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5. Experimental consequences

For experimental purposes we will assume here that the physical Higgs particles
are too heavy to be of interest with present day energies. Then the upshot of the
preceeding discussion is the mntroduction of a new parameter 8, defined by

g=Mj2M] (36)

- Important precision observable in the Standard Model

[Ross, Veltmann '75]

- In “modern” notation:
m
=—W ___—14
P m2 cos? By p

- Tests the structure of the electroweak sector (SM at tree-level: 6p = 0)


https://doi.org/10.1016/0550-3213(75)90485-X

What to calculate

Corrections to the p parameter can be expressed in terms of W and Z boson self energies

5p = 22(0)  Ew(0)

mz  miy
W self energy: Z self energy:
t t b
W W 4 4 V4 4
=3 = i qoc
b t b
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Our goal:

O(aad) with my, # 0
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Evaluation of the p parameter

Self-energies with vanishing external momentum g> = 0
2(0)  xw(0)

6 =
p m2 mé,

- Map to tadpole integrals (with different “mass colourings”: my, my and m = 0)

OIS

- Use standard tools

0 mtegrann—by—parts reduction to master integrals
- differential equations in mass ratio

mpy
X =—
me

- numerical evaluation of master integrals via AMFlow
[Liu, Ma, Wang '17] [Liu, Ma '21] [Liu, Ma '22a] [Liu, Ma '22b]


https://arxiv.org/abs/1711.09572
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Numerical results (MS scheme)

Numerical inputs

- Evaluate result m.Jmer.lcaE m, = 162.5 GeV
- Masses renormalised in MS scheme mpy = 46/11GeV ~ 4.18 GeV
- Caveat: no running masses yet W= m;
ZN
Spys(Mmp = 0) = Gem;Ne (1 — a5 0.06151 — a2 0.40220 — a2 0.05418 + O(ag))
8v/212

G/:mzN
Spus(mp # 0) = gﬁthc (0.99096 — a5 0.08194 — a2 0.46753 — a2 0.26639 + O(ag))
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Numerical results (MS scheme)

_ Numerical inputs
- Evaluate result numerically

_ S m; = 162.5 GeV
- Masses renormalised in MS scheme mpy = 46/11GeV ~ 4.18 GeV
- Caveat: no running masses yet W= m;
Gem2N
Sprs(mp = 0) = =——C (1 — a5 0.06151 — a2 0.40220 — a2 0.05418 + O(ag))
8v/212

GrmZN
Spus(mp # 0) = FMy = (0.99096 — a5 0.08194 — a2 0.46753 — a2 0.26639 + O(ag))
8ﬁ7r

o XNG

10+

- Size of O(a2) mp # 0
o R 05F
correction looks concerning massless

massive

- Seems to be accidental, i w
due to scale choice -0sf




Numerical results (on-shell scheme)

- Masses renormalised in on-shell scheme

dpos(mp = 0) =

Numerical inputs

- Evaluate result numerically m; = 172.5GeV
m, = 39/8 GeV ~ 4.875 GeV
= My
G/:m%NC 5 3 A
= ( — @50.91034 — a2 1.47868 — a2 3.00423 + 0(%))
G/:m%NC

Spos(my # 0) =

e (0.98940 ~ 250.88371 — 02139592 — ol 2.70463 + O(ag))

S IXuING

100 150 200 250 300 350

massless

=Je massive




Analytic structure of the two-mass QCD contributions to the p parameter

- Up to two-loop order: only harmonic polylogarithms
- Three-loop order: elliptic integrals appeared (two curves, do not mix)

[Grigo et al. "12] [Blimlein et al. 18] [Abreu et al. '19]

(+ mp > my)

- Four-loop: what comes next?

- More elliptic curves?
- Higher-genus curves, higher-dimensional geometries?


https://arxiv.org/abs/1206.3418
https://arxiv.org/abs/1807.05287
https://arxiv.org/abs/1912.02747

Which integrals are interesting?

constants

100

polylogarithmic

interesting

interesting
subtopologies




Identifying interesting sectors

Problem

- At four-loop order: 283 master integrals, organised into 197 sectors
- Many integrals are still just polylogarithmic
- How to find “interesting” integrals?

Solution
- Analyse differential equations
- New structures arise from homogeneous part (¢ — 0, no sub-sectors)

- Derive Picard-Fuchs operator L matersacheta 2 By uncoupling first-order systems into
higher-order scalar differential equations wircner o fcerhold 021

- Factor homogeneous differential operator L (e.g,, using Maple’'s DFACtor wan toei o)
L =[02 + f1(x)0x + L,()] [Ox + F3(X)] - - . [Ox + fr(X)]
— higher-order factors can generate elliptic integrals and beyond


https://arxiv.org/abs/1212.4389
http://www.risc.jku.at/publications/download/risc_420/dipl.ps
https://doi.org/10.1006/jsco.1997.0151

Potentially elliptic sectors

©
O
N
A

2 X 2 system

2 x 2 system

2 X 2 system

2 X 2 system
L=02+#0+#

POP>S

3 x 3 system
L = [0F + #0x + #] [0x + #]

3 x 3 system
L = [0F + #0x + #] [0k + #]

3 x 3 system
L =[02 + #0x + #] [0« + #]

4 x 4 system
L= [0 + #0x + #] [0« + #] [0x + #]



Potentially elliptic sectors

2 X 2 system

3 x 3 system
L = [0F + #0x + #] [0« + #]

2 x 2 system

2 X 2 system
L=0; + #0+#

3 x 3 system
L = [0F + #0x + #] [0k + #]

3 x 3 system
L =[02 + #0x + #] [0« + #]

2 X 2 system
L=02+#+#

4 x 4 system
L= [0% + #0x + #] [0« + #] [0« + #]

POP>S

Have “twin” with my <> my Symmetric under my, <> my



Maximal cut analysis: idea

Idea

- Maximal cut fulfils the homogeneous differential equation
(maximal cut eliminates subtopologies)
- Analyse maximal cuts (in d = 2) to find homogeneous solutions ismo, rancredi 6 terimo, Tancreci 7

- Work in loop-by-loop Baikov representation isaiov s ifretiesvig, papadopoutos 7]
— reuse building blocks to construct maximal cuts

- |dentify geometric structure underlying the integrals that go beyond polylogarithms.
E.g., elliptic curves show up as [ % with y? = P(z) and P(z) third- or forth-order
polynomial.

i


https://arxiv.org/abs/1610.08397
https://arxiv.org/abs/1704.05465
https://arxiv.org/abs/hep-ph/9603267
https://arxiv.org/abs/1701.07356

Maximal cut analysis: bubble and sunrise examples

m=20

q 2\(2—d)/2 )
>©< - /dadzz% [(6°) —20°(z1 + 2) + (21 — Zz)z](d e


https://arxiv.org/abs/1610.08397
https://arxiv.org/abs/1704.05465

Maximal cut analysis: bubble and sunrise examples
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Maximal cut analysis: bubble and sunrise examples

q m=20 ]

S
<Cx
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Maximal cut analysis: bubble and sunrise examples
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Maximal cut analysis: bubble and sunrise examples
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Maximal cut analysis: bubble and sunrise examples

Vol — ami)
1

T V@ = (Mo — m 1 — (e + M)

/ dz
>@< VI - (V@ = moP [z - (/@ + oY) 2 [z — 4]



https://arxiv.org/abs/1610.08397
https://arxiv.org/abs/1704.05465

Maximal cut analysis: bubble and sunrise examples

\@la? — 4mi]
1

T V@ = (o — Mm@ — (e + Mo

dz
>@< /\/[Z— —mp)] [z = (V@ + mp)?y /2 [z — 4m3]

— Maximal cut of sunrise is an elliptic integral trimo, rancredi 61 iprimo, Tancredi 7]
— Is annihilated by sunrise differential operator



https://arxiv.org/abs/1610.08397
https://arxiv.org/abs/1704.05465

Maximal cut analysis: three-loop example

Example: Analyse one of the elliptic tadpole integral from the three-loop p parameter

~ / 0%k By () Byp ()



Maximal cut analysis: three-loop example

Example: Analyse one of the elliptic tadpole integral from the three-loop p parameter

@ / VIR = (me — mp)?] [R? — (mt+mb)]\/h2[k2*4m]
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Maximal cut analysis: three-loop example

Example: Analyse one of the elliptic tadpole integral from the three-loop p parameter

@ / VIR = (M — mp)?] [f?2 (Me + mp)?]y /2[R — 4m]

This is exactly the maximal cut of the on-shell (q = m?) two-loop sunrise diagram:

_@_ /\/[Z (me — mp)?] [z — (Mt + mp)?]4 /2 [z — 4m}]




Maximal cut analysis: three-loop example

Example: Analyse one of the elliptic tadpole integral from the three-loop p parameter

@ / VIR = (me — mp)?] [k’2 (m¢ + mp)?]\/R2[R? — 4m?]

— “sunrise curve”

The my, < my “twin” has a similar, but non-isomorphic curve:

dr?
@ - / VIR = (me — mp )] [R2 — (m¢ + mp)?]y/R2[R? — 4mi]

— “sunrise twin curve”




Maximal cut analysis: four-loop examples

/d R Bpo( kz Sbbb(/? )

14



Maximal cut analysis: four-loop examples

dz

N/d/?2 6(k2—m%)/
“=my S e (VR —mpPllz — (VR + my Ly f2lz — 4]

14



Maximal cut analysis: four-loop examples

—_—t

dz

~ for = |
Mo Sl — (VR = moPl Iz = (VR 4+ mo )y 21z — 4mz]

XX XK

14



Maximal cut analysis: four-loop examples

1 / dz
me = mj ) /= (me = mu )] 2 = (me + mp)y/2 [z — 4m2]

~

— “sunrise curve”
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Maximal cut analysis: four-loop examples

1 / dz
me = mj ) /= (me = mu )] 2 = (me + mp)y/2 [z — 4m2]

~

— “sunrise curve”

dz
/ z\/[z— (m: — mp) [z = (M + Mp)]y /2 [z — 4m2]

— “sunrise curve”

14



Maximal cut analysis: four-loop examples (cont.)




Maximal cut analysis: four-loop examples (cont.)

N/ dz
[z — (M = mp)?] [z = (Me + mp)?]y /2 [z — 4mi]

— algebraic solution, not elliptic!



Maximal cut analysis: four-loop examples (cont.)

dz
@ / [z — (M = mp)?] [z = (Me + mp)?]y /2 [z — 4mi]

— algebraic solution, not elliptic!

- / d?k Bee(R?) Bob (k) Boe(K?)



Maximal cut analysis: four-loop examples (cont.)

dz
@ / [z — (M = mp)?] [z = (Me + mp)?]y /2 [z — 4mi]

— algebraic solution, not elliptic!

dz
@ / 2/ =4m]/l — 4m2] 2 = (me = mp) T2 — (e + oY

— “new curve”




Maximal cut analysis: results

— Sunrise curve — Sunrise curve

— Sunrise curve — Sunrise curve

@ — Sunrise curve

— Algebraic, not elliptic

— Sunrise curve — New curve

POP>S



Interpretation of the branch points

TO amy  (me—mp)® (Mem,)? 4m;

N
\ 4 \ 4 @ >

pseudo- | threshold

threshold threshold pseudo- threshold (m¢, m¢)
(mp, mp) (mp, mp) threshold (me, mp)
or (mg, my) (me, mp)

- Maximal cut picture lends itself to physical interpretation of the branch points
- Each curve uses four of the five possible points
Sunrise curve: y? =2z —4mi][z — (m; — mp)’] [z — (Me + mp)?]
Sunrise twin curve: Y2 =z[z — (m; — mp)?] [z — (M + mp)?] [z — 4m?]

New curve: y2 = [z —smi]z — (m; — mp)] [z — (e + mp)?] [z — 4m?]
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Interpretation of the branch points

- Maximal cut picture lends itself to physical interpretation of the branch points
- Each curve uses four of the five possible points
Sunrise curve: y? =2z —4mi][z — (m; — mp)’] [z — (Me + mp)?]

Sunrise twin curve: Y2 =z[z — (m; — mp)?] [z — (M + mp)?] [z — 4m?]

New curve: y2 = [z — 4mE] [z — (m: — mp)’] [z — (me + mp)?] [z — 4m3]|




Interaction of the elliptic curves

- Homogeneous differential equations only generate one elliptic curve per sector
- Inhomogeneous terms can mix different curves
— also for sectors that are themselves elliptic

AT
68 oo

Sunrise CUI’VE mb, mt New curve Sunrise twin CUI’VE I’T)t mb



Genus-2 curves from necklace integrals

TO amy  (me=mp)?  (metme)® 4mi

pseudo- | threshold

threshold threshold pseudo- threshold (me, my)
(mp, my) (mp, mp) threshold (me, mp)
or (mg, me) (me, mp)

- With two masses we can only have 5 different (pseudo-)thresholds

- If we allow for three masses, we can construct an integral with
a genus-2 curve (degree 6 polynomial) in its maximal cut

y* =2z — 4mi] [z — (M — mp)?] [z — (Me + mp)°]
x [z = (mg — m3)’] [z — (M¢ + m3)]

19



An integral for any genus

With enough distinct masses we can construct L-loop integrals
with a genus-(L — 1) curve in its maximal cut:

- Each bubble contributes two distinct (pseudo-)thresholds
- Interesting class of examples / toy models for further study!

20



Conclusions and outlook

Conclusions
- We calculate the two-mass QCD contributions to the four-loop p parameter
- Interesting testing ground for special functions beyond MPLs
- We find three elliptic curves contributing to the integrals

- The three elliptic curves mix in the differential equation

Outlook
- Calculate series representations for the tadpole master integrals
- Find good description for expressing iterated integrals over these curves

- Study necklace integrals as examples for higher-genus curves

21



