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Precision Predictions: State-of-the-art
• NNLO QCD predictions for 2 → 2 processes (NNLO revolution, 2015 →)
• accomplished during past 10 years on case-by-case basis
• as parton-level event generators (full final state information)
• computationally expensive
• current frontier at NNLO: 2 → 3 

• Typical size of corrections and uncertainty
• NLO corrections: 10..100%, uncertainty: 10..30%
• NNLO corrections: 2..15%, uncertainty: 3..8%
• expect N3LO to yield uncertainty at level of 1%.
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Ingredients to fixed order calculations
• Matrix elements with extra real (R) or virtual (V) partons

• Infrared singularities in all R-type and V-type subprocesses
• sum of all subprocesses finite
• require subtraction procedure to arrange IR cancellations between subprocesses

• Incoming hadrons: parton distributions
• mass factorization of initial-state radiation and parton evolution
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Matrix elements Parton evolution

LO Born 1-loop

NLO R, V 2-loop

NNLO RR, RV, VV 3-loop

N3LO RRR, RRV, RVV, VVV 4-loop



NNLOJET code

• NNLO parton level event generator 
• Based on antenna subtraction

• Provides infrastructure
• Process management
• Phase space, histogram routines
• Validation and testing 
• Parallel computing (MPI) support for warm-up and production
• ApplGrid/fastNLO interfaces

• Processes implemented at NNLO
• Z+(0,1)jet, γ+1 jet, H+(0,1)jet, W+(0,1)jet
• DIS-2j, LHC-2j
• Typical runtimes: 60’000-250’000 core-hours 
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NNLOJET project:
A.Huss, L.Bonino, O.Braun-White, S.Caletti, X.Chen, 
J.Cruz-Martinez, J.Currie, W.Feng, G.Fontana, 
E.Fox, R.Gauld, A.Gehrmann-De Ridder,  
E.W.N.Glover, M.Höfer, P.Jakubcik, M.Jaquier, 
M.Löchner, F.Lorkowski, I.Majer,  M.Marcoli, 
P.Meinzinger, J.Mo, T. Morgan, J.Niehues,  J.Pires, 
C.Preuss, A.Rodriguez-Gracia, K.Schönwald, 
R.Schürmann, V.Sotnikov, G.Stagnitto, D.Walker,  
J.Whitehead, T.Z.Yang, H.Zhang, TG

NNLO
JET

J



NNLOJET code

• Open-source code release: NNLOJET v1.0.2
• download from nnlojet.hepforge.org

• Runcard options
• process/sub-process selection
• generic histogramming
• multi-run features: e.g. jet radius
• example runcards for many processes

• Cluster workflow management: DOKAN
• automated resource allocation
• works with slurm and htcondor (lxplus)
• combination of results, quality control
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Two-jet production
• 2-jet production at LHC

• most basic hard QCD process 
• large cross section: high-statistics 

measurement
• combine ATLAS/CMS data sets
• group data according to μ=M2j

• correlation of αs with PDFs
• vary PDF through APPLgrid interface
• combine with DIS 2-jet (HERA)

• reach: 7.4 GeV ... 7.0 TeV

    αs (MZ) = 0.1178±0.0014exp,pdf±0.0017th
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pared to the expectation from the QCD RGE in Fig. 2,
where in the lower panel the results of the 20 fit param-
eters for ↵s(mZ) are displayed, while the upper panel
shows the respective values for ↵s(µR). The ↵s(mZ) val-
ues are evolved to the central value of each µR interval,
illustrating the running of the strong coupling. Overall,
excellent agreement with the expectation from the RGE
running (when using the world average value for ↵s(mZ))
is observed over the entire range from about 7GeV up to
7TeV. At scales of about a few hundred GeV, the size of
the experimental and theoretical uncertainties are of sim-
ilar size (about ±0.0015), while in the TeV regime the ex-
perimental uncertainties dominate. In Fig. 3 our results
are further compared to ↵s extractions from inclusive jet
and dijet data by the H1 and ZEUS collaborations at
HERA [23, 42], event shape observables at the PETRA
or LEP e+e� colliders [45–48], a result from a global
electroweak fit [6] and measurements of energy–energy
correlations in pp collisions by ATLAS at the LHC [27].
Our results exhibit significantly smaller uncertainties and
cover a significantly larger range in scale than any previ-
ous determination of ↵s(µR).

VI. Summary We have determined the strong cou-
pling ↵s(mZ) from dijet data for the first time based on
complete NNLO pQCD predictions. Using LHC data col-
lected by the ATLAS and CMS collaborations at center-
of-mass energies of 7, 8, and 13 TeV the strong coupling
is determined to be

↵s(mZ) = 0.1178 (22)(tot) ,

where experimental, PDF, and scale uncertainties are all
of similar size. This value is consistent with the world
average.

Including dijet cross sections measured in electron–
proton collisions at the HERA collider, makes this one
of the most comprehensive and precise tests of the QCD
renormalization group running of ↵s(µ) to date. The
running is probed by a fit to individual mjj ranges, and
excellent agreement is found with the running predicted
by QCD. Through the inclusion of both HERA and LHC
data, the behavior of the strong coupling as a function of
energy is tested over an unprecedented range, from about
7GeV to 7TeV. The presented results significantly im-
prove our knowledge of the strong coupling in the TeV
regime compared to previous determinations.

Note added Recently, the CMS Collaboration has re-
leased a determination of ↵s and its running in the range
103GeV < µR < 1600GeV using inclusive jet data at the
LHC at various

p
s [49] in addition to HERA DIS data.

Their determination make use of NNLO pQCD predic-
tions in the leading-color approximation. Their results
are in agreement with ours.

Acknowledgments This research was supported in
part by the German Federal Ministry of Education and
Research (BMBF) under grant number 05H21VKCCA,

0.10

0.15

0.20

) R
µ(

s 
α

 [PDG24]World average 
 [NNLO, this work]LHC and HERA dijets 

[NNLO, this work]LHC dijet data 
[NNLO]HERA jets 

[NNLO+res] jets/shapes -e+e
[PDG24]EW fit 

[NNLO]ATLAS TEEC 13TeV 
 

JETNNLO and APPLfast

10 100 1000 10000
 [GeV]Rµ

0.10
0.11
0.12
0.13)  

 
Z

(m
s 

α

FIG. 3. Left: Running of the strong coupling as a function
of the chosen renormalization scale. The inner error bars
indicate the (fit,PDF) uncertainty, and the outer error bars
the total uncertainty. The upper panel displays the values
↵s(µR) and the lower panel displays the ratio of the respective
↵s(mZ) value to the world average value [6]. The hatched
area indicates the value of ↵s(mZ) from LHC dijet data and
its running as a function of µR. Right: same figure as left,
but showing also other data for comparison.
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Di-photon+jet production at NNLO
• Di-photon+jet production: 2→3 process

• multi-differential precision measurements
• derived observables

• transverse momentum distribution
• event shape distributions

• interplay of fiducial cuts
• agreement with earlier NNLO results                    

(H.Chawdhry, M.Czakon, A.Mitov, R.Poncelet)

• Photon isolation
• use dynamical cone: no fragmentation

• Testing ground
• treatment of loop-induced processes
• towards γγ at N3LO
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FIG. 1. pT,�� , aT , �acop and �⇤
⌘ distributions for diphoton production at the LHC in LO (green), NLO (blue) and NNLO (red)

accuracy, in comparison with the ATLAS diphoton measurement [4]. The NNLO prediction consistently includes the loop-
induced gluon-initiated process at Born level. The NNLO+ curve (yellow) is obtained by including the O(↵4

s) NLO correction
to the loop-induced process. The colored bands represent theoretical uncertainties from 7-point scale variation. The error bars
represent Monte-Carlo integration errors. The ratio plots show the prediction normalized to the ATLAS data.

tual corrections is indicated in the upper frames of Fig-
ure 2. More specifically, we isolate the interference of the
two-loop amplitude with the tree-level one (2Re(A0A⇤

2))
and we either remove it completely (label ‘no VV’) or we
include only its leading-color component (label ‘LC VV’).
In terms of two-loop Feynman diagrams, the leading-
color component is defined as in [14]. However, we note
that our definition of finite remainder [25, 28] di↵ers from
the one of [14, 27]. It can be seen that the contribution
of the complete two-loop finite remainder depends non-
trivially on the kinematics. It is quasi negligible for large
values of the event shapes or pT,�� , and typically amounts
to less than 5% of the NNLO prediction except at the low
endpoints of the distributions. This is largely dominated
by the leading-color component, with subleading color

terms never exceeding the 0.3% level.

In the lower frame of Figure 2, we study the impact
of the gluon-induced quark-loop subprocess, which is by
default included at order ↵3

s in the NNLO predictions.
Its numerical relevance can be seen from the ‘no QL’,
where this subprocess is removed entirely. In the NNLO+

curves, the O(↵4
s) corrections to this subprocess are in-

cluded. It can be seen that the quark-loop subprocess
contributes in particular in the low and intermediate
range in the distributions. Its inclusion at NNLO is cru-
cial for the perturbative stability of the predictions at
this order, especially towards the lower end of the distri-
butions. This feature is remarkable, since at NNLO this
contribution appears for the first time, being finite and
unrelated to any of the other subprocesses. The O(↵4

s)

(F.Buccioni, X.Chen, W.J.Feng, A.Huss, M.Marcoli, TG) 



N3LO for Drell-Yan observables
Slicing parameter: transverse momentum (qT slicing) [S.Catani, M.Grazzini] 

• below-cut contribution from expansion of N3LL                                                                     
qT resummation to O(αs

3) [W.Bizon, P.Monni, E.Re, P.Torrielli;                                                                             
S.Camrada, L.Cieri, G.Ferrera;T.Becher, T.Neumann; W.L.Ju, M.Schönherr]

• ingredients: three-loop soft and beam functions                                                                         
[Y.Li, H.X.Zhu; M.Ebert, B.Mistlberger, G.Vita; M.X.Luo, T.Z.Yang, Y.J.Zhu] 

• check: independence on qT,cut slicing parameter
• check: reproduce inclusive coefficient functions                                                                  

(no ingredients or methodology in common!)                                                                                          
[X.Chen, E.W.N.Glover, A.Huss, T.Z.Yang, H.X.Zhu, TG]
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N3LO for Drell-Yan observables
Results: fiducial distributions
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single lepton distribution in NC Drell-Yan,
matched to N3LL resummation (RadISH)
 [X.Chen, E.W.N.Glover, A.Huss, P.F.Monni,
 E.Re, L.Rottoli, P.Torrielli, TG]

transverse mass distribution in 
W boson production (CDF II cuts)
[X.Chen, E.W.N.Glover, A.Huss, 
T.Z.Yang, H.X.Zhu, TG]

3.4 Impact of PDFs 4 CONCLUSIONS & OUTLOOK
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Figure 9: W+ lepton transverse momentum distribu-
tion using the PDF set MSHT20nnlo_as118
throughout.

Within numerical bin-to-bin fluctuations the ↵3
s correc-

tions are flat with smaller uncertainties. This statement
also holds while using the aN3LO PDFs and other sets,
at least below the peak region.

3.4. Impact of PDFs

As already indicated by the fiducial cross-sections in
section 3.1, PDFs are among the biggest limitation in
precise predictions. Most insight will be gained by
studying differential distributions.

In fig. 10 we show the impact of four modern PDF
sets for the W+ transverse momentum, charged lepton
transverse momentum, and transverse mass distribu-
tions. These relative PDF uncertainties are computed
using ↵2

s matrix elements. The differences to ↵3
s are at

the per-mille level and insignificant for this discussion.
Even using ↵s matrix elements leads to qualitatively
the same conclusions [52]. Further, the results for W�

production are virtually the same, but are included for
completeness in the appendix in fig. 15.

Effects from different PDF sets can be significant, de-

pending on the distribution and region up to 10%. The
MSHT and CTEQ NNLO PDF sets are broadly similar,
which are the sets considered in the ATLAS study in
ref. [16], in addition to NNPDF3.1.

The most interesting comparison is between MSHT NNLO
and MSHT aN3LO as a higher-order effect, and then con-
sidering NNPDF4.0 NNLO. We find significant shape
changes for several distributions when utilizing these
PDF sets.

The effects of using MSHT aN3LO are even more impor-
tant differentially than inclusively, inducing a significant
cross-section increase below the peaks for the transverse
mass and lepton qT distributions, while dropping off
beyond. In the W -boson transverse-momentum distri-
bution the most significant change is a positive shift of
about 7% in the first bin containing the Sudakov peak.
PDF uncertainties even range up to 10%. Clearly such a
range can be constrained within QCD uncertainties in fu-
ture fits, and even precise Drell-Yan measurements and
predictions [50] will constrain this significantly.

Predictions using NNPDF4.0 NNLO for mW
t and qlT are

much flatter with respect to MSHT20 NNLO, except for
qWT , which predicts a similar enhancement of about
5% in the first bin, but drops off slower than MSHT20
aN3LO.

4. Conclusions & Outlook

In recent years the experimental precision of Z and
W -boson production has reached new levels at the LHC.
In particular this has been achieved through better mea-
surements of the luminosity uncertainty which is now
down to 1%. Precise measurements of W -boson kine-
matics enter many Standard Model inputs like the weak
mixing angle, parton distribution functions, and W -
boson mass. At the same time, theoretical calculations
have become more advanced, reaching new levels of
precision in fixed-order and resummed predictions, and
allowing for more refined PDF determinations. However
these calculations have presented new challenges for
performing precision measurements. N3LO QCD correc-
tions are surprisingly large, at the level of minus 2-3%
[30] (disregarding the effect of N3LO PDFs), and more
statistically precise PDF fits begin to reveal systematic
discrepancies that are challenging to reconcile.

10

charged lepton distribution 
in W boson production 
(ATLAS 5.02 TeV) 
[J.Campbell, T.Neumann]



Beyond LHC: EIC
• Electron-Ion Collider at BNL

• High-luminosity: 1033...1034 cm-2s-1

• Centre-of-mass energy range: 40..140 GeV
• Full identification of hadronic final state
• precision QCD: hadron structure,                       

fragmentation,....
• Polarized collisions

• Theory challenges
• NNLO precision for benchmark                                                                                                 

processes
• identified hadrons, fully exclusive final states
• novel types of observables:                                                                                                  

TMD, GPD, ....
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Semi-inclusive deep inelastic scattering

variables

cross sections

Observables: multiplicity                                         spin asymmetry
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SIDIS coefficient functions at NNLO

Partonic channels
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SIDIS: NNLO corrections
RR: tree-level double-real matrix elements

• correspond to cut two-loop integrals = antenna functions for fragmentation processes

• use Cutkosky rule to arrive at Standard integral form
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<latexit sha1_base64="ZOw2afmzkflIH3ouORqAEn/qCiQ="></latexit>

C(2)
RR ⇠

Z
d�3(kp, kj , kk; q, ki) |M|2RR({sab}) �

✓
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SIDIS: NNLO corrections
Integrals [L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]

• 12 propagators (4 cut),                                        
7 of them linearly independent

• 13 integral families with                                       
total 21 master integrals

• analytical results throughout
• family A,B,C previously                           

computed for photon                          
fragmentation                                             
[R.Schürmann, TG]
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where as in (3.1), the initial-state momentum p is used as a reference momentum to define
z:

z = x
(kp + pi)2

Q2
=

sip

sip + sik + sil
. (3.7)

Using the inverse unitarity relation

2⇡i�(k2) =
1

k2 + i✏
� 1

k2 � i✏
, (3.8)

the phase space integrals (3.6) are rewritten as 2 ! 2 three-loop-integrals in forward scat-
tering kinematics with four cut propagators (three on-shell conditions and the definition of
z). These are amenable to standard integral reduction techniques based on integration-by-
parts (IBP) relations [57] in the Laporta algorithm [58]. The resulting integrals all contain
four cut propagators and up to three linearly independent ordinary propagators. After
applying momentum conservation kk = q + pi � kp � kl, the following set of denominator
factors appears in the antenna functions:

D1 = (q � kp)
2
,

D2 = (pi + q � kp)
2
,

D3 = (pi � kl)
2
,

D4 = (q � kl)
2
,

D5 = (pi + q � kl)
2
,

D6 = (q � kp � kl)
2
,

D7 = (pi � kp � kl)
2
,

D8 = (kp + kl)
2
,

D9 = k
2

p ,

D10 = k
2

l
,

D11 = (q + pi � kp � kl)
2
,

D12 = (pi � kp)
2 +Q

2
z

x
, (3.9)

where the cut propagators are D9 to D12. Combining the cut propagators with any subset
of three linearly independent ordinary propagators yields an integral family, for which an
IBP reduction to master integrals can be performed. We use the Reduze2 [59] code for this
task.

The master integrals are labelled by their propagators factors (omitting the cut prop-
agators, which we require in each integral), for example:

I[�3, 7] =
Q

2(2⇡)�2d+3

x

Z
dd
kp dd

kl � (D9) � (D10) � (D11) � (D12)
D3

D7

, (3.10)

where a negative sign on the propagator label indicates its occurrence in the numerator. We
find 12 integral families and in total 21 master integrals which are summarised in Table 1.
The integral family F derives from the I[1, 3, 7] top-level integral which is reducible to
known integrals from other families. The master integrals are calculated using differential

– 11 –



Numerical results: π+ multiplicity
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From NLO to NNLO

 Improved description of COMPASS data, 
even with low cut 

 Improved description of SIA data 

 Tensions between HERMES and 
COMPASS data set remains with full NNLO 
corrections included

Q2−

Experiment # data NLO Approx. 
NNLO NNLO

SIA 288 1.05 0.96 0.85

COMPASS 510 0.98 1.14 0.96

HERMES 224 2.24 2.27 2.52

TOTAL 1022 1.27 1.33 1.260.0
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Numerical results
Polarized SIDIS [L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]

• analytical agreement with independent calculations [S.Goyal, R.Lee, S.Moch, V.Pathak, N.Rana, V.Ravindran] 
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Summary
• LHC and EIC are ultimate precision challenge for QCD

• predictions for complex final states at per-cent level accuracy
• enable precise determination of fundamental parameters

• Theory ready to face the LHC challenge
• NNLO predictions becoming the new standard
• first N3LO results

• Precision theory for EIC only just starting
• semi-inclusive and exclusive final states
• require new frameworks beyond collinear factorization
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