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Precision top quark measurements

Behnke, talk at 
TOP24

need NNLO pp→tt+j

Current state-of-the-art
for pp→tt

LHC is a top factory

main production: pp→tt

~40% events associated 
with pT>40GeV jet

jets (PS)

QCD correction

NNLO QCD + NLO EW
Czakon et al. 1705.04105

+ resummations (e.g soft, threshold)

https://indico.cern.ch/event/1368706/contributions/6011820/attachments/2932219/5151180/obehnke240922.pdf
https://indico.cern.ch/event/1368706/contributions/6011820/attachments/2932219/5151180/obehnke240922.pdf
https://arxiv.org/abs/1705.04105
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Fig. 3. Predictions for R at NLO accuracy using two different PDF
sets (CTEQ6.6, MSTW2008nlo) for mpolet = 170 GeV. For CTEQ6.6
the uncertainty due to scale variation is shown as band. The ratio be-
tween both predictions is shown together with the scale uncertainty.
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Fig. 4. R (mpolet ,ρs) calculated at NLO accuracy for different masses
mpolet = 160, 170 and 180 GeV. For mpolet = 170 GeV the scale and
PDF uncertainties evaluated as discussed in the text are shown. The
ratio with respect to the result for mpolet = 170 GeV is shown in the
lower plot.

investigate the sensitivity of the distribution R to the top-quark
mass we have calculated R for mpolet = 160,170,180 GeV. The
result is shown in Fig. 4. As before the three curves need to
cross since the area under each curve is normalized to one. The
crossing happens slightly below ρs √ 0.6. At this point the dis-
tribution is essentially insensitive to the top-quark mass. For
ρs √ 1 we expect that the production of heavier quark masses
is suppressed compared to lighter masses. Indeed the distribu-
tion for mpolet = 180 GeV is below the central curve while the
160 GeV result lies above the result for 170 GeV. In the high
energy regime, that is for ρs √ 0, we expect the opposite to be
true due to the normalization. For very large energies we ob-
serve that the mass dependence is small as one would naively
expect. From Fig. 4 we conclude that a significant mass de-
pendence can be observed for 0.4< ρs < 0.5 and 0.7< ρs. To
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Fig. 5. The sensitivity S(ρs) of R with respect to the top-quark mass
as defined in Eq. (5).

quantify the sensitivity we studied the quantity

S(ρs) =

∑
∆=±5−10 GeV

|R (170 GeV,ρs)−R (170 GeV+∆,ρs)|
2|∆|R (170 GeV,ρs)

.(5)

The result for S is shown in Fig. 5. For convenience the right
y-axis showsmpolet ≈S which is the proportionality factor relat-
ing the relative change in the top-quark mass with the relative
change in R :
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As can be seen in Fig. 5 values up to 25 are reached for mpolet ≈
S at ρ √ 0.8. With other words a one per cent change of the
mass translates into a 25 per cent change of the observable R .
The observable is thus five times more sensitive than the inclu-
sive cross section. For comparison, in Fig. 5, we also show the
sensitivity in case R is defined for the tt̄ inclusive final state.
(In the tt̄ case we use the definition ρ = 2m0/

×stt̄ .) As one
can see only in the extreme threshold region—where reliable
theoretical predictions are challenging and also experimental
uncertainties may become large— a similar sensitivity can be
reached. Note that the evaluation of the sensitivity relies on the
assumption of a nearly linear top-quark mass dependence. To
cross check this assumption we have used two different step
sizes in Eq. (5) (5 and 10 GeV). As can be seen from Fig. 5 the
two results are in perfect agreement. For a measurement not
only the sensitivity is important but also the expected theoret-
ical and experimental uncertainty. For example in the extreme
threshold regime a good sensitivity can be expected. However
a reliable theoretical prediction in that regime would require
to go beyond fixed order perturbation theory to resum thresh-
old effects and soft gluon emission. To estimate the impact of
different uncertainties we show in Fig. 6 the quantities

∆Rµ/R (170 GeV,ρs)
S(ρs)

and
∆RPDF/R (170 GeV,ρs)

S(ρs)
(7)

where ∆Rµ and ∆RPDF are the scale and PDF uncertainties of
R (172.5 GeV,ρs). We do not show the region around ρs √
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As can be seen in Fig. 5 values up to 25 are reached for mpolet ≈
S at ρ √ 0.8. With other words a one per cent change of the
mass translates into a 25 per cent change of the observable R .
The observable is thus five times more sensitive than the inclu-
sive cross section. For comparison, in Fig. 5, we also show the
sensitivity in case R is defined for the tt̄ inclusive final state.
(In the tt̄ case we use the definition ρ = 2m0/

×stt̄ .) As one
can see only in the extreme threshold region—where reliable
theoretical predictions are challenging and also experimental
uncertainties may become large— a similar sensitivity can be
reached. Note that the evaluation of the sensitivity relies on the
assumption of a nearly linear top-quark mass dependence. To
cross check this assumption we have used two different step
sizes in Eq. (5) (5 and 10 GeV). As can be seen from Fig. 5 the
two results are in perfect agreement. For a measurement not
only the sensitivity is important but also the expected theoret-
ical and experimental uncertainty. For example in the extreme
threshold regime a good sensitivity can be expected. However
a reliable theoretical prediction in that regime would require
to go beyond fixed order perturbation theory to resum thresh-
old effects and soft gluon emission. To estimate the impact of
different uncertainties we show in Fig. 6 the quantities

∆Rµ/R (170 GeV,ρs)
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and
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where ∆Rµ and ∆RPDF are the scale and PDF uncertainties of
R (172.5 GeV,ρs). We do not show the region around ρs √
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the agreement between different approaches is very good. Only
at large transverse momentum we observe minor differences.
While the fixed-order parton level results agree well with tt̄+
1-jet@NLO + POWHEG, the results obtained with tt̄@NLO
+ POWHEG are slightly larger. Since the hard emission in
tt̄@NLO + POWHEG is only treated in LO, this could be a
consequence of the missing double real emission processes. In
tt̄@NLO + POWHEG any additional jet activity beyond the
first emission is entirely due to the parton shower which prefers
soft and collinear emissions. In the fixed-order tt̄+1-jet calcu-
lation and also in the corresponding POWHEG implementa-
tion a second hard parton—which may be clustered in a sec-
ond jet—is included already in the hard matrix elements. The
effect of this hard emission can easily explain the reduced av-
erage transverse momentum at large pT 2. In case of the trans-
verse momentum distribution of the tt̄ system we observe dif-
ferences at low ptt̄T between the fixed-order calculation and the
two POWHEG implementations. This is not unexpected, be-
cause it is precisely the region where the parton shower ap-
proach resums logarithmically enhanced corrections to all or-
ders. Due to the additional cut which we have imposed on the
light jet this does not occur in the transverse momentum distri-
bution of the light jet.

The various studies presented above show, that the theoret-
ical description of the tt̄ + 1-jet process at NLO accuracy in
QCD is well under control.

2.1 Top-quark mass measurements with tt̄+ 1-jet events

As shown in Eq. (1), the mass sensitivity of the tt̄+ 1-jet cross
section σtt̄+1-jet is very similar to the inclusive tt̄ cross section.
Therefore, most likely, a measurement of the ‘inclusive’ tt̄ +
1-jet cross section would not lead to any significant improve-
ment compared to the mass measurements already performed
in inclusive top-quark pair production. Instead, we would like
to propose an alternative approach.

Since inclusive cross sections are in general difficult to mea-
sure, we propose to study normalized differential distributions.
Evidently distributions contain more information and may be
more sensitive to the mass parameter. Furthermore, due to the
normalization many experimental and theoretical uncertainties
cancel between numerator and denominator. In order to en-
hance the mass sensitivity of tt̄+ 1-jet events we need to focus
on kinematical configurations where an enhanced sensitivity
can be expected. A natural observable to look at is the (nor-
malized) differential distribution of the tt̄+ 1-jet cross section
with respect to the invariant mass squared stt̄ j of the final state.
More precisely we study the dimensionless distribution

R (mpolet ,ρs) =
1

σtt̄+1-jet

dσtt̄+1-jet
dρs

(mpolet ,ρs), (3)

2 We observe that in this distribution also the argument of αs plays a
role in determining the spectrum: if the second jet is generated by the
shower, typically there would be an αs(pT ) factor associated to that
emission. Instead, when computed with the exact matrix element, our
choice of µr = mt will results in a larger αs value and thus an harder
spectrum, for pT > mt .
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Fig. 2. Comparison between R (mpolet ,ρs) calculated at LO and NLO
accuracy for a mpolet = 170 GeV and using the CT09MC1 and
CTEQ6.6 PDF sets, respectively. Below we show the ratio NLO/LO.

where ρs is defined as

ρs =
2m0√stt̄ j

. (4)

The definition of the variable ρs is similar to the variable ρ =
2mt/

√
s often used in inclusive top-quark pair production.How-

ever, since we want to measure the top-quark mass, mt can-
not be used in the definition of ρs. Instead we use a scale m0
of the order of the top-quark mass. In the following we set
m0 = 170 GeV. Note, that in principle an arbitrary renormal-
ization scheme for the top-quark mass can be chosen. In this
article we will restrict the analysis to the pole mass scheme.
The conversion from the pole mass scheme to other schemes is
feasible albeit technically involved. We leave this issue for fu-
ture studies. In Fig. 2 we show LO and NLO predictions for the
distribution R as defined in Eq. (3). LO and NLO distributions
are normalized to the respective LO and NLO cross sections.
Given that the area under both curves is equal to one the curves
need to cross which happens at ρs − 0.45. We observe that in
the region close to the threshold which corresponds to ρs − 1
the LO and NLO predictions agree reasonable well. In Fig. 3
we compare results for different PDF sets. In black we show the
default setup where we use the CTEQ6.6 PDF set. In green the
result for the MSTW2008NLO set is shown. As a consequence
of the normalization the PDF dependence essentially cancels
and the curves lie on top of each other. Fig. 3 also shows the
uncertainty due to scale variations (black band). Evidently the
scale uncertainty is further reduced compared to the unnormal-
ized quantities, since the leading power in the strong coupling
constant αs cancels in the ratio. One may argue that in such a
situation the scale variation does not provide a sensible method
to estimate the effect of uncalculated higher order terms. As
a cross check we have compared the naive way to calculate
R where we just divide the differential distribution by σtt̄+1-jet
with the expanded version where we perform a strict expan-
sion of R in αs. We find that both methods lead to roughly
the same estimate for the uncertainty. We note that using the
running top-quark mass instead of the pole mass could in prin-
ciple lead to a further reduction of the scale uncertainty. To
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6.1 Summary of the top quark mass results 95
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  (tot) GeV2.0  −

1.8  + = 173.4      pole
tm

 1.43 (tot) GeV± = 172.13 pole
tm

  (tot) GeV
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 4.6   (sys) GeV± 4.6   (stat) ± = 175.5   MC
tm

 0.98 (sys) GeV± 0.43 (stat) ± = 173.49 MC
tm

 1.5   (sys) GeV± 0.4   (stat) ± = 172.5   MC
tm

 0.96 (sys) GeV± 0.33 (stat) ± = 173.54 MC
tm

 0.48 (sys) GeV± 0.16 (stat) ± = 172.35 MC
tm

 0.59 (sys) GeV± 0.25 (stat) ± = 172.32 MC
tm

 1.22 (sys) GeV± 0.19 (stat) ± = 172.82 MC
tm

  (sys) GeV
0.93−
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tm

  (sys) GeV
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tm

 0.62 (sys) GeV± 0.08 (stat) ± = 172.25 MC
tm
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tm

  (sys) GeV
0.72−
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tm

  (sys) GeV
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tm
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tm
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tm
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tm
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tm
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tm

  (sys) GeV
2.1  −

1.7  + 0.9   (stat)    ± = 173.9        
tm

  (sys) GeV
0.97−

1.58+ 0.20 (stat)    ± = 173.68 MC
tm

 0.9   (sys) GeV± 3.0   (stat) ± = 173.5   MC
tm
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Figure 54: Overview of top quark mass measurement results published by the CMS Collabora-
tion. The markers display the respective measured value of mt with the statistical (inner) and
total (outer) uncertainties shown as horizontal error bars. The measurements are categorised
into indirect extractions from cross section measurements and direct measurements of mMC

t
and are compared to the combined cross section measurement of the ATLAS and CMS Collab-
orations (red) and a CMS combination of Run 1 results (blue). Similar labelling as in Table 1 is
used. The figure is compiled from Refs. [48–65, 67–73].

mass extraction 
summary 2403.01313

top mass and vacuum stability

4

Obs. Value ωω > 0 ωω,e! > 0
PDG 2024 [69]:

Mh/GeV 125.20(11) 127.97 +25.2ε 127.85 +24.0ε

M
ε
t /GeV 172.4(7) 171.04 → 1.9ε 171.10 → 1.9ε

M
MC
t /GeV 172.57(29) → 5.3ε → 5.1ε

mt/GeV 162.5(+2.1
→1.5) 161.3 → 0.8ε 161.4 → 0.7ε

ω
(5)
s (MZ) 0.1180(9) 0.1215 + 3.9ε 0.1213 + 3.7ε

PDG 2023 [9]:
Mh/GeV 125.25(17) 128.17 +17.2ε 128.05 +16.5ε

M
ε
t /GeV 172.5(7) 171.06 → 2.1ε 171.13 → 2.0ε

M
MC
t /GeV 172.69(30) → 5.4ε → 5.2ε

mt/GeV 162.5(+2.1
→1.5) 161.4 → 0.8ε 161.4 → 0.7ε

ω
(5)
s (MZ) 0.1180(9) 0.1217 + 4.1ε 0.1215 + 3.9ε

CMS [10]:
Mt/GeV 170.5(8) 169.25 → 1.6ε 169.31 → 1.5ε

ω
(5)
s (MZ) 0.1135(+21

→17) 0.1167 + 1.5ε 0.1165 + 1.4ε

TABLE I. Strong coupling, Higgs or top mass and their un-
certainty from PDG 2024 [69] and 2023 [9] updates as well
as CMS analysis [10] (gray fields). For each observable, the
shift around the central values from required to stabilize the
tree level (ωω > 0) or quantum e!ective potential (ωω,e! > 0)
in the SM before the Planck scale is given. In the PDG, top
masses from cross-section measurements (Mε

t ), Monte-Carlo
generators (MMC

t ) as well as MS mass of the top at the scale
(mt) are distinguished. For the study [10], other input ob-
servables are taken from [69].

µref and dominate the running. To stabilize the Higgs,
ω(5)

s (MZ) requires an 3.7ε upward shift from the 2024
PDG world average. Note however that many individual
studies summarized in [9] quote much larger uncertain-
ties. The critical role of the strong coupling may appear
surprising given that its influence on the e!ective po-
tential as well as the running is loop-suppressed. This
suppression, however, is e!ectively compensated by ω3
(and ωt) being numerically large compared to the other
SM gauge and Yukawa couplings.4

Alternatively, a smaller value of the top mass may
also entail vacuum stability in the SM. The PDG pro-
vides three world averages for the top mass. The pole
mass extracted from cross section measurements, Mω

t =
(172.4 ± 0.7) GeV, implies that a 1.9ε downward shift
from its central value stabilizes the Higgs potential. A
secondary top mass estimate MMC

t = (172.57±0.29) GeV
stems from template fits of kinematic distributions sensi-
tive to the top-quark pole mass [98]. These template fits
are based on a modeling of top-quark production and
decay dynamics in Monte Carlo event generators. The
small uncertainty requires a 5.1ε shift to achieve stabil-
ity. The recent update [99] suggests that the di!erence
in uncertainties of both pole mass predictions is similar
to the uncertainty di!erences among the various Monte-
Carlo generators. Finally, the PDG also quotes an MS

4 This e!ect has previously been noticed in the context of the
strong gauge portal for stability [2].

FIG. 2. Regions of stability for the SM Higgs potential as a
function of the top mass Mt and the strong coupling constant
ω

(5)
s (MZ). Color-coding indicates stability (ωω,e!(µ) ↑ 0,

green) or otherwise (red/gray). Upper panel: 2024 PDG val-
ues with top mass M

ε
t (gray background) and uncorrelated

uncertainties in 1ε intervals (solid black rings) as well as CMS
analysis [10] with correlated uncertainties in 1ε rings (dashed
lines). Lower panel: PDG 2024 central value for the top mass
M

MC
t (black dot) and the first five 1ε uncertainty intervals

(black rings). For comparison, we also show M
ε
t (blue dot)

and its 1ε uncertainty range (blue crosshair).

top mass value mt(µ = mt), which has a large uncer-
tainty of about 1% that would allow stabilization of the
Higgs potential with a 0.7ε shift.

If PDG uncertainties in both top mass Mω
t and strong

coupling are combined in quadrature less then a 2ε de-
viation from the central values is required to achieve sta-
bility, see Fig. 2. However, this neglects correlations be-
tween the observables, which may play a critical role in
determining the stability of the SM Higgs vacuum.

The correlation was taken into account by the CMS
analysis [10]. Here the central value of ω(5)

s (MZ) and Mt

are smaller than the PDG world averages, and the un-
certainty for ω(5)

s (MZ) is significantly larger. Moreover,
ω(5)

s (MZ) and Mt in [10] are individually more than 1ε
but in combination less than 1ε away from the region of
absolute stability.

Alioli et al. 1303.6415

mt from 
normalised ttj 
distributions

impact for vacuum 
stability studies
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Theory predictions for tt+(massless) signals 
(i.e. tt+j / tt+γ) present a serious challenge
⇒ we need to develop new calculational techniques

[parallel on-going theory efforts for ttH, ttW, ttZ]

(amplitude) =
X

(coe�cient)(integral)

pp ! �� + j

pp ! 3j

pp ! H + 2j

pp ! W + 2j

pp ! Z + 2j

pp ! WW + 2j

gg ! ggg

↵s(mZ) ⇠ 0.1

�
NNLO = + + +

d�

0

@ +X

1

A = + + +

+ + +O(↵8
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LO NLO

NNLO
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bare amplitudes

finite remainders

rational functions integrals/special functions

universal IR/UV poles
[Catani (1998)][Becher, Neubert (2009)]

[Magnea, Gardi (2009)]

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})
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F (L) = A(L),4�2✏ �
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integrals/special functions

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})
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many ways to evaluate Feynman integrals:

Sector decomposition (numerical)  [Binoth, Heinrich….]
Differential equations                    [Kotikov, Gehrmann, Remiddi, Henn…]
Mellin-Barnes                               [Smirnov, Tausk,Czakon,Kosower,…]
Direct parametric integration         [Panzer, Borinsky…]

feyntrop
Hyperintsecdec,Fiesta 

mbtools, ambre

must have fast and stable numerical implementation
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integral basis usually called ‘master integrals’ (MIs)

matrix depends on kinematic invariants

@xMi = ✏Aij(x)Mj
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if it is (relatively) easy to define a special 
function basis from iterated integrals dA =

X

i

d log(Wi)
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e.g. 1M pentagon functions: Abreu, Chicherin, Ita, Page, 
Sotnikov, Tschernow, Zoia [2306.15431]

Analytic forms for DEQ matrices, A can be 
obtained via IBP reduction over finite fields

automated approaches to 
find canonical bases (Fuchsia, 
epsilon, initial, dlog…) often 

not sufficient to handle 
complicated kinematics

canonical form differential equations

https://arxiv.org/abs/2306.15431


canonical form differential equations:
2→3 configurations

[Abreu,Chicherin,Dixon,Gehrmann,Henn
,Herrmann,LoPresti,Papadopoulos,Page,
Sotnikov,Tomassini,Wasser,Wever,Zeng,

Zhang,Zoia(2015-2020)]

[Abreu,Canko,Chicherin,Ita,Kardos,Moriello,
Page,Papadopoulos,Smirnov,Sotnikov,Syrrakos,

Tomassini,Tschernow,Wever,Zeng,Zoia
(2015-2023)]

[Jiang,Liu,Xu,Yang(2024)]
[Abreu,Chicherin,Sotnikov,Zoia(2024)]

[Becchetti,Canko,Chestnov
,Peraro,Pozzoli,Zoia(2025)]

[Badger,Becchetti,Chaubey,Marzucca(2022)]
[Badger,Becchetti,Giraudo,Zoia(2024)]

[Becchetti,Dlapa,Zoia(2025)]

[Febres Cordero,Figueiredo,Kraus,Page,Reina(2023)]

[Gehrmann,Henn,Lo Presti(2018)]
[Chicherin,Sotnikov(2020)][Chicherin,
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Page,Sotnikov,Tschernow,Zoia(2023)]
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FIG. 1: Integral topologies for massless five-particle
scattering at two loops.

pi are massless external momenta. We also introduce
the parity-odd invariant ε5 as

ε5 = tr
[
γ5/p1/p2/p3/p4

]
. (1)

We denote the loop momenta for the double-pentagon
family by k1 and k2, defined as shown in Fig. 1c.
The inverse propagators are

D1 = k21 , D2 = (→p1 + k1)2 ,

D3 = (→p1 → p2 + k1)2 , D4 = k22 ,

D5 = (p4 + p5 + k2)2 , D6 = (p5 + k2)2 ,

D7 = (k1 → k2)2 , D8 = (p3 + k1 → k2)2 ,

D9 = (p5 + k1)2 , D10 = (→p1 + k2)2 ,

D11 = (→p1 → p2 + k2)2 ,

(2)

where D9, D10 and D11 are irreducible scalar products
(ISPs).

LEADING SINGULARITIES AND UNIFORM
TRANSCENDENTAL WEIGHT INTEGRALS

The integrals of the double-pentagon family, shown in
Fig. 1c, can be related through integration-by-parts re-
lations [34–36] to a basis of 108 master integrals. Out of
these, 9 are in the so-called top sector, namely they have
all 8 possible propagators. Our goal is therefore to find
108 linearly independent UT integrals.
The integrals of the sub-topologies are already known,

because they are either sub-topologies of the penta-
box [9, 29] and of the hexa-box [30] families, or they
correspond to sectors with less than five external mo-
menta [37, 38]. In order to complete the UT basis, we
begin by searching for four-dimensional d log integrals,
which are closely related to UT integrals [24].
An #-loop four-dimensional d log integral is an integral

whose four-dimensional integrand ff can be cast in the
form

ff =
∑

I=(i1,...,i4!)

cI d logRi1 − . . . − d logRi4! , (3)

where the Q-valued constants cI are the leading singu-
larities of ff.

In order to perform the loop integration in D = 4→ 2ε
dimensions, where ε is the dimensional regulator, it is
necessary to clarify how the integrand is to be defined
away from four dimensions. For example, one may sim-
ply “upgrade” the loop momenta from 4-dimensional to
D-dimensional (abbreviated as 4d and Dd) ones. We
call this the “näıve upgrade” of a 4d integrand. While
this method is quite powerful in finding a UT basis,
and indeed it has already found many successful appli-
cations [23, 39], the freedom involved in the upgrade can
become important, especially for integrals with many
kinematic scales. We first review the four-dimensional
analysis, and then provide a method of fixing the free-
dom, while maintaining the advantages of the canonical
diΩerential equations method.
In this Letter, we use two techniques to find 4d d log

integrals.
(1) The algorithm [25], which can decide if a given

rational integrand can be cast in d log form (3). Starting
from a generic ansatz for the numerator, this algorithm
can classify all possible 4d d log integrals in a given family.
(2) Using computational algebraic geometry, we con-

sider a generic ansatz for the numerator Neven =∑
α cαmα of the parity-even, or Nodd =

∑
α cαmα/ε5 of

the parity-odd d log integrals. Each cα is a polynomial in
sij , and mα is a monomial in the scalar products. By re-
quiring the 4d leading singularities of the ansatz to match
a given list of rational numbers, we can use the module
lift techniques [40] in computational algebraic geometry
to calculate all cα and to obtain a 4d d log basis. This
method usually needs only a very simple ansatz, and the
module lift can then be performed through the computer
algebra system Singular [41].
One interesting phenomenon is that, for the double-

pentagon family, the näıve upgrade of a 4d d log integral
is in general not UT. Let us take the 4d d log integrals
presented in Ref. [42] as examples. The sum of the first
and the fifth d log integral numerators for the double-
pentagon diagram in Ref. [42], which we denote by B1 +
B5, does not yield a UT integral after the näıve upgrade.
This can be assessed from the explicit computation of the
diΩerential equation.
The obstruction of the näıve upgrade implies that, in

order to obtain UT integrals, we have to consider terms
in the integrands which vanish as D = 4. These terms
can be conveniently constructed from Gram determinants
involving the loop momenta k1 and k2,

Gij = G

(
ki, p1, p2, p3, p4
kj , p1, p2, p3, p4

)

, with i, j ∧ {1, 2} . (4)

An integrand whose numerator is proportional to a com-
bination of the diΩerent Gij explicitly vanishes in the
D ∈ 4 limit. UT integral criteria based on 4d cuts or 4d
d log constructions can not detect these Gram determi-
nants, and may yield inaccurate answers on whether an

2

a fixed ordering of the massless legs, there are three pla-
nar penta-box (PB) families, three non-planar hexa-box
(HB) families and two non-planar double-pentagon (DP)
families that we depict in fig. 1, as well as a factorizable
planar topology. The factorizable, PB and HB families
have already been studied in the literature [2, 6, 8–10].
Here we define the DP families. Integrals in these families
can generically be written as

I[ωε] = e
2ωεE

∫
dD

ϑ1

iϖD/2

dD
ϑ2

iϖD/2

ϱ
→ϑ9
9 ϱ

→ϑ10
10 ϱ

→ϑ11
11

ϱ
ϑ1
1 · · · ϱ

ϑ8
8

, (1)

where we set D = 4→2ς, and ωε is a vector of integers with
the restriction that ε9, ε10, ε11 ↑ 0. Explicit expressions
for the ϱi are given in ancillary files [50].

There are six independent variables sij = (pi + pj)2,
which we choose to be

ωs = {p
2
1 , s12 , s23 , s34 , s45 , s15} . (2)

Together with the parity-odd object

tr5 = 4iφϖϱες p
ϖ
1 p

ϱ
2p

ε
3p

ς
4 , (3)

they fully specify a point in the five-particle phase space.
Singularities of Feynman integrals are located at zeroes
of certain determinants, see e.g. refs. [51–55]. Three cases
play a special role here: the three and five-point Gram
determinants

!3 = → det G(p1, p2 + p3) ,

!5 = det G(p1, p2, p3, p4) ,
(4)

where G(q1, . . . , qn) = 2{qi · qj}i,j↑{1,...,n}, and the poly-
nomial [9]

”5 = (s12s15 → s12s23 → s15s45 + s34s45 + s23s34)
2

→ 4s23s34s45(s34 → s12 → s15) .
(5)

While !5 = tr25, relating tr5 to
↓

!5 precisely is a subtle
issue. We adopt the convention of ref. [9] to only use
↓

!5 in the pure integrals’ definitions.
Fig. 1 shows a fixed ordering of the massless legs, but

we consider the set of integrals closed under all permu-
tations of these legs. While !5 is invariant under these
permutations, there are three di#erent permutations of

!3, denoted !(k)
3 , and six di#erent permutations of ”5,

denoted by ”(k)
5 . Expressions for the !(k)

3 , ”(k)
5 and !5

are given in ancillary files [50].

II Analytic Di!erential Equations

We follow refs. [3, 4, 6, 9], where analytic DEs [14–
18] in canonical form [19] are obtained from numerical
samples. We focus on the DPmz and DPzz families, for
which we obtain canonical DEs for the first time. Any
integral in the DPmz (DPzz) family can be written as a
linear combination of 142 (179) master integrals. The top
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FIG. 1: Two-loop five-point one-mass families. The
thick external line denotes the massive external leg.

sectors, with 8 propagators and 9 master integrals each,
were previously unknown. All integration-by-parts (IBP)
reductions [56–58] are performed within FiniteFlow [59]
(interfaced to LiteRed [60, 61]), and checked with Kira
2.0 [62] and FIRE6 [63].

Let ωgφ denote a vector whose entries form a pure [13]
basis of master integrals for a family of integrals ↼ . It
satisfies a DE in canonical form [19]

dωgφ = ςM · ωgφ , M =
∑

i

Mi d log Wi , (6)

where the Wi are the letters of the (symbol) alphabet [33]
associated with ωgφ . While the Wi are algebraic functions
of ωs, the matrices Mi are matrices of rational numbers.
Finding a pure basis is still the most challenging aspect in
obtaining DEs in canonical form. We construct educated
guesses for pure bases following the ideas of refs. [4–6, 9],
and test candidate bases by evaluating their derivatives
at numerical points and verifying the factorization of ς.
Once a pure basis is found, we proceed as in section 4
of ref. [6] to determine that the alphabet for the DPmz
and DPzz families is contained within the one obtained
in ref. [9]. DPmz and DPzz have 62 and 74 letters re-
spectively. As in ref. [6], we fit the matrices Mi from
numerical evaluations on a finite field. Our results for
the pure bases, the alphabet (closed under all permuta-
tions of the massless legs), and the analytic DEs can be
found in ancillary files [50]. Some pure integrals were
simplified with ideas from ref. [64].

III Construction of One-Mass Pentagon Functions

The (one-mass) pentagon functions are a basis of spe-
cial functions to express all one- and two-loop five-point
integrals with an external massive leg, up to the order
in ς required to compute two-loop corrections. The one-
loop and planar two-loop integrals have been previously
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Figure 1: Independent set of one-loop “pentagon” topologies.
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Figure 2: Independent set of two-loop “pentagon-box” topologies.

with F → {PBmmz, PBmzm, PBmzz, PBzmz, PBzzm, PBzzz} and for integer ωi such that ωi ↑ 0
for i = 9, 10, 11. The complete set of definitions for all the families considered in this paper can be
found in our ancillary files [58].

The dimension dim(F ) of the vector space associated with each family F in figs. 1 and 2
corresponds to the number of master integrals we must compute for each of them. We collected
these numbers in table 1. We determined them by generating systems of integration-by-parts (IBP)
relations [59, 60] with LiteRed [61, 62] and NeatIBP [63], and solving them with the Laporta
algorithm [64] within the finite-field framework FiniteFlow [40, 65].

We close the discussion of integral families with two comments. First, we do not consider here
two-loop families that are products of one-loop integrals, as they can be trivially obtained from
the integrals computed in this paper. Second, all planar integral topologies for instance “triangle-
hexagon”, are reducible to the integrals from pentagon-box topologies computed here.
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fast and stable function basis:
pentagon functions

independent master integrals), and Z(T̃2) (with 8 independent master integrals). In the

following subsections, as well as in Appendices A and B, we give further details about

them. We notice that for completeness, in Appendix C we also provide details of our basis

of one-loop master integrals for the propagator structure of the diagram shown in figure 7.

In the following, we will refer to the one-loop topology as T0.

3.1 The Penta-Box Family T1

The T1 family is an eleven-propagator Feynman integral family, where three propagators

are introduced to make the family complete, such that all scalar products between loop

momenta and external momenta can be expressed in terms of inverse propagators. It is

defined according to

T1[ωε] =

∫
d
d
ϑ1

iϖd/2

d
d
ϑ2

iϖd/2

ϱ
→ω9
9 ϱ

→ω10
10 ϱ

→ω11
11

ϱ
ω1
1 ϱ

ω2
2 ϱ

ω3
3 ϱ

ω4
4 ϱ

ω5
5 ϱ

ω6
6 ϱ

ω7
7 ϱ

ω8
8

, (3.1)

where ωε = (ε1, · · · , ε11) is a vector of integers (the propagator powers) and εi → 0 for

i = 9, 10 and 11. We work in dimensional regularization with d = 4 ↑ 2ς and the inverse

propagators are defined according to

ϱ1 = ϑ
2
1 , ϱ2 = (ϑ1 + p1)

2
↑m

2
t , ϱ3 = (ϑ1 + p12)

2
↑m

2
t ,

ϱ4 = (ϑ1 + p123)
2
, ϱ5 = (ϑ1 + ϑ2)

2
, ϱ6 = ϑ

2
2 , (3.2)

ϱ7 = (ϑ2 + p5)
2
, ϱ8 = (ϑ2 + p45)

2
,

where pi···j = pi+ · · ·+pj . These propagators correspond to the diagram shown in figure 4,

to which we add the three irreducible scalar products

5

4

3

2

1

7

ω2

6

5

8

ω1

4

3

2

1

Figure 4: The propagator structure associated to the T1 integral family, with the routing

of loop momenta ϑi (i = 1, 2) chosen as in equation (3.2). The red double lines represent

massive propagators or external on-shell momenta (with mass mt), the black solid lines

represent massless propagators or external on-shell momenta, and the cyan dashed line

represents an external o!-shell momentum. The integers labeling the external lines refer to

the corresponding momenta pi (i = 1, · · · , 5) as defined in section 2, while the blue inner

integers correspond to the inverse propagators ϱj (j = 1, · · · , 8) as defined in equation (3.2).

ϱ9 = (ϑ1 ↑ p5)
2
, ϱ10 = (ϑ2 ↑ p12)

2
↑m

2
t , ϱ11 = (ϑ2 ↑ p1)

2
↑m

2
t . (3.3)
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The integral family T1 defines a vector space of integrals. Each element of this vector

space can be systematically expressed in terms of basis elements with the help of IBP

identities. As described above, the dimension of this vector space is dim (T1) = 111. There

is a lot of freedom in the choice of a basis of integrals, the so-called master integrals,

and in section 4 we describe how we construct a basis that satisfies a set of di!erential

equations in ω-factorized form. In such way we make explicit the singularity structure of all

master integrals. We notice that 50 master integrals of T1 have never been studied in the

literature, with the rest being one-loop squared integrals, 3-propagator integrals, integrals

with all massless propagators, or integrals studied in Ref. [14]. In Appendix A we include

the definition of all 111 integrals in our basis.

3.2 The Penta-Bubble Family T̃2

The penta-bubble family T̃2 is defined according to:

T̃2[εϑ] =

∫
d
d
ϖ1

iϱd/2

d
d
ϖ2

iϱd/2

ς
→ω7
7 ς

→ω8
8 ς

→ω9
9 ς

→ω10
10 ς

→ω11
11

ς
ω1
1 ς

ω2
2 ς

ω3
3 ς

ω4
4 ς

ω5
5 ς

ω6
6

, (3.4)

where ϑi → 0 if i = 7, . . . , 11. The inverse propagators are defined according to

ς1 = ϖ
2
1 , ς2 = (ϖ1 + p5)

2
, ς3 = (ϖ1 + p15)

2
↑m

2
t ,

ς4 = (ϖ1 + p125)
2
↑m

2
t , ς5 = (ϖ1 + ϖ2 ↑ p4)

2
, ς6 = ϖ

2
2 , (3.5)

which correspond to the diagram shown in figure 5. We add the following five irreducible

scalar products to complete the family

ς7 = (ϖ1 ↑ p3)
2
, ς8 = (ϖ2 ↑ p1)

2
, ς9 = (ϖ2 ↑ p2)

2
,

ς10 = (ϖ2 ↑ p3)
2
, ς11 = (ϖ2 ↑ p4)

2
. (3.6)

The integral family T̃2 defines a vector space with dim(T̃2) = 19. As described above,

1

2

3

4

5

ω1

1

2

3

4

5ω2 6

Figure 5: The propagator structure associated to the T̃2 integral family, with the routing

of loop momenta ϖi (i = 1, 2) chosen in equation (3.5). See caption of figure 4 for details

on the notation.

only 8 of those integrals are not included in the T1 family, and 4 of them have never been

studied in the literature. Considering also the Z(T̃2) family introduces 16 more master

integrals in our analysis. In Appendix B we include the definition of all T̃2 master integrals

not included in T1.
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(a) Topology PBA.
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(c) Topology PBC .

Figure 1: The three pentagon-box topologies contributing to pp → tt̄j in the leading colour limit.
Black lines denote massless particles and red double-lines denote massive particles.

PBA PBB PBC

DF,1 k
2

1
k

2

1
↑ m

2

t k
2

1

DF,2 (k1 ↑ p1)2 ↑ m
2

t (k1 ↑ p2)2 (k1 ↑ p3)2

DF,3 (k1 ↑ p1 ↑ p2)2 (k1 ↑ p2 ↑ p3)2 (k1 ↑ p3 ↑ p4)2

DF,4 (k1 ↑ p1 ↑ p2 ↑ p3)2 (k1 ↑ p2 ↑ p3 ↑ p4)2 (k1 ↑ p3 ↑ p4 ↑ p5)2

DF,5 k
2

2
k

2

2
↑ m

2

t k
2

2

DF,6 (k2 ↑ p5)2 (k2 ↑ p1)2 (k2 ↑ p2)2 ↑ m
2

t

DF,7 (k2 ↑ p4 ↑ p5)2 (k2 ↑ p1 ↑ p5)2 (k2 ↑ p1 ↑ p2)2

DF,8 (k1 + k2)2 (k1 + k2)2 (k1 + k2)2

DF,9 (k1 + p5)2 (k1 + p1)2 ↑ m
2

t (k1 + p2)2 ↑ m
2

t

DF,10 (k2 + p1)2 ↑ m
2

t (k2 + p2)2 ↑ m
2

t (k2 + p3)2

DF,11 (k2 + p1 + p2)2 (k2 + p2 + p3)2 ↑ m
2

t (k2 + p3 + p4)2

Table 1: Inverse propagators DF,i of the pentagon-box topologies shown in figure 1.

where

dij = pi · pj . (2.4)

The minimal set of master integrals (MIs) is obtained by Integration-by-Parts (IBP) reduc-
tion [87, 107]. We generate the systems of IBPs with the software LiteRed [88, 89] and Neat-
IBP [90], and solve them via the Laporta algorithm [108] within the finite-field framework Finite-
Flow [26]. Topology PBA has been considered previously in ref. [20] and has 88 MIs. For the new

– 4 –
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(b) Family F2

p2

p1
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p3
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k1 + k2

(c) Family F3

Figure 1: The two-loop integral families contributing to tt̄W production at hadron colliders
in the leading colour approximation. The red lines correspond to (anti-)top quarks, the blue
curved line to the W boson, and the black lines to massless particles.

It is useful to introduce Gram determinants,

G

(
a1, . . . , an

b1, . . . , bn

)
= det (2 ai · bj) ,

G(a1, . . . , an) = G

(
a1, . . . , an

a1, . . . , an

)
.

(2.6)

They play a role in describing the singularity structure of Feynman integrals, constructing
master integrals (MIs), and defining the scattering regions. For example, we anticipate that
the MIs constructed in section 3 contain the following square roots:

r1 =

√
G(p1, p2, p3, p4) , r2 =

√
→G(p34, p1) ,

r3 =

√
→G(p13, p4) , r4 =

√
→G(p45, p2) ,

r5 =

√
→G(p45, p1) , r6 =

√
→G(p15, p4) ,

r7 =

√
→G(p34, p2) , r8 =

√
→G(p12, p4) ,

r9 =

√
→G(p1, p2) , r10 =

√
→G(p2, p4) ,

r11 =

√
→G(p1, p4) ,

(2.7)
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dlog not always possible: nested square roots and elliptic structures
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useful features:
• reconstruct exact results using chinese remainder theorem
• extremely efficient solutions to large linear systems
• reconstruct rational functions using Newton/Thiele interpolation
• modular approach in FiniteFlow allows us to link different algorithms 

and avoid large intermediate steps

rational functions

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})
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finite fields for IBPs/amplitudes
Peraro ’16,’19

great for solving IBP systems e.g. 
FINRED [von Manteuffel],

KIRA+FIREFLY [Maierhoefer, Usovitsch, Uwer, Klappert, Lange]

von Manteuffel, Schabinger ‘14

avoid large intermediate 
algebraic expressions using 

modular arithmetic



QGRAF + FORM/MATHEMATICA + rational 
phase-space

(Momentum Twistors)

colour ordered
helicity amplitudes

complete reduction 
setup implemented in 
FINITEFLOW [Peraro ’19]

Q-linear relations, univariate apart,
analytic reconstruction…

M (2)({p}, ✏) =
X

i

ci({p}, ✏)Fi({p}, ✏)
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IBPs

IR/UV sub + expansion to 
function basis IBPs generated with help 

from LITERED [LEE 12’,23’]
+FINITEFLOW

pre-processing

further reading: de Laurentis, Page [2203.04269], Liu [2306.12262], Chawdhry [2312.03672] 

rational functions

A(L),4�2✏ =
X

i

ci(✏, {p})Fi(✏, {p})
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finite fields for IBPs/amplitudes

our approach…
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2→3 two-loop 
hard functions



[γγγ Chawdhry,Czakon,Mitov,Poncelet(2019)]
[γγγ Kallweit,Sotnikov,Wiesemann(2020)]
[γγj Czakon,Mitov,Poncelet(2020)]
[* Htt Catani,Devoto,Grazini,Kallweit,Mazzitelli,Savoini(2020)]
[3j Czakon,Mitov,Poncelet(2021)]
[†Wbb Hartanto,Poncelet,Popescu,Zoia(2022)]
[*Wtt Buonocore,Devoto,Grazzini,Kallweit,Mazzitelli,Rottoli,Savoini(2023)]
[γjj SB,Czakon,Hartanto,Moodie,Peraro,Poncelet,Zoia(2023)]
[gg→ggg Chen,Gehrmann,Glover,Huss,Marcoli(2022)]
[jet event shapes Alvarez,Cantero,Czakon,Llorente,Mitov,Poncelet(2023)]
[* W/Zbb Mazzitelli,Sotnikov,Wiesemann(2024)]
[γγ event shapes Buccioni,Chen,Feng,Gehrmann,Huss,Marcolli(2025)]

* approximated double virtual

† massless bottom quarks

2→3 dσ
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FIG. 1. pT,ωω , aT , ωacop and ω→
ε distributions for diphoton production at the LHC in LO (green), NLO (blue) and NNLO (red)

accuracy, in comparison with the ATLAS diphoton measurement [4]. The NNLO prediction consistently includes the loop-
induced gluon-initiated process at Born level. The NNLO+ curve (yellow) is obtained by including the O(ε4

s) NLO correction
to the loop-induced process. The colored bands represent theoretical uncertainties from 7-point scale variation. The error bars
represent Monte-Carlo integration errors. The ratio plots show the prediction normalized to the ATLAS data.

tual corrections is indicated in the upper frames of Fig-
ure 2. More specifically, we isolate the interference of the
two-loop amplitude with the tree-level one (2Re(A0A→

2))
and we either remove it completely (label ‘no VV’) or we
include only its leading-color component (label ‘LC VV’).
In terms of two-loop Feynman diagrams, the leading-
color component is defined as in [14]. However, we note
that our definition of finite remainder [25, 28] di!ers from
the one of [14, 27]. It can be seen that the contribution
of the complete two-loop finite remainder depends non-
trivially on the kinematics. It is quasi negligible for large
values of the event shapes or pT,ωω , and typically amounts
to less than 5% of the NNLO prediction except at the low
endpoints of the distributions. This is largely dominated
by the leading-color component, with subleading color

terms never exceeding the 0.3% level.

In the lower frame of Figure 2, we study the impact
of the gluon-induced quark-loop subprocess, which is by
default included at order ω3

s in the NNLO predictions.
Its numerical relevance can be seen from the ‘no QL’,
where this subprocess is removed entirely. In the NNLO+

curves, the O(ω4
s) corrections to this subprocess are in-

cluded. It can be seen that the quark-loop subprocess
contributes in particular in the low and intermediate
range in the distributions. Its inclusion at NNLO is cru-
cial for the perturbative stability of the predictions at
this order, especially towards the lower end of the distri-
butions. This feature is remarkable, since at NNLO this
contribution appears for the first time, being finite and
unrelated to any of the other subprocesses. The O(ω4

s)
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Figure 5. The same as Fig. 4 but for the p
jet
T observable.

similarly. This is consistent with the fact that the two scale choices are closest (kinematics-wise per
event) when E?(�) > pT (j1) since in that case, E?(�) dominates the value of HT . This suggests
that the region where E?(�) < pT (j1) is particularly poorly described with the E?(�) scale because
this scale is relatively low (compared to the jet momenta), leading to comparatively large ~S(µR)
and thus large corrections.

Invariant mass of the jet pair m(j1j2). The differential cross section is presented in Fig. 6.
Unsurprisingly, the pattern of perturbative corrections is similar to the previous two cases. The
NNLO QCD corrections are small and lead to a significant reduction of the scale dependence. The
NNLO QCD predictions agree with the data across the spectrum. Only for small invariant masses
do we observe a clear deviation. This deviation might be related to the different definition of the
photon isolation between theory and experiment. While it seems that Sherpa describes the data
in the first bin better than fixed-order QCD, we point out the large fluctuations of the results of the
Sherpa simulation, which makes any precise statement impossible. Furthermore, we expect that
resummation effects play no role in the first bin of the distribution. This assessment is supported in
particular by the fact that the NLO and NNLO predictions with the HT scale are very close to each
other. For high invariant mass, the Sherpa predictions completely fail to describe the spectrum,
which is noteworthy because this observable is of special interest in searches for New Physics, e.g.
in the search for a heavy resonance decaying into jets and recoiling against the prompt photon. The
NNLO QCD predictions correctly describe the falling spectrum with only small corrections w.r.t.
NLO QCD. The scale-variation uncertainty is smaller than the experimental uncertainties. The
good description of the data, in particular in comparison to the Sherpa spectrum, motivates the
usage of the predicted spectrum instead of relying on data-driven background estimates. Of course,
this would require a substantial investment of computing resources in order to improve the quality
of the Monte-Carlo integration for invariant masses in the TeV range. In this region, we observe
large cancellations between different contributions to the complete NNLO result, which impact the
quality of the histograms. The cancellations are enhanced for the E?(�) scale. The results in the
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FIG. 2. Comparison of theory predictions with di!erential distributions measured by CMS [15].

the leading b-jet (!y
Z,b-jet1), where similar di”erences

appear. Although less pronounced than in the 4FS,
such trend is also present the 5FS predictions at large
!y

Z,b-jet1 and !R
Z,b-jet1 , see Figs. 6 and 7 of Ref. [15].

That behaviour also appears in the!y
Z,b-jet1 distribution

in an earlier ATLAS measurement [14]. A better under-
standing of this discrepancy requires additional studies
and potentially all-order resummation of logarithms in
mb through a 4FS and 5FS combination at NNLO+PS,
which is left for future work.

Summary.—In this letter, we presented a novel com-
putation for the production of a Z-boson in association
with bottom quarks in hadronic collisions. We have cal-
culated NNLO QCD corrections in the 4FS, including
the five-point two-loop amplitude in the small-mb ap-
proximation. In addition, the first NNLO+PS approach
for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di”erences
between 4FS and 5FS predictions for this process [18].

Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the
perturbative accuracy of previous calculations has been
insu#cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
in this letter also builds the basis for a more accurate
determination of the bottom-quark mass e”ects in
Drell-Yan production, relevant for MW measurements,
along the lines of the study in Ref. [79], which at the
time was pursued only at NLO+PS.
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issues related to the singular behaviour of the massless
amplitudes for certain mappings from the massive to the
massless momenta of the bottom quarks.



Two-loop amplitudes for pp→ttj

⇒ Increase in complexities due to external and internal masses

High-degree rational functions (6 kinematic variables + ϵ), massive spinors

Internal massive propagators, functions beyond polylogarithms

⇒ Two scattering processes: 0→ttggg and 0→ttqqg

⇒ Work in the leading colour approximation: only planar diagrams

9

leading colour 
approximation

helicity amplitudes encode 
spin correlations in the 

narrow width approximation

u±(p,m;n) =
h⌘ ⌥ |(/p+m)

h⌘ ⌥ |p[±i
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e.g. Melnikov, Schulze ‘09

gg→ttg at 2-loops:
helicity amplitudes

4D projectors [Tancredi, Peraro ’19,’20]Helicity amplitude construction

Massive spinor prescriptions are known: [Kleiss,Stirling(1985)][Rodrigo(2005)][Arkani-Hamed,Huang,Huang(2017]

Our strategy: expand massive spinor structure in terms of form factors and Bx gluon helicities
see also [Buccioni,Kreer,Liu,Tancredi(2023)]

is constructed using four-dimensional projector method [Peraro,Tancredi(2019,2020)]

Bxing gluon
helicities

straightforward to

square the amplitude

or to attach decays

*sum over spin and polarisation states are implied

“contracted helicity amplitude”

16

see also 1L ttH [Buccioni,Kreer,Liu,Tancredi ’23] 

easy to square amplitude or attach decays

16Colomba Brancaccio

Colour decomposition
SCATTERING AMPLITUDES

● Consider all diagrams contributing to the process (gg→ttg @ 2 loops)

● Colour expansion take the leading colour limit 
reduce the complexity of the loop integrals

 At two loops:

Leading colour ∝ Nc2  only planar diagrams
Towards tt+jet @ NNLO

[QGRAF]
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high precision boundary values with Auxiliary Mass Flow (AMFLOW Liu ’22)
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gg→ttg at 2-loops: 

differential equations
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(a) Elliptic sector, dubbed 321B.
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(b) Pentagon-triangle sector containing a nested
square root. We denote it by 421B

Figure 2: Problematic sectors of topology B.

with Â
(0) and Â

(1) matrices of rational functions in the kinematic invariants. Whether possible
an ✏ factorised differential equation is obtained by means of diagonal [SZ: why diagonal?]
rotation Ii = N(~x)ijJj , which depends on square-roots of kinematic invariants.

• Step 3: We work iteratively on each sector, starting from the homogeneous part of the differ-
ential equations and then studying the non-homogeneous one. [SZ: define ‘homogeneous’]

Another important aspect in the construction of the master integrals basis involves minimising
both the highest numerator rank and the quantity of dotted propagators. This requirement is
crucial in order to prevent the size and number of IBP relations needed to explode, and therefore
make the calculation computationally too expensive. To further ameliorate this aspect, we used
the software NeatIBP [66] to generate optimised IBP relations through the solution of syzygy
equations [67].

Through the strategy described above, we built a basis of MIs for topology C which satisfies the
DEs in canonical form. Contrarily, for topology B such a form is not possible. Two sectors, shown in
fig. 2, present additional challenges. These can be identified by analysing the factorisation properties
of the Picard-Fuchs operators [99, 100]. The sectors in fig. 2 are in fact the only ones whose MIs have
Picard-Fuchs operators with irreducible factors of degree 2, in contrast with all the other MIs, whose
Picard-Fuchs operators factorise into linear factors. We devote sections 3.3 and 3.5 to a thorough
analysis of these sectors, and summarise here the main conclusions. By analysing the homogeneous
differential equations for the sector in fig. 2a, we find that their solution involves elliptic integrals.
While the last few years have seen important progress in the construction of "-factorised differential
equations beyond the genus-zero case [58, 59, 101], this problem is challenging in general. Moreover,
the transformation required to achieve an "-factorised form in this case involves transcendental
functions (such as elliptic ones). This feature adds a further level of complexity for the numerical
evaluation of the system of differential equations. In other words, even if an "-factorised form of the
differential equations could be obtained in this case, the numerical evaluation of the solution would
remain an open problem. The most common approach in such cases is to resort to semi-numerical
methods such as the generalised power series expansion, which can be equally applied even without
an "-factorised form. Nonetheless, we put some effort into choosing master integrals for this sector
such that the connection matrices are polynomial in " up to order "

2, and all the entries which do
not involve MIs of the two problematic sectors are "-factorised. With respect to the generic form,
this makes the expression of the differential equations more compact, and improves the evaluation
time of the solution using generalised power series expansions.

– 7 –
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(b) Pentagon-triangle sector containing a nested
square root. We denote it by 421B

Figure 2: Problematic sectors of topology B.

with Â
(0) and Â

(1) matrices of rational functions in the kinematic invariants. Whether possible
an ✏ factorised differential equation is obtained by means of diagonal [SZ: why diagonal?]
rotation Ii = N(~x)ijJj , which depends on square-roots of kinematic invariants.

• Step 3: We work iteratively on each sector, starting from the homogeneous part of the differ-
ential equations and then studying the non-homogeneous one. [SZ: define ‘homogeneous’]

Another important aspect in the construction of the master integrals basis involves minimising
both the highest numerator rank and the quantity of dotted propagators. This requirement is
crucial in order to prevent the size and number of IBP relations needed to explode, and therefore
make the calculation computationally too expensive. To further ameliorate this aspect, we used
the software NeatIBP [66] to generate optimised IBP relations through the solution of syzygy
equations [67].

Through the strategy described above, we built a basis of MIs for topology C which satisfies the
DEs in canonical form. Contrarily, for topology B such a form is not possible. Two sectors, shown in
fig. 2, present additional challenges. These can be identified by analysing the factorisation properties
of the Picard-Fuchs operators [99, 100]. The sectors in fig. 2 are in fact the only ones whose MIs have
Picard-Fuchs operators with irreducible factors of degree 2, in contrast with all the other MIs, whose
Picard-Fuchs operators factorise into linear factors. We devote sections 3.3 and 3.5 to a thorough
analysis of these sectors, and summarise here the main conclusions. By analysing the homogeneous
differential equations for the sector in fig. 2a, we find that their solution involves elliptic integrals.
While the last few years have seen important progress in the construction of "-factorised differential
equations beyond the genus-zero case [58, 59, 101], this problem is challenging in general. Moreover,
the transformation required to achieve an "-factorised form in this case involves transcendental
functions (such as elliptic ones). This feature adds a further level of complexity for the numerical
evaluation of the system of differential equations. In other words, even if an "-factorised form of the
differential equations could be obtained in this case, the numerical evaluation of the solution would
remain an open problem. The most common approach in such cases is to resort to semi-numerical
methods such as the generalised power series expansion, which can be equally applied even without
an "-factorised form. Nonetheless, we put some effort into choosing master integrals for this sector
such that the connection matrices are polynomial in " up to order "

2, and all the entries which do
not involve MIs of the two problematic sectors are "-factorised. With respect to the generic form,
this makes the expression of the differential equations more compact, and improves the evaluation
time of the solution using generalised power series expansions.

– 7 –
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the MIs. The factorisation of " allows us to express the solution algorithmically in terms of Chen
iterated integrals [92], order by order in the Laurent expansion around " = 0. This, in conjunction
with the presence of logarithmic one-forms only, enables the application of a well-established toolbox
of mathematical techniques — most notably the symbol [93] — to write down and manipulate the
solution. Building on this, the method of the so-called pentagon functions [27, 30, 33, 35, 94, 95]
has proven particularly successful in the computation of two-loop amplitudes for 2 ! 3 processes.

It is however known that the DEs for Feynman integrals can take more complicated forms.
Indeed, we anticipate that the canonical form in eqs. (3.4) and (3.5) can only be achieved for
topologies A and C [MB: Topology A is not defined yet], whereas a generalisation is necessary
for topology B. First of all, it is not proven that one can always factorise the dependence on " in the
connection matrices. On top of that, even when " is factorised, one-forms other than d log’s may be
necessary (see e.g. the review [96] and references therein). For such cases the notion of “canonical”
DEs is still under debate [55, 58] [SZ: other refs?]. On the one hand, the techniques for bringing
the DEs to an "-factorised form are much less mature than in the d log case. On the other, even
when an "-factorised form is achieved which involves one-forms more complicated that the d log’s,
manipulating and evaluating the solution efficiently remain challenging. For these reasons, it is
often convenient to resort to more flexible numerical approaches to solve DEs beyond the d log case,
as opposed to fully analytic solutions in terms of well understood special functions. The method of
generalised power series expansions [70] is proving particularly effective, boosted by the availability
of public implementations [71, 72, 76]. Nonetheless, also within this approach to the solution,
simplifying as much as possible the form of the DEs is crucial to an efficient and stable evaluation
of the solution. In particular, it is desirable for the connection matrices to depend polynomially
on ", and for the degree in " to be as low as possible. More explicitly, in the generalisation of the
canonical DEs we consider in this work for topology B the connection matrix has the form

dA
(B)(~x, ") =

kmaxX

k=0

X

i

"
k
!i(~x) c

(B)
k,i , (3.6)

where !i(~x) are (linearly independent) one-forms, kmax 2 N, and c
(B)
k,i are matrices of rational

numbers. A subset of the one-forms {!i(~x)} may be d log’s.
[SZ: edited until here]

[SZ: how to smoothly insert this paragraph?] When the master integrals under study
satisfy a set of canonical differential equations (3.4), they can often be represented as iterated
integrals over rational functions and they usually can be written in terms of a well-understood class
of functions, the so-called multiple polylogarithms (MPLs) [97, 98]. Geometrically these integrals
are defined on a genus zero surface, i.e. on a Riemann sphere. It is however well known that
Feynman integrals can admit a representation whose analytic structure is defined by higher-genus
surfaces, such as elliptic curves.

Our approach to construct a basis of master integrals is outlined in ref. [15]. For complete-
ness, we briefly summarise it in the following. [SZ: rephrase: we find good bases sector by
sector, and only after this is done we reconstruct] [SZ: define: homogeneous DEs]

• Step 0: We exploit finite fields technique to perform IBP reduction and to reconstruct the
differential equations, either fully analytically or on a univariate slice.

• Step 1: We select integrals candidates following patterns observed in previously studied cases.

• Step 2: We work sector by sector, searching for a basis of master integrals linear in ✏

d ~J (~x, ✏) = d
⇣
Â

(0)(~x) + ✏ Â
(1)(~x)

⌘
~J (~x, ✏) , (3.7)
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We construct T in two steps. First, we transform the
homogeneous block of the DEs related to the elliptic sec-
tor into ω-factorised form. Second, we perform a similar
rotation to factorise ω in the inhomogeneous blocks that
couple other sectors to the ones shown in fig. 2. In both
cases, we follow the approach of ref. [19]. An important
part of this method is to find a suitable starting basis
that simplifies the DEs as much as is possible without
introducing transcendental functions. We find the basis
of ref. [32] to be a suitable starting point. In particular,
the maximal cut of I35 is related to the periods of the
elliptic curve (see appendix A of ref. [32] and eq. (A1)).

We begin by focusing on the derivative w.r.t. m2
t . The

homogeneous block of the connection matrix of the ellip-
tic sector takes the following form at ω = 0,

dAω=0
hom.,ell. = Aω=0

m2
t ,hom.,ell. dm2

t + . . . , (9)

where we omit the di!erentials in the other variables, and

Aω=0
m2

t ,hom.,ell. =



 B
0
0

ε ε 0



 , (10)

with a 2→2 block B coupling the first two MIs. The fun-
damental solution W for this block, i.e., the solution to

ϑm2
t
W = B · W , (11)

can be found by converting the 2→2 system of first order
DEs into a single second-order DE

L(2)
m2

t
ϖi ↑

[
ϑ2
m2

t
+ a1(ϱx)ϑm2

t
+ a0(ϱx)

]
ϖi = 0 , (12)

by standard methods. The solutions to this equation are
the two periods in eq. (7). We then can convert back to
the 2 → 2 system to write W in terms of the periods.

Following ref. [19], we then split W into a lower-
triangular semi-simple part and an upper-triangular
unipotent part, i.e. W = W ss · W u, with

W ss =

(
ϖ1 0

ϖ→
1

det(W )
ε1

)
and W u =

(
1 ε2

ε1

0 1

)
, (13)

and rotate the first two MIs by the inverse of the semi-
simple part. Although W depends on both ϖ1 and
ϖ2 (and their derivatives), its semi-simple part can in
general be written in terms of a single solution, say
ϖ1 (and its m2

t -derivative, ϖ→
1), thanks to the fact that

det(W ) = ϖ1ϖ→
2 ↓ϖ2ϖ→

1 is a rational function of ϱx due to
the Legendre relation for elliptic integrals. The freedom

of choosing which solution of L(2)
m2

t
appears in W ss and

thus in the canonical DEs is unphysical and the result
for the original basis ϱI does not depend on it.

After this basis change and a rescaling by suitable fac-
tors of ω, the homogeneous DEs in m2

t are now linear in
ω, with the leading term being lower triangular,

Ass
m2

t ,hom.,ell. =




0 0 0
ε 0 0
ε ε 0



 + ω




ε ε ε
ε ε ε
ε ε ε



 . (14)

Achieving ω-factorisation therefore amounts to integrat-
ing out the remaining elements at ω = 0 [48]. However,
as was the case for several examples in ref. [19], not all
elements are total derivatives in m2

t . As a result, we need
to introduce a new function, G1, defined through its m2

t -
derivative, as ϑm2

t
G1 =

(
Ass,ω=0

m2
t ,hom.,ell.

)
2,1

, which is linear

in ϖ1 and ϖ→
1 (the same as in W ss), and rational in ϱx.

Having worked out the intricate dependence of the re-
sulting transformation on all kinematic variables (see ap-
pendix A), we can successively check the ω-factorisation
of the homogeneous DEs not only in m2

t , but also in the
other variables. We find that, thanks to our careful choice
for the solutions of the appearing di!erential operators,
these are automatically ω-factorised, so that no further
(m2

t -independent) transformations are required.
To achieve the same for the inhomogeneous blocks of

the connection matrix, we again integrate out the ele-
ments at ω = 0, introducing three additional functions,
dubbed G2, G3,±. Their partial derivatives are linear in
ϖ1 and ϖ→

1, but now additionally contain various square
roots: they are odd w.r.t.

↔
”32, and G3,± originate from

the coupling of the two sectors in fig. 2 to each other, and
contain

↔
”5 as well as

↔
n±, respectively.

Similarly to the first step, these transformations su#ce
to ω-factorise the DEs in all variables, even though they
were derived by only considering the derivative w.r.t. m2

t .
Moreover, while from the point of view of the DEs the
new functions Gi are defined through their partial deriva-
tives, we were also able to express them explicitly as com-
plete elliptic integrals of the third kind by considering
di!erent Baikov representations [49, 50] and performing
the integrals appearing in them, see appendix A. This
result will be useful in view of the numerical evaluation
of the solution, which we leave to future work.

III. ANALYTIC STRUCTURE

The DEs for the basis ϱJ constructed in the previous
section take the form

d ϱJ (ϱx, ω) = ω
112∑

i=1

Mi ςi(ϱx) · ϱJ (ϱx, ω) , (15)

where Mi are constant rational matrices, and ςi(ϱx) are
Q-linearly independent di!erential one-forms. We veri-
fied the linear independence either by treating the elliptic
functions (ϖ1, Gi) as independent variables, or by evalu-
ating them numerically. We expressed the 83 ςi(ϱx)’s free
of elliptic functions as d log W for some algebraic function
W . This required constructing 13 new d log’s involving
the nested square roots, besides the ones of ref. [32]. We
chose the 29 one-forms containing elliptic functions from
the entries of the connection matrix, and wrote them in
terms of di!erentials of ϱx. The definition of the MIs ϱJ
contains overall (nested) square roots and transcendental
functions. This induces two gradings on the one-forms.

further study required for efficient numerical evaluation 

1
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where dij = pi · pj . The family is the set of all scalar
integrals of the form

Ia9,a10,a11
a1,...,a8

(ωx, ε) = e2ωεE

∫
ddk1

iϑ
d
2

ddk2

iϑ
d
2

Da9
9 Da10

10 Da11
11

Da1
1 · · ·Da8

8

, (2)

where a9, a10, a11 → 0, d = 4 ↑ 2ε, and the inverse prop-
agators Di are given in table 1 of ref. [32] (family PBB).
Modulo integration-by-parts [42–44] and symmetry rela-
tions, the family has a basis of 121 master integrals (MIs).
The analytic structure of the integrals involves six square
roots:

↓
ϖ12,

↓
!31,

↓
!32,

↓
!33,

↓
”4,

↓
!5.1

In general, a set of MIs ωI satisfies a system of di#er-
ential equations (DEs) of the form [1–5]

d ωI(ωx, ε) = dA (ωx, ε) · ωI(ωx, ε) , (3)

where d is the total di#erential with respect to ωx. The
connection matrix dA(ωx, ε) for the basis ωI of ref. [32] de-
pends quadratically on ε, and contains non-logarithmic
one-forms. These non-canonical features are however lo-
calised in the two sectors shown in fig. 2, i.e., in the sub-
sets of integrals having the propagators of the graphs in
the figure. More concretely, the ‘homogeneous’ blocks—
i.e., the blocks on the diagonal of the connection matrix
that couple the MIs of the same sector—were cast into
‘ε ↔ d log’ form for all sectors but the two in fig. 2.

As noticed in ref. [32], the homogeneous block of the
sector in fig. 2b is ε-factorised by rotating I19 and I20 as

J19 =

↓
n+

d45 r2

(
I20 + I19

)
, J20 =

↓
n→

d45 r2

(
I20 ↑ I19

)
. (4)

This transformation contains the nested square roots

↓
n± =

√
d2
23!5 ↑ 8r2r4 ± 4d23r3

√
!5 , (5)

where rk denotes a degree-k polynomial in ωx. The result-
ing ε-factorised block was not written in terms of d log’s,
and it is unclear whether this is generally possible in the
presence of nested roots [45]. In section III, we show
that this is indeed possible in our case, and discuss the
symmetries associated with the nested square roots.

The sector in fig. 2a was instead shown to involve ellip-
tic functions associated with the elliptic curve y2 = P(z),

P(z) = (z ↑ e1)(z ↑ e2)(z ↑ e3)(z ↑ e4) , (6)

where the roots ei are functions of ωx. In particular, the
maximal cut of the scalar integral of this sector (I35, with
a suitable normalisation) at ε = 0 is given, depending
on the integration cycle, by the periods of the elliptic

1 With respect to ref. [32], we make the square-root sign explicit,
and use

→
!5 rather than tr5 to avoid confusion with the homony-

mous pseudo-scalar invariant.
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FIG. 1: Graph of the integral family studied in this
letter. Black (red double) lines are massless (massive).
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<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

(a) MIs #35–37.

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>
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(b) MIs #18–20.

FIG. 2: Sectors whose maximal cuts introduce the
elliptic curve (a), and the nested square roots (b), and

labels of the corresponding MIs.

curve [32]. We choose them as

ϱ1 =
2

ϑ

∫ e3

e2

dz√
P(z)

=
4 K(ς2)

ϑ
√

(e3 ↑ e1)(e4 ↑ e2)
,

ϱ2 = 4i

∫ e2

e1

dz√
P(z)

=
↑8 K(1 ↑ ς2)√

(e3 ↑ e1)(e4 ↑ e2)
,

(7)

where K is the complete elliptic integral of the first kind,

K(ς2) =

∫ 1

0

dt√
(1 ↑ t2)(1 ↑ ς2t2)

, (8)

ς2 = e32e41/(e31e42), with eij = ei ↑ ej , is the elliptic
modulus, and the normalisations in eq. (7) were chosen
to simplify the m2

t expansion. The presence of the elliptic
curve is the main obstacle towards achieving canonical
DEs, which we overcome in the next section.

II. CONSTRUCTION OF A CANONICAL BASIS

There is no consensus yet on what ‘canonical’ means
in addition to the factorisation of ε beyond the d log
case [24, 46, 47]. We adopt a local definition: we require
that, for each singular point, it is possible to choose the
appearing period of the elliptic curve such that all one-
forms have at most simple poles. In this section, we
will be concerned with achieving the factorisation of ε.
We will verify that the resulting DEs fulfil this notion of
canonical in section III. We denote by T (ωx, ε) the trans-
formation matrix from the basis ωI of ref. [32] to the new,
canonical basis ωJ , i.e., ωJ = T · ωI. We include in T the
transformation in eq. (4).

2

where dij = pi · pj . The family is the set of all scalar
integrals of the form

Ia9,a10,a11
a1,...,a8

(ωx, ε) = e2ωεE

∫
ddk1

iϑ
d
2

ddk2

iϑ
d
2

Da9
9 Da10

10 Da11
11

Da1
1 · · ·Da8

8

, (2)

where a9, a10, a11 → 0, d = 4 ↑ 2ε, and the inverse prop-
agators Di are given in table 1 of ref. [32] (family PBB).
Modulo integration-by-parts [42–44] and symmetry rela-
tions, the family has a basis of 121 master integrals (MIs).
The analytic structure of the integrals involves six square
roots:

↓
ϖ12,

↓
!31,

↓
!32,

↓
!33,

↓
”4,

↓
!5.1

In general, a set of MIs ωI satisfies a system of di#er-
ential equations (DEs) of the form [1–5]

d ωI(ωx, ε) = dA (ωx, ε) · ωI(ωx, ε) , (3)

where d is the total di#erential with respect to ωx. The
connection matrix dA(ωx, ε) for the basis ωI of ref. [32] de-
pends quadratically on ε, and contains non-logarithmic
one-forms. These non-canonical features are however lo-
calised in the two sectors shown in fig. 2, i.e., in the sub-
sets of integrals having the propagators of the graphs in
the figure. More concretely, the ‘homogeneous’ blocks—
i.e., the blocks on the diagonal of the connection matrix
that couple the MIs of the same sector—were cast into
‘ε ↔ d log’ form for all sectors but the two in fig. 2.

As noticed in ref. [32], the homogeneous block of the
sector in fig. 2b is ε-factorised by rotating I19 and I20 as

J19 =

↓
n+

d45 r2

(
I20 + I19

)
, J20 =

↓
n→

d45 r2

(
I20 ↑ I19

)
. (4)

This transformation contains the nested square roots

↓
n± =

√
d2
23!5 ↑ 8r2r4 ± 4d23r3

√
!5 , (5)

where rk denotes a degree-k polynomial in ωx. The result-
ing ε-factorised block was not written in terms of d log’s,
and it is unclear whether this is generally possible in the
presence of nested roots [45]. In section III, we show
that this is indeed possible in our case, and discuss the
symmetries associated with the nested square roots.

The sector in fig. 2a was instead shown to involve ellip-
tic functions associated with the elliptic curve y2 = P(z),

P(z) = (z ↑ e1)(z ↑ e2)(z ↑ e3)(z ↑ e4) , (6)

where the roots ei are functions of ωx. In particular, the
maximal cut of the scalar integral of this sector (I35, with
a suitable normalisation) at ε = 0 is given, depending
on the integration cycle, by the periods of the elliptic

1 With respect to ref. [32], we make the square-root sign explicit,
and use

→
!5 rather than tr5 to avoid confusion with the homony-

mous pseudo-scalar invariant.
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4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

FIG. 1: Graph of the integral family studied in this
letter. Black (red double) lines are massless (massive).

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

(a) MIs #35–37.

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>
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(b) MIs #18–20.

FIG. 2: Sectors whose maximal cuts introduce the
elliptic curve (a), and the nested square roots (b), and

labels of the corresponding MIs.

curve [32]. We choose them as

ϱ1 =
2

ϑ

∫ e3

e2

dz√
P(z)

=
4 K(ς2)

ϑ
√

(e3 ↑ e1)(e4 ↑ e2)
,

ϱ2 = 4i

∫ e2

e1

dz√
P(z)

=
↑8 K(1 ↑ ς2)√

(e3 ↑ e1)(e4 ↑ e2)
,

(7)

where K is the complete elliptic integral of the first kind,

K(ς2) =

∫ 1

0

dt√
(1 ↑ t2)(1 ↑ ς2t2)

, (8)

ς2 = e32e41/(e31e42), with eij = ei ↑ ej , is the elliptic
modulus, and the normalisations in eq. (7) were chosen
to simplify the m2

t expansion. The presence of the elliptic
curve is the main obstacle towards achieving canonical
DEs, which we overcome in the next section.

II. CONSTRUCTION OF A CANONICAL BASIS

There is no consensus yet on what ‘canonical’ means
in addition to the factorisation of ε beyond the d log
case [24, 46, 47]. We adopt a local definition: we require
that, for each singular point, it is possible to choose the
appearing period of the elliptic curve such that all one-
forms have at most simple poles. In this section, we
will be concerned with achieving the factorisation of ε.
We will verify that the resulting DEs fulfil this notion of
canonical in section III. We denote by T (ωx, ε) the trans-
formation matrix from the basis ωI of ref. [32] to the new,
canonical basis ωJ , i.e., ωJ = T · ωI. We include in T the
transformation in eq. (4).

2

where dij = pi · pj . The family is the set of all scalar
integrals of the form

Ia9,a10,a11
a1,...,a8

(ωx, ε) = e2ωεE

∫
ddk1

iϑ
d
2

ddk2

iϑ
d
2

Da9
9 Da10

10 Da11
11

Da1
1 · · ·Da8

8

, (2)

where a9, a10, a11 → 0, d = 4 ↑ 2ε, and the inverse prop-
agators Di are given in table 1 of ref. [32] (family PBB).
Modulo integration-by-parts [42–44] and symmetry rela-
tions, the family has a basis of 121 master integrals (MIs).
The analytic structure of the integrals involves six square
roots:

↓
ϖ12,

↓
!31,

↓
!32,

↓
!33,

↓
”4,

↓
!5.1

In general, a set of MIs ωI satisfies a system of di#er-
ential equations (DEs) of the form [1–5]

d ωI(ωx, ε) = dA (ωx, ε) · ωI(ωx, ε) , (3)

where d is the total di#erential with respect to ωx. The
connection matrix dA(ωx, ε) for the basis ωI of ref. [32] de-
pends quadratically on ε, and contains non-logarithmic
one-forms. These non-canonical features are however lo-
calised in the two sectors shown in fig. 2, i.e., in the sub-
sets of integrals having the propagators of the graphs in
the figure. More concretely, the ‘homogeneous’ blocks—
i.e., the blocks on the diagonal of the connection matrix
that couple the MIs of the same sector—were cast into
‘ε ↔ d log’ form for all sectors but the two in fig. 2.

As noticed in ref. [32], the homogeneous block of the
sector in fig. 2b is ε-factorised by rotating I19 and I20 as

J19 =

↓
n+

d45 r2

(
I20 + I19

)
, J20 =

↓
n→

d45 r2

(
I20 ↑ I19

)
. (4)

This transformation contains the nested square roots

↓
n± =

√
d2
23!5 ↑ 8r2r4 ± 4d23r3

√
!5 , (5)

where rk denotes a degree-k polynomial in ωx. The result-
ing ε-factorised block was not written in terms of d log’s,
and it is unclear whether this is generally possible in the
presence of nested roots [45]. In section III, we show
that this is indeed possible in our case, and discuss the
symmetries associated with the nested square roots.

The sector in fig. 2a was instead shown to involve ellip-
tic functions associated with the elliptic curve y2 = P(z),

P(z) = (z ↑ e1)(z ↑ e2)(z ↑ e3)(z ↑ e4) , (6)

where the roots ei are functions of ωx. In particular, the
maximal cut of the scalar integral of this sector (I35, with
a suitable normalisation) at ε = 0 is given, depending
on the integration cycle, by the periods of the elliptic

1 With respect to ref. [32], we make the square-root sign explicit,
and use

→
!5 rather than tr5 to avoid confusion with the homony-

mous pseudo-scalar invariant.
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FIG. 1: Graph of the integral family studied in this
letter. Black (red double) lines are massless (massive).
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5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

(a) MIs #35–37.

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1
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(b) MIs #18–20.

FIG. 2: Sectors whose maximal cuts introduce the
elliptic curve (a), and the nested square roots (b), and

labels of the corresponding MIs.

curve [32]. We choose them as

ϱ1 =
2

ϑ

∫ e3

e2

dz√
P(z)

=
4 K(ς2)

ϑ
√

(e3 ↑ e1)(e4 ↑ e2)
,

ϱ2 = 4i

∫ e2

e1

dz√
P(z)

=
↑8 K(1 ↑ ς2)√

(e3 ↑ e1)(e4 ↑ e2)
,

(7)

where K is the complete elliptic integral of the first kind,

K(ς2) =

∫ 1

0

dt√
(1 ↑ t2)(1 ↑ ς2t2)

, (8)

ς2 = e32e41/(e31e42), with eij = ei ↑ ej , is the elliptic
modulus, and the normalisations in eq. (7) were chosen
to simplify the m2

t expansion. The presence of the elliptic
curve is the main obstacle towards achieving canonical
DEs, which we overcome in the next section.

II. CONSTRUCTION OF A CANONICAL BASIS

There is no consensus yet on what ‘canonical’ means
in addition to the factorisation of ε beyond the d log
case [24, 46, 47]. We adopt a local definition: we require
that, for each singular point, it is possible to choose the
appearing period of the elliptic curve such that all one-
forms have at most simple poles. In this section, we
will be concerned with achieving the factorisation of ε.
We will verify that the resulting DEs fulfil this notion of
canonical in section III. We denote by T (ωx, ε) the trans-
formation matrix from the basis ωI of ref. [32] to the new,
canonical basis ωJ , i.e., ωJ = T · ωI. We include in T the
transformation in eq. (4).

dlog form found for nested square root complete description of elliptic sectors



while the DEQ is not in ε-factorised form - we can do 
suprisingly well with the expansion around d=4

• most of the DEQ is in dlog form
• elliptic sectors only appear at order 4 in ε [check with BCs]

• dA(0) and dA(2) mostly zero’s and up to ε3 everything is dlog.
• elliptic sectors do not decouple at ε4 so simply keep MI 

component as basis function (6x2 perms = 12 functions)

result is an (overcomplete) basis for defined through a 
differential equation

dωg(w) = dA(0)ωg(w) + dA(1)ωg(w→1) + dA(2)ωg(w→2)
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<latexit sha1_base64="HQBbC3i1yvXcYz5A+d3MfzW3LV0="></latexit>

ωg =
∑

k→0

εkωg(k)
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Figure 3: Graphs representing the sectors of the family PBB which contain master integrals
that we did not express in terms of iterated integrals at order ω4. The external momenta are
all outgoing, the thick line denotes the top, and the arrows indicate the momentum’s direc-
tion. The sub-captions list the relevant master integrals. They are defined by multiplying the
scalar propagators associated with the graphs by the following numerators under the integral sign:

N15 = ω4 d215 (k2 + p2)
2
+ . . . ,

N19 = ω4 d45 tr
(
ε5/p3(/k1 → /p2 → /p3)/p4/p2

)
,

N20 = ω4 d45 tr
(
/p3(/k1 → /p2 → /p3)/p4/p2

)
,

N35 = ω4 d15(d12 +m2
t ) ,

N36 = 2 ω4
√
(d15 → d34)2 → 2d34m2

t (k1 · p1) ,

N37 = 2 ω4(2ω→ 1) d15 (k2 · p2) ,

where the ellipsis denotes sub-sector terms. We recall that the sector in figure (b) contains the
nested square root, whereas the sector in figure (c) involves elliptic functions.

the computation of two-loop five-particle amplitudes with no internal massive propagators (see also
Refs. [57, 102–106] for the application of similar methods to other cases). This method applies to
those cases where the basis ϑgF of all relevant integral families F satisfies a di!erential equation (DE)
in the canonical form [78]

dϑgF(X; ω) = ω
∑

i

Ai d logWi(X) · ϑgF(X; ω) , (4.1)

where X denotes the kinematic variables (in this case X = ϑd, cf. eq. (2.3)), ω = (4 → D)/2 is the
dimensional regulator, d is the total di!erential w.r.t. X, the Ai’s are constant matrices with entries
in Q, and the Wi(X)’s are algebraic functions of X called letters. The method allows us to write the
solution to eq. (4.1) in terms of a basis of special functions, i.e., of a set of algebraically independent
special functions.

In this work, we initiate the extension of this approach to Feynman integrals which satisfy DEs
in a form di!erent from eq. (4.1). We explain our algorithm to construct a set of special functions
to express the solution to non-canonical DEs in section 4.1, discuss how we can evaluate them
numerically in section 4.2, and present benchmark evaluations in section 4.3.

4.1 Construction of a (over-complete) basis of special functions

We begin by quickly reviewing the method of Ref. [53]. The inputs are canonical DEs for all the
relevant one- and two-loop integral families F, and numerical ‘boundary’ values of all basis integrals
ϑgF at an arbitrary phase-space point X0. Using this information, one writes the solution to the
canonical DEs in terms of Chen iterated integrals [107] (see e.g. Ref. [108] for a review), order by
order in ω,

ϑgF(X; ω) =
∑

k→0

ωk ϑg (k)
F (X) . (4.2)
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contain non-logarithmic one-forms, e.g.

dg(2)15 (X) =
1

24

[
12 g(1)103(X0) + 8 g(1)110(X0) + 4 g(1)111(X0) + 3 g(1)118(X0)→ 48 g(1)63 (X0)

]
ω2(X) + . . . .

(4.8)

This obstruction is removed by a conspiracy of the boundary values: all combinations of boundary
values which multiply non-logarithmic one-forms vanish. We stress that we do not need to resort
to the PSLQ algorithm [112] to find such relations among the boundary values. It su!ces to look
at the coe!cients of the ωi(X)’s in the derivatives of g(2)15 (X), and check numerically that they
vanish. Interestingly, the constraints on the boundary values obtained this way are a subset of
those returned by the algorithm of Ref. [53] applied to εg (1)

(X). Once the non-logarithmic one-
forms are removed, the DEs for εg (2)

(X) take the canonical form as well, and can be solved in terms
of iterated integrals. We proceed similarly for εg (3)

(X) and for the g (4)
i (X) with i /↑ S. As a result,

we have iterated-integral expressions for all ϑ-coe!cients εg (k)
(X) with k = 1, 2, 3, and at ϑ4 for

g (4)
i (X) with i /↑ S.

We apply the same procedure to PB
→
B . The permutation of the DEs for PBB yields 63 new

one-forms, in addition to the 63 defined in Ref. [76]. Out of these, only 76 are relevant for the
solutions truncated at order ϑ4.

Finally, we apply the algorithm of Ref. [53] to construct a basis of special functions out of
the ϑ-coe!cients for which we have an iterated-integral representation. These are εg(k)F for k ↑

{1, 2, 3, 4} and F ↑ {PA,PBA,PB
→
A,PBC}, εg

(k)
F for k ↑ {1, 2, 3} and F ↑ {PBB ,PB

→
B}, and g(4)F,i for

F ↑ {PBB ,PB
→
B} and i /↑ {15, 19, 20, 35, 36, 37}. The resulting number of algebraically independent

functions and their breakdown in transcendental weight are shown in table 1.

transcendental weight 1 2 3 4 4* all
# of functions 6 8 45 166 12 237

Table 1: Number of special functions in our expression of the one- and two-loop amplitudes for
tt̄j production at leading colour, broken down by transcendental weight. We label by 4* the non-
polylogarithmic functions appearing in the MIs at order ϑ4.

The 12 remaining ϑ-coe!cients, namely g(4)F,i for F ↑ {PBB ,PB
→
B} and i ↑ {15, 19, 20, 35, 36, 37},

satisfy coupled DEs involving non-logarithmic one-forms. Since we cannot solve the latter in terms of
iterated integrals, we have no handle over the relations they might satisfy. However, it is reasonable
to expect that only a limited number of relations can exist among these functions, as they are
divided into subsets with di"erent analytic features (the nested square root, the elliptic curve, or
both). Regardless of this, since they are comparatively few and contribute solely to the two-loop
finite remainders, we can add them to the generating set of special functions and still achieve the
objectives we set at the start of this section. We dub these functions non-polylogarithmic, meaning
that they do not have a representation in terms of iterated integrals with logarithmic integration
kernels. We label them by F (4→)

i , for i = 1, . . . , 12, with an asterisk to remind us that, while these
functions appear in the MIs at order ϑ4, they do not have a transcendental weight.

Finally, we have completed the construction of a (potentially over-complete) basis of special
functions. All one- and two-loop MIs relevant for tt̄j production at leading colour are expressed,
order by order in ϑ up to ϑ4, as polynomials in the ring generated by the basis functions and Riemann
zeta values (ϖ2 and ϖ3). For example, we spell out illustrative terms in the expression of the 15th
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Figure 4: Matrix plot displaying the non-zero entries of the connection matrix in eq. (4.11).
Blue dots indicate non-zero entries involving logarithmic one-forms, while the red entries contain
also non-logarithmic special functions. The solid black lines separate subsets of functions with
di!erent transcendental weight, as shown on the left, with 4

→ denoting the non-polylogarithmic
special functions.

(a) PBA (b) PBB (c) PBC

Figure 5: Distributions of the evaluation time per segment in the solution of the DEs for the MIs
of each family with DiffExp.

4.3 Performance analysis

In the final part of this section, we present benchmark evaluations designed to compare the e"ciency
of the three di!erent approaches currently available on the market, all making use of generalised
power series as implemented in DiffExp: the solution to the DEs for the MIs of each separate
family, for the non-polylogarithmic special functions (cf. eq. (4.11)), and for all special functions.
While the more e"cient routine for the polylogarithmic functions is unavailable, we can in fact
apply the method discussed above also to all 237 special functions, rather than just the non-
polylogarithmic ones. The dimension of the corresponding system of DEs is 366, with the 12
non-polylogarithmic functions followed by 166, 151, 30, 6 and 1 polylogarithmic functions with
transcendental weights 4, 3, 2, 1 and 0, respectively.

As a benchmark, we use the average evaluation time per segment in the generalised power
series expansion. We emphasise that the evaluation time per phase-space point strongly depends
on the segmentation of the path within the generalised power series expansion method [79, 80]. An
e"cient evaluation routine aimed at a large number of phase-space points should thus also aim to
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Figure 6: Distributions of the evaluation time per segment in the solution of the DEs for all special
functions and for the non-polylogarithmic functions alone with DiffExp.

Helicity R(0),[1] R(0),[2] R(0),[3] R(0),[4]

+++ 0.26326→ 0.0097514 i 0 0 0

+→+ 5.9619→ 0.16047 i 0 0 →0.31659→ 0.097935 i

+ +→ →5.9575 + 0.0089231 i →12.606→ 0.067440 i 4.6564 + 0.024911 i →1.9692→ 0.010535 i

Helicity R(1),[1]/R(0),[1] R(1),[2]/R(0),[1] R(1),[3]/R(0),[1] R(1),[4]/R(0),[1]

+++ 38.396→ 5.8002 i 71.982→ 4.0653 i →14.289 + 0.70866 i 17.909→ 0.39528 i

+→+ 19.221→ 8.4151 i →4.8506 + 4.8015 i 0.67096→ 0.09959 i →1.2201 + 2.1594 i

+ +→ 20.369→ 19.991 i 41.522→ 41.969 i →15.990 + 15.739 i 6.2964→ 6.4584 i

Helicity R(2),[1]/R(0),[1] R(2),[2]/R(0),[1] R(2),[3]/R(0),[1] R(2),[4]/R(0),[1]

+++ 882.48→ 91.619 i 2489.7→ 266.72 i →492.28 + 8.1003 i 593.35→ 87.569 i

+→+ 414.16→ 206.87 i →171.78 + 189.69 i 25.226→ 1.5639 i →54.820 + 95.716 i

+ +→ 332.97→ 646.02 i 623.01→ 1325.1 i →259.14 + 512.33 i 89.185→ 198.65 i

Table 3: Values of the tree-level helicity sub-amplitudes R(0),[i] and of the finite remainders of the
one- and two-loop helicity sub-amplitudes, R(1),[i] and R(2),[i] respectively, as defined by eq. (3.4)
with the replacement A ↑ R. The one- and two-loop sub-amplitudes are normalised by the tree-
level sub-amplitude R(0),[1]. All sub-amplitudes are evaluated at the phase-space point specified in
eqs. (5.1) and (5.2). We drop the logarithms of the renormalisation and factorisation scales.

In this section, we present benchmark values of the two-loop helicity finite remainders for
gg ↑ tt̄g in the leading colour approximation. These are obtained by putting together the values
of the special functions, obtained as discussed in sections 4.2 and 4.3, and those of the rational
coe!cients of the finite remainders, resulting from the procedure outlined in section 3. In table 3
we give the values of the finite remainders of the helicity sub-amplitudes,

R(2),[i]
↓ i ↔ {1, · · · , 4} ,

obtained by replacing A with R in eq. (3.4) with the same superscripts, and solving for R(2),[i] at
the selected phase-space point for all the independent helicity configurations of the gluons. We
normalised the values by the tree-level sub-amplitude R(0),[1]. For completeness, we also provide
in table 3 the values of the tree-level helicity sub-amplitudes and of the one-loop finite remainders.
In order to facilitate future comparisons, we provide in the ancillary files higher-precision values of
the finite remainders, together with the values of the subtracted IR and UV poles needed to recover
the mass-renormalised amplitudes [113].
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We generated physical phase-space points by parameterising the external momenta in terms of
energies and angles, and by sampling randomly the latter. Starting from the physical momenta, we
compute the corresponding values of the scalar invariants, which we rationalise in order to employ
the finite-field setup. The point chosen for the sub-amplitudes evaluation in table 3 is given by

d12 =
1617782845110651539

15068333897971200000
, d23 =

335

1232
, d34 = →

5

32
,

d45 =
3665

7328
, d15 = →

45

1408
, m2

t =
376940175237098461

15068333897971200000
,

(5.1)

with

tr5 = i

↑
582950030096630501

426229309440
. (5.2)

The corresponding values of the momentum-twistor variables can be found in our ancillary files [113].
The values of special functions and master integrals are cross-checked among the three evalua-

tion strategies discussed in section 4.3. Our results for the rational coe!cients are instead validated
by verifying the gauge invariance of the amplitudes and by comparing the poles with the predic-
tions from UV renormalisation and IR subtraction as discussed in section 2. Furthermore, we
crosschecked the results presented in table 3—which were obtained using the projector method
described in section 3—against an independent calculation in which we reduce directly the helic-
ity amplitudes in terms of momentum-twistor variables. For more details on this approach, see
Refs. [26, 30, 32, 84, 116].

Although we have not obtained fully analytic results, within the finite-field framework we could
already gather some information on the complexity of the rational coe!cients of both the master
integrals and the special function monomials. We observe that the maximum polynomial degree
of the rational coe!cients goes down by 30% when using our special-function representation of
the master integrals with respect to computing the amplitude in terms of master integrals. This
simplification shows the importance of Laurent-expanding the master integrals and expressing the
coe!cients of the expansion in terms of a basis of special functions. Furthermore, five weight-4 spe-
cial functions (F (4)

i with i ↓ {24, 34, 98, 127, 151}) drop out of the two-loop finite remainders, while
all the other special functions—including the non-polylogarithmic ones—appear independently.

6 Conclusions

In this article we have computed the two-loop helicity finite remainders for the production of a
pair of on-shell top quarks in association with a gluon in gluon fusion (gg ↔ tt̄g) at benchmark
physical phase-space points. The helicity formalism we employed retains the complete information
on the spin state of the top quarks, so that their decays can be included straightforwardly in the
narrow-width approximation.

In order to achieve this result, we developed a new strategy to express the master integrals in
terms of a (potentially over-complete) basis of special functions by solving the associated di"erential
equations without requiring them to be in the canonical form. Elliptic functions are in fact known
to appear in the solution, and a canonical form of the DEs for all two-loop master integrals is
not available. We used numerical evaluations to determine which terms of the master integrals
are zero, and exploited this information to extract the polylogarithmic part of the solution to the
DEs and construct a basis of special functions to express it using known techniques [53]. The
remaining non-polylogarithmic special functions are treated as independent, but are few and only
appear in the finite part of the two-loop amplitudes. The latter property is necessary to maintain
consistency with the universal pole structure, which cannot include any elliptic functions, but is
hidden with an arbitrary choice of master integrals. Furthermore, we observe that solving the
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with additional constraints to ensure the massive momenta p1 and p2 are on-shell.
Specifically we solve the constraints:

q1 · q2 = q3 · q4, !q2q5� = 0, [q2q5] = 0, !q4q5� = 0, [q4q5] = 0. (3.13)

Having found the rational parametrisation we change variables to,

s34 = (p3 + p4)
2
, (3.14)

t12 = s12/s34, (3.15)
t23 = (s23 im

2
t )/s34, (3.16)

t45 = s45/s34, (3.17)
t15 = (s15 im

2
t )/s34, (3.18)

x5123 = i
!5|p1p45|3�

!53�s12
. (3.19)

In the last variable we have introduced the notation pij = pi + pj. We note that the
only dimensionful variable s34 can be set to 1 and restored easily through dimensional
analysis. It is not possible to use the top quark mass as a variable without introducing
square roots and hence we choose a spinorial trace. For completeness we present
explicitly the map from Lorentz invariants to the rational parametrisation:

d12 =
s34t12

2t45

⇢
t45 + 2t45(i1 + t51)x5123

+ 2t12t45x
2
5123 i 2(t51 + (i1 + t12)x5123)(t23 + t12x5123)

X
, (3.20)

d23 =
s34t23

2
, (3.21)

d34 =
s34

2
, (3.22)

d45 =
s34t45

2
, (3.23)

d15 =
s34t51

2
, (3.24)

m
2
t =

s34t12

t45

⇢
t23(t51 + (i1 + t12)x5123)

+ x5123(t45 + t12t51 i t45t51 + t12(i1 + t12 i t45)x5123)

X
. (3.25)

3.3 Reduction to master integrals

Our amplitude computation strategy follows the method applied to recent two-loop
computations [30]. The colour-ordered helicity amplitudes are first generated from
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new work: Rosàs, Bobadilla 2507.12548

new elements: path parametrisation, 
branch cuts in square roots

e.g. 2-loop sunrise (Caffo et al. ‘02), 2-loop pp→tt (Czakon ’08)

e.g. DiffExp (Hidding ’20), SeaSyde (’22), LINE (Prisco et al. ‘25)

new implementation for the ttj 
extremely promising for 

phenomenological applications

x

y



outlook

• combine with real radiation for NNLO dσ

• complete analytic reconstruction of qq→ttg

• complete stabilty checks for hard function over a realistic phase-space

• general method for numerical integration of DEQs

• is this the limit of analytic reconstruction?


