2w’)\/y’z’(1—z’)z(1—z)}S
(1 )(1—2)s Sl R P St
( ) S S e S S
ab,c;b,cd ‘ cd ™ 2ad ™ 2bd cd ™ 2ad ™ °2bd
/dq)ra,d 2 = /dq)’lrravdﬁ ( >
Sab,cd S
- Simple expression for | | , _
P P | | variable s
~ Sab,ecd / : |
T= = = yy transformation y =1—(1—2)2




Initial-state radiation k i
Sample integral: COLLLWear 3—@Luow leerweL

(32) :
1 el e v | e s e ()

ij,k (:L permu’ca’cww)

m— — — = e

| 31 111 67 11 1 101 77 1 607 469 341 19 |
| I(3g) _ 2 2 2 1 _ 2 o2l 19
7 c 81 216" 3%~ Taa0” F+0() |

l} n é{lz lwk_ [&LF; +1nx] - 1—[% —4In(1-2) —2ln$] — z(1-2) [1719 —61In(1— x)+1an

ll=g5 7
n 1 { Y {xln (1— x)} n [xln(l—:c)] [44 —|—4lnx] B l 7 ] {g it 2% 4 Ing — In? x}
l € l—z o l—z 413 l-z]| . |9 3
= 167 7 50 25 =
+T$[_E+6W2+_ln(1 w)+§lnac—81n (1—z) + 3In°z — 8lnzIn(1— x)+1OL12($x )1
_;c(l—x)l%—% >~ 19In(1— x)+—51n:c—|—121n (1—:1:)—41nxln(1—x)+2Lig<m_1>] —é+3(3—|—x)lnx}
x
304 201 _ _
+ 32 l:c In°(1 33)1 B lxln (1 :c)} {88 +8n ] i {xln(l x)} {268 B gw2+4lnx—4ln x}
Il —a3 n Il=g7 43 =45 L9 3
— | -=+ = —12-= 1 =1 —1 = 1 L —L 1
+L_x}+[ 27+18 + 67 (3 ( 6W)nx+3nx+3 nx—l—(3+9nx) 12(:15) 13(x)+ 0812<$>}
11—z 1117 175 <2 334 14 o 167 7 o 100 25 100
_ o< 2% 22 m(1— 2 L\ e — —— ?(1—2) + 2 %z — —— Inzln(1—
+x[ 54 1 36" C3(9 3”)n( x)+(9 3”)33 g n'(1-2) + 3 5 meln(l-z)

+ 32 In’(1—z) + % I’z 4+ 16 Inz o’ (1—xz) — 121’z In(1—x)

3
a:—l) + 34 S12 (x—l) ]
x 7

125

+ (T —40In(1—z) 4+ 20 lna:) ng( 1) + 40 Li3<
x
9 24" 3 3

| +16In%(1—2) + In’z — 8Inzn’(1-z) - (12_5 —8In(1-=) —1no:>L12 (x_1> — 9Lis (x_l (x_l)l
T a

11 2 59 27

- —=4= ln(l—x)+(——|— )lnx—lQ(B—l—x)lnxln(l x)—l—;(S—l—x)ln x+12(3—|—x)L12(x !

18 3 3 2




State-of-the-art of the
Local Ana Lgt’w Sector Subtraction

¢ nitial and final state radiation tn the massless case at
with damping factors

¢ Partial treatment of the massive cases at
€ Funal state radiation L the massless case at NNLO

& Partial meLemewtatiow L MADNRLO

TEO-PE Lict

¢ Complete treatment of the massive cases at
¢ nitial state radiation in the massless case at NNLO
¢ Treatment of the massive cases at NNLO

& complete the meLemew’catiow L MADNRLO



State-of-the-art of the
Local Ana Lat’w Sector Subtraction

¢ nitial and final state radiation tn the massless case at
with damping factors

¢ Partial treatment of the massive cases at
& Funal state radiation L the massless case at NNLO

€ Partial meLemew‘catiow L MADNRLO

TEO-PE Lict

¢ Complete treatment of the massive cases at

ALMOST DONE

€ nitial state radiation tn the wmassless case at MNMNLO
TO DO: Key and checlkes |

§ Treatwment of the massive cases at NNLO | THINKABLE

& complete the meLemew’catiow L MADNRLO



Thanks for your attention



Back-up slides



Double catant’s mapping
a,b,c, 0l -ﬁ,waLs

Sab =YY =y(1-y)z's  spe=y(l—-y)(1-2")s
Saqd = (1—y) [y’(l—z J(1—2) + 2"z — 2(1—2w’)\/y’z’(l—z’)z(l—z)} s

Spa = (1—y) [y Z'(1—2) + (1 N o e 1—2’)7;(1—2)} S

Sed = (1—y)( (

/d@§2202b6d> = Gle / dy / dz / dw’ / dyf / dz' |w'( B

< |y (1=y/)%2 (1= )y (1—y)%2(1- z)] (1-y)y(1-y)

& O SR

e permutations of k., ky, k., k4

kaHk’b

e

behedin s :
/ dCIDEZdCQ <d) 1S 1nvariant



OS

Pouble catantl’s mappiwg

& O SR

a, b c dﬁwaLs

Sab =YY =y(1-y')2's  see=y(l-y)}1-2)s

Saqd = (1—y) [y’(l—z J(1—2) + 2"z — 2(1—210’)\/y’z’(l—z’)z(l—z)} s

Spa = (1—y) [y Z'(1—2) + (1 N o e 1—2’)7;(1—2)} S

Sed = (1—y)( (

/@gggc;w = Gle / dy / dz / dw’ / dyf / dz' |w'( B

< |y (1=y/)%2 (1= )y (1—y)%2(1- z)] (1-y)y(1-y)

e permutations of k., ky, k., k4

(

ey )Y

kakc

C(1-y)(1=-2) & yZ(1-2)+(1-2")z+2(1-2w")\ /Y2 (1-2")z(1—2)

/

dq)(abc bed)

il 1S 1nvariant






