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 Frixione-Kunst-Signer (FKS) subtraction 

 Catani-Seymour (CS) Dipole subtraction 

 Nagy-Soper subtraction
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Automation of subtraction at NLO based on

 Antenna subtraction 

 CoLoRFul subtraction 

 STRIPPER 

 Nested soft-collinear subtraction 

 Local analytic sector subtraction 

 qT-slicing 

 N-jettiness slicing 

 Projection to Born 

 Sector decomposition 

 ℇ-prescription 

 Unsubtraction 

 Geometric

Gehrmann-De Ridder, Gehrmann, Glover, Heinrich, et al. 

Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al. 

Czakon et al. 

Melnikov et al. 

Magnea, Maina, Torrielli, U. et al. 

Catani, Grazzini, et al. 

Boughezal, Petriello, et al. 

Cacciari, Salam, Zanderighi, et al. 

Anastasiou, Binoth, et al. 

Frixione, Grazzini 
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The long way to automation of subtraction at NNLO …
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State-of-the-art of the  
Local Analytic Sector Subtraction

 Complete treatment of the massive cases at NLO 

 Initial state radiation in the massless case at NNLO 

 Treatment of the massive cases at NNLO 

 Complete the implementation in MADNkLO

TO-DO list

 Initial and final state radiation in the massless case at NLO 
with damping factors 

 Partial treatment of the massive cases at NLO 

 Final state radiation in the massless case at NNLO 

 Partial implementation in MADNkLO
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Let’s start with …  
phase-space symmetries
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Catani’s mapping 
a,b,c finals
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a,b,c finals
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 Start with a symmetric radiative phase-space 

 Introduce an explicit mapping of momenta 
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Catani’s mapping 
a,b,c finals - b,c massive

a

bM
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 Soft massive kernel is symmetric for k ↔ l  (k,l = b,c) 

 Phase-space not symmetric for permutations of ka , kb , kc  

 But we can use variable transformations
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Catani’s mapping 
a,b,c finals - b,c massive
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Soft massive counterterm
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Soft massive counterterm
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Sample integrand:   Collinear 3-gluon kernel

Final-state radiation 
i,j,k,r finals
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 Numerators: harmless for integration 

 Denominators:

Integrands are rational functions of invariants
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Sample integrand:   Collinear 3-gluon kernel
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General case
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<latexit sha1_base64="GNQ0VWHcO4PHQTzu9sM7+rHZgH4="></latexit>

sab = (1� y) (1� y0) (1� z) s

sac = (1� y)
h
y0z0(1� z) + (1� z0)z + 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

sbc = (1� y)
h
y0(1� z0)(1� z) + z0z � 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

sad = y (1� y0) (1� z0) s sbd = y (1� y0) z0 s scd = y y0 s

<latexit sha1_base64="qC54X9HjtrnTr0YUtQNoykVZoDU="></latexit>sab $ scd, sac $ sbd, sad $ sbc



General case

Double Catani’s mapping 
a,b,c,d finals

a

b
c

d

Simple factors

Simple hypergeometric integrals

<latexit sha1_base64="XSwzZSeKn7Jx5Ew+VFH7IIsapYQ="></latexit>

Invariants without d : sab, sac, sbc, sab+sac+sbc

Invariants with d : sad, sbd, scd, sad+sbd+scd,

sad+sbd, sad+scd, sbd+scd

Not-obvious hypergeometric integrals

hypergeometric integrals ?

<latexit sha1_base64="qC54X9HjtrnTr0YUtQNoykVZoDU="></latexit>sab $ scd, sac $ sbd, sad $ sbc

<latexit sha1_base64="XSwzZSeKn7Jx5Ew+VFH7IIsapYQ="></latexit>

Invariants without d : sab, sac, sbc, sab+sac+sbc

Invariants with d : sad, sbd, scd, sad+sbd+scd,

sad+sbd, sad+scd, sbd+scd

Basic mapping

 Denominators:



Sample integrand:   Collinear 3-gluon kernel

Initial-state radiation 
i,j finals - k,r initials

<latexit sha1_base64="cPHVjVZ4neLXa5VOhMqzQJGFPJU="></latexit>

P (3g)
ij,k

s2ij,k
=

P (3g)
ijk

s2ijk

����kk!�kk
kr!�kr

i

j

k

r



Sample integrand:   Collinear 3-gluon kernel

Initial-state radiation 
i,j finals - k,r initials

 Numerators: harmless for integration 

 Denominators:

Integrands are rational functions of invariants

<latexit sha1_base64="bk6uHoI6pXnlQt4vyhq/d4YVxGQ="></latexit>

Invariants without r : sij , sik, sjk, sik+sjk�sij

Invariants with r : sir, sjr, skr, skr�sir�sjr, sir+sjr, skr�sir, skr+sjr

<latexit sha1_base64="cPHVjVZ4neLXa5VOhMqzQJGFPJU="></latexit>
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Sample integrand:   Collinear 3-gluon kernel

Initial-state radiation 
i,j finals - k,r initials

i

j

k

r

 Denominators:
<latexit sha1_base64="j0B9HAUx7A97XLw2lMK1YNtsAFk="></latexit>

Invariants without r : sij , sik, sjk, sik+sjk�sij

Invariants with r : sir, sjr, skr, skr�sir�sjr,

sir+sjr, skr�sir, skr�sjr



Initial-state radiation 
a,b finals - c,d initials

 Denominators:

General case

<latexit sha1_base64="RzVbLpxXfso5wThtu5l1pD5jKGw="></latexit>

Invariants without d : sab, sac, sbc, sac+sbc�sab

Invariants with d : sad, sbd, scd, scd�sad�sbd,

sad+sbd, scd�sad, scd�sbd

a

b

c

d



Initial-state radiation 
a,b finals - c,d initials

 The phase-space is not symmetric for  sab ↔ scd ,  sac ↔ sbd ,  sbc ↔ sad  

 But we can use variable transformations

 Denominators:

General case

<latexit sha1_base64="RzVbLpxXfso5wThtu5l1pD5jKGw="></latexit>

Invariants without d : sab, sac, sbc, sac+sbc�sab

Invariants with d : sad, sbd, scd, scd�sad�sbd,

sad+sbd, scd�sad, scd�sbd

a

b

c

d



a

b
c

d

Double Catani’s mapping 
a,b,c,d finals

<latexit sha1_base64="3Y7M0Y4/ENJnHIaHRNcwy1ODPT8="></latexit>

sab = y y0 s sac = y (1� y0) z0 s sbc = y (1� y0) (1� z0) s

sad = (1� y)
h
y0(1� z0)(1� z) + z0z � 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

sbd = (1� y)
h
y0z0(1� z) + (1� z0)z + 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

scd = (1� y) (1� y0) (1� z) s
<latexit sha1_base64="DI9RPGA92Ij1aRmk+aZ2lwF57c8="></latexit>

s = s̄(abc,bcd)cd
<latexit sha1_base64="adqGvGzuNDuVvx3dV76Q3BPH8PE="></latexit>Z
d�(abc,bcd)

rad,2 = G2(✏) s
2�2✏

Z 1

0
dy

Z 1

0
dz

Z 1

0
dw0

Z 1

0
dy0

Z 1

0
dz0

h
w0(1�w0)

i�✏� 1
2

⇥
h
y0(1�y0)2z0(1�z0)y2(1�y)2z(1�z)

i�✏
(1�y0)y(1�y)

Go back to



a

b
c

d

Double Catani’s mapping 
a,b,c,d finals

<latexit sha1_base64="3Y7M0Y4/ENJnHIaHRNcwy1ODPT8="></latexit>

sab = y y0 s sac = y (1� y0) z0 s sbc = y (1� y0) (1� z0) s

sad = (1� y)
h
y0(1� z0)(1� z) + z0z � 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

sbd = (1� y)
h
y0z0(1� z) + (1� z0)z + 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

scd = (1� y) (1� y0) (1� z) s
<latexit sha1_base64="DI9RPGA92Ij1aRmk+aZ2lwF57c8="></latexit>

s = s̄(abc,bcd)cd
<latexit sha1_base64="adqGvGzuNDuVvx3dV76Q3BPH8PE="></latexit>Z
d�(abc,bcd)

rad,2 = G2(✏) s
2�2✏

Z 1

0
dy

Z 1

0
dz

Z 1

0
dw0

Z 1

0
dy0

Z 1

0
dz0

h
w0(1�w0)

i�✏� 1
2

⇥
h
y0(1�y0)2z0(1�z0)y2(1�y)2z(1�z)

i�✏
(1�y0)y(1�y)

<latexit sha1_base64="qC54X9HjtrnTr0YUtQNoykVZoDU="></latexit>sab $ scd, sac $ sbd, sad $ sbc

<latexit sha1_base64="qN9+dtiBirJjomw2c68PrGgvV4I="></latexit>Z
d�(abc,bcd)

rad,2 is invariant =)
Z

d�(abc,bcd)
rad,2 ⌘

Z
d�inv

rad,2

Derive  Variable 
transformation

Go back to

<latexit sha1_base64="wnoVosP1oDhFNhAGvkawTa+tcOo="></latexit>8
>><

>>:

y $ 1� y

y0 $ (1� y0)(1� z)

(1�y0)z0 $ y0z0(1�z) + (1�z0)z + 2(1�2w0)
p

y0z0(1�z0)z(1�z)



Double Catani’s mapping 
a,b finals - c,d initials 

a

b

c

d

<latexit sha1_base64="p/En3k1f9xy7Jgi3p68K+FVBLs0="></latexit>Z
d�n+2({k}) =
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Z Z
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rad,2

<latexit sha1_base64="3e9X2vGyMZKGnemZS5+8cXC0HdA="> rjIt7N2MAT3XJ3Xd2ZQkvZLl5z9ovYdbAfj3GjlD2/Rs/L4+aAXGUZVe4Gr/n5j5CTSXZ4cpRXNHGkwbbd0LmkyCVV3GSi9u7MmQoouVaJvxWX3MAdrXFHN3CXa9zlDdxELlxO/QERE0PnrpTwx1D7eXEKNUtOfv4vOx0D2snyMdnVuGXaqRgt83FoRlrvj5jcu+Fxt9O+rW8MoJTnAfkLiTxsGeZYqlWJ9Av7R8fcPMjMh00ZzujymAD0Vl/0jwwKzlpiaoRZwMljV/W/5shs79dK21Tya2VLKeFd3NbfvM3BWWvffrT/6KfW9pOD/K38Vu3r2t3abs2ufVt7Uvux9rL2quZt/LP51ebdze36r/Xf63/U/8zQzY3c5sta4VP/619s1FZH</latexit>

sab = (1�y)(1�y0)z s sac = (1�y)(1�y0)(1�z0)s sbc = (1�y)(1�y0)z0s

sad =
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<latexit sha1_base64="sb3ng6qTT6TXas8tNP745gFnRqo="></latexit>Z

d�(ab,c;b,cd)
rad,2 =

Z
d�inv

rad,2

✓
scd�sad�sbd

sab,cd

◆1�2✏ scd�sad�sbd
s

<latexit sha1_base64="0/TtZKWnhLqiORPbAEptf5rj2Ws="></latexit>

sab,cd = sab�sac�sbc+scd�sad�sbd
<latexit sha1_base64="NTee4zbg+4k6N0SwbGsfnA9dnUU="></latexit>

x =
sab,cd
s



Double Catani’s mapping 
a,b finals - c,d initials 

a

b

c

d
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<latexit sha1_base64="3e9X2vGyMZKGnemZS5+8cXC0HdA="> rjIt7N2MAT3XJ3Xd2ZQkvZLl5z9ovYdbAfj3GjlD2/Rs/L4+aAXGUZVe4Gr/n5j5CTSXZ4cpRXNHGkwbbd0LmkyCVV3GSi9u7MmQoouVaJvxWX3MAdrXFHN3CXa9zlDdxELlxO/QERE0PnrpTwx1D7eXEKNUtOfv4vOx0D2snyMdnVuGXaqRgt83FoRlrvj5jcu+Fxt9O+rW8MoJTnAfkLiTxsGeZYqlWJ9Av7R8fcPMjMh00ZzujymAD0Vl/0jwwKzlpiaoRZwMljV/W/5shs79dK21Tya2VLKeFd3NbfvM3BWWvffrT/6KfW9pOD/K38Vu3r2t3abs2ufVt7Uvux9rL2quZt/LP51ebdze36r/Xf63/U/8zQzY3c5sta4VP/619s1FZH</latexit>

sab = (1�y)(1�y0)z s sac = (1�y)(1�y0)(1�z0)s sbc = (1�y)(1�y0)z0s

sad =
h
y0(1� z0)(1� z) + z0z � 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
s

sbd =
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<latexit sha1_base64="sb3ng6qTT6TXas8tNP745gFnRqo="></latexit>Z

d�(ab,c;b,cd)
rad,2 =
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d�inv

rad,2

✓
scd�sad�sbd

sab,cd

◆1�2✏ scd�sad�sbd
s

<latexit sha1_base64="0/TtZKWnhLqiORPbAEptf5rj2Ws="></latexit>

sab,cd = sab�sac�sbc+scd�sad�sbd
<latexit sha1_base64="NTee4zbg+4k6N0SwbGsfnA9dnUU="></latexit>

x =
sab,cd
s



Double Catani’s mapping 
a,b finals - c,d initials 

a

b

c

d
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<latexit sha1_base64="0/TtZKWnhLqiORPbAEptf5rj2Ws="></latexit>

sab,cd = sab�sac�sbc+scd�sad�sbd
<latexit sha1_base64="NTee4zbg+4k6N0SwbGsfnA9dnUU="></latexit>

x =
sab,cd
s



Double Catani’s mapping 
a,b finals - c,d initials 

a

b

c

d
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<latexit sha1_base64="3e9X2vGyMZKGnemZS5+8cXC0HdA="> rjIt7N2MAT3XJ3Xd2ZQkvZLl5z9ovYdbAfj3GjlD2/Rs/L4+aAXGUZVe4Gr/n5j5CTSXZ4cpRXNHGkwbbd0LmkyCVV3GSi9u7MmQoouVaJvxWX3MAdrXFHN3CXa9zlDdxELlxO/QERE0PnrpTwx1D7eXEKNUtOfv4vOx0D2snyMdnVuGXaqRgt83FoRlrvj5jcu+Fxt9O+rW8MoJTnAfkLiTxsGeZYqlWJ9Av7R8fcPMjMh00ZzujymAD0Vl/0jwwKzlpiaoRZwMljV/W/5shs79dK21Tya2VLKeFd3NbfvM3BWWvffrT/6KfW9pOD/K38Vu3r2t3abs2ufVt7Uvux9rL2quZt/LP51ebdze36r/Xf63/U/8zQzY3c5sta4VP/619s1FZH</latexit>

sab = (1�y)(1�y0)z s sac = (1�y)(1�y0)(1�z0)s sbc = (1�y)(1�y0)z0s

sad =
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<latexit sha1_base64="0/TtZKWnhLqiORPbAEptf5rj2Ws="></latexit>

sab,cd = sab�sac�sbc+scd�sad�sbd
<latexit sha1_base64="NTee4zbg+4k6N0SwbGsfnA9dnUU="></latexit>

x =
sab,cd
s

<latexit sha1_base64="zj80Aj7V1II3xweb7vLf2cy3XIA="></latexit>(
y0 $ (1� y0)(1� z)

(1�y0)z0 $ y0z0(1�z) + (1�z0)z + 2(1�2w0)
p

y0z0(1�z0)z(1�z)

Apply  Variable 
transformation

and get …



Double Catani’s mapping 
a,b finals - c,d initials 

a

b

c

d
<latexit sha1_base64="FKKeZoZnCdCg40Okl0K8Mb7wcuA="></latexit>

sab = (1� y) (1� y0) z s

sac = (1� y)
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p
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i
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sad = (1� y0) (1� z0) s sbd = (1� y0) z0 s scd = s

 “Reinvented” mapping



Double Catani’s mapping 
a,b finals - c,d initials 

a

b

c

d
<latexit sha1_base64="FKKeZoZnCdCg40Okl0K8Mb7wcuA="></latexit>

sab = (1� y) (1� y0) z s

sac = (1� y)
h
y0(1� z0)(1� z) + z0z � 2(1� 2w0)
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sbc = (1� y)
h
y0z0(1� z) + (1� z0)z + 2(1� 2w0)

p
y0z0(1� z0)z(1� z)

i
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sad = (1� y0) (1� z0) s sbd = (1� y0) z0 s scd = s

 “Reinvented” mapping

Very similar to the final-state one
<latexit sha1_base64="GNQ0VWHcO4PHQTzu9sM7+rHZgH4="></latexit>

sab = (1� y) (1� y0) (1� z) s

sac = (1� y)
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Double Catani’s mapping 
a,b finals - c,d initials 

a
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d
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sad = (1� y0) (1� z0) s sbd = (1� y0) z0 s scd = s

 “Reinvented” mapping

 Denominators:

Simple factors

Simple hypergeometric integrals

Not-obvious hypergeometric integrals

<latexit sha1_base64="RzVbLpxXfso5wThtu5l1pD5jKGw="></latexit>

Invariants without d : sab, sac, sbc, sac+sbc�sab

Invariants with d : sad, sbd, scd, scd�sad�sbd,

sad+sbd, scd�sad, scd�sbd



Double Catani’s mapping 
a,b finals - c,d initials 
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 “Reinvented” mapping
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Double Catani’s mapping 
a,b finals - c,d initials 
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Sample integral:   Collinear 3-gluon kernel
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State-of-the-art of the  
Local Analytic Sector Subtraction

 Complete treatment of the massive cases at NLO 

 Initial state radiation in the massless case at NNLO 

 Treatment of the massive cases at NNLO 

 Complete the implementation in MADNkLO

TO-DO list

 Initial and final state radiation in the massless case at NLO 
with damping factors 

 Partial treatment of the massive cases at NLO 

 Final state radiation in the massless case at NNLO 

 Partial implementation in MADNkLO



DONE

ALMOST DONE 
TO DO: KRV and checks   

THINKABLE

State-of-the-art of the  
Local Analytic Sector Subtraction

 Complete treatment of the massive cases at NLO 

 Initial state radiation in the massless case at NNLO 

 Treatment of the massive cases at NNLO 

 Complete the implementation in MADNkLO

TO-DO list

 Initial and final state radiation in the massless case at NLO 
with damping factors 

 Partial treatment of the massive cases at NLO 

 Final state radiation in the massless case at NNLO 

 Partial implementation in MADNkLO



Thanks for your attention
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Double Catani’s mapping 
a,b,c,d finals
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