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1. Introduction

What integrals are we talking about?

observed outgoing state
with invariant mass P2.

incoming particles

Two particle phase space (d = 4 — 2¢):

/dPS / d? / 4 ko (27)767 (P — ky — ko)
= ™ — K1 —
2P (2m)d-12k0 | (2r)d-1240 e
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1. Introduction

What integrals are we talking about?

observed outgoing state
with invariant mass P2.

incoming particles

Two particle phase space (d = 4 — 2¢):

(P
/dPS2,P = W/dgkzg
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1. Introduction

What integrals are we talking about?

Two particle phase space (d = 4 — 2¢):

(P~
/dPSZ,P = W/d93—25

Angular integration measure:

dQs3 5. = db;sint =% 01,d0rsin" 6, ... db,sin® "% 0,d03_ -
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1. Introduction

What integrals are we talking about?

Two particle phase space (d = 4 — 2¢):

(P~
/dPSZ,P = W/dﬂ3_2€

Angular integration measure:
dQ3_ 5. = dbysin’ ™% 01dssin™> 0 ... db,sin® "% 0,dQ3_, 2.

Typical integral from the literature (2—3 kinematics, 2
denominators, e.g. Van Neerven 1986):

/ d61db, sin! =% 9 sin—2¢ 6,
(a+ bcos 1)1 (A + Bcos by + Csin by cos b )2
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https://inspirehep.net/literature/214326

1. Introduction

Definition of Angular Integrals (Somogyi 2011)

Q

P .. Q

_/1,12,...,J,,(V1a /d d— 1 H( k)f
with normalized d-vectors

vi = (1,v;),

k=(1,k)=(1 ,cosf, Hsm@,,...,cos@zsinﬁl,cost%).

Common integral normalization (v; = v; - v; with i < j):

— le,jz,...,jn(vl, cey V4 — 25)
Q1—25
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https://inspirehep.net/literature/884777

1. Introduction

Divergences in the massless limit

» Example: (two denominators, two masses)

+ VX
l(2)v,v,v;5zllo N2 T VA + O(e),
1,1(12 11, V22; €) NG g v — VX (e)

with X = v122 — v11V22. Diverges in limit vi; — 0 since
Vipo — V X — 0.

» problem if we were to consider

max
Vi1 (2
dvi vy L (vig, van, vaoi €)
0

and want to use

ng |Og Vi1
—1—ne
e S [
Vi1 +

» Have to extract behavior of Il’1 for vi; — 0 beforehand!
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2. Extracting the massless limit of ang. int.

2. Extracting the massless limit of ang. int.
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2. Extracting the massless limit of ang. int.

Two point splitting lemma

» Notation for propagators

1

Al i) = ey Tk
i j

» For any two vectors v; and v,, we can choose any scalar
A and construct the linear combination
v3 = (1 — A\)v; + Av, to obtain the identity

Two-point splitting lemma

Ak(V]_, V2) = )\Ak(V]_, V3) —|— (1 — )\) Ak(VQ, V3) .
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2. Extracting the massless limit of ang. int.

Example: One denominator - one mass

dQ3 5. 1
/1(1)(‘/11; 6) - / 913_22 vy - k ’

1D (vir;e) =

>

P> c-expansion:

» Add denominator 1 = 1/(vp - k)
with vo = (1,0) and use
two-point splitting lemma with
Vo = (]. — )\)Vo + >\V1

» choose A s.t. voo =0

Xq
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2. Extracting the massless limit of ang. int.

Example: One denominator - one mass

» Two-point splitting:
Ak(Vo, V]_) = /\Ak(Vo7 V2) + (]. — /\)
W|th /\ — l/\/ 1 — Vi1. -05

» Integrate:

I(O) 1 B 1 — X ":(I .5
/1(1)(v11; £) 1 () v with vip =1 — V1 — vpg

_\/1*V11 \/1*V11

» Use known e-expansion on 11(0) and ll(,ll):

T 1 e
Il(l)(V11;€) T A {E + v (T+ VI =)™

\/]. — Vi1
21—
< [ 2L <7 V“) +<9(g2)” T
1 + RV 1 — Vi1 vi1—0 g
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2. Extracting the massless limit of ang. int.

Two denominators - two masses
dQs 1

l(2) . _ 3—2¢
11 (vi2, va1, vao; €) 0o (v1-K) (v k)

1.01
0.5-

0.0F

Xd-1

¥=0

—10}
0.0 0.5 1.0

L L L L L L L L

-1.0 -0.5
Xd
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2. Extracting the massless limit of ang. int.

Two denominators - two masses

» Splitting of 05
double-massive integral:
2) (0)

1
11(,1(V12, Vi1, V22;€) = 7 [V34 I1 1 (vaai€) osl

—vi3 /1(,11)(V137 Vi1 €) — voa /1(}1)(V24, v22; E)] .

» Expand in e: T es o0 0510
@ T vay=e [ 1 o vy 3
7 (vi2, vi1, vazi €) = \/7{ ( > ) [ eLip (1 5 >+€ fo(vaa) + O(e )}
2e
- [V 1 _ _
—vi© (i) {f— — 2 (Lig(wﬁ) —+ Lig(w13)) + 521‘1(:*;:'3,0)13) + 0(63):|
(%K} €
2e
[V 1 . . _ _
—Vy© (E) {77 — 2 (ng(w;‘) + L12(w24)> + 52f1(w2+4,w24) + 0(63):| } .
Vos4 €

» relevant e.g. for quarkonium production at NLO

(Butenschon)
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3. Expansion by regions meets ang. int.

3. Expansion by regions meets ang. int.
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3. Expansion by regions meets ang. int.
Recap: Expansion by Regions

» method developed to expand Feynman integrals in small
parameters, e.g. masses (Beneke & Smirnov 1998)

» result is sum of different “regions”, where specific
expansions of the integrand can be applied

» each “region integral” is simpler to calculate than the
original integral

» formalized in terms of parametric integrals of the form

o0 oo N
| = / dt; - - / dt, H Pia,-—irab;(tb o tn)
0 0 i=1

Construct such parametric integral representations for angular
integrals
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https://inspirehep.net/literature/451284

3. Expansion by regions meets ang. int.

Parametric integral representations for angular

integrals

General strategy:

1.

Derive a suitable integral representation for the
one-denominator integral /;(v?)

For ;.. j, use a Feynman parametrization to combine
: . . 2
denominators to just one with mass v = (3.7, x;v;)".

Use delta function to integrate out x,

Change variables x; — t; = such that integrals

fl= Z/ i 29
run from 0 to oo

Plug in the integral representation from 1.
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3. Expansion by regions meets ang. int.

Parametric integral representations for angular
integrals

For example for 3 denominators:

. 27 B~ (Jla./2a./3)r(% 6)
ly s (Vi2, Vi3, Va3, Vi, vao, Va3, €) = 1_ 2¢ F(JH) (1 _ i )

/dtl/dtz/ diz t 1271 1+t2)flt371(1+t3) ,

where j = ji + jo + ja, B(j1, jo, j3) = ") and wy

denotes the polynomial

ws = (1+t)*(1+ t)?
+ [£(1+ t2)*va1 + 2t1(1 + 1)(va3 + tovio) + t5var + 2tavos + Vs3]
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3. Expansion by regions meets ang. int.

Two denominators - Regions

» Parametric integral representation:

4w ( 3/2 —¢€) (14 t)" Y2/t
I1,1 = dtl dtz
(1—26 1+t1 +t2(t1V11+2t1V12+ V22)

» Expansion by regions:

hi~ Y Mhy

rier

with “regions” r = {{—1, -1}, {1, -1},{0,0}} (asy.m).
M, acts on the integrand in the following way:
1. scale by t; — y(rit;
3 (r)
2. multiply by y2i=(i)
3. expand in y at y =0 and set y = 1 in the end.
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https://inspirehep.net/literature/1117032

3. Expansion by regions meets ang. int.

Two denominators - Results

Three contributions:

LP ™ [ V11 (1+€)r(1—2€)
Zham =T (—)
Mo 217\ 4 via (1 —¢)
LP - I(1 M1-2
Mol 7 = T () 09029
e\ 4 vialT(1 —¢)
LP 2 2 Vi
hi =~ C=— = log =
M ha 2,3 viac + o +0(e)
Pole cancels in the sum:
ho S CLP L gt = Vl (2 log v12 ~log %) +0(e)
12

Compare with algebraic decomposition:

1
12 (viz, var, vazi€) = 7% {V34 19 (vaaie) — vas I{) (vaa, vazi€)
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3. Expansion by regions meets ang. int.

Regions for n denominators

» n-denominator angular integral:

LP LP
LP : LP
h..i®Y CF with Ml 1= G
i n

» results checked explicitly for n < 4, conjectured for all n
» One region for each massive vector:

4

nji

pp T <v,-,-)—6 F1+e)f(1—-28) {5 1
£ M1l—e¢) Vi
J#I
» One mass-independent region equal to the massless
angular integral:

P _ 40
Cn,n+1 - Il,...,l .
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3. Expansion by regions meets ang. int.

Pole part for n denominators

» known massive regions + pole cancellation for fully
massive integral — massless pole:

1
/(O (V]_,...,Vn):—g E HV—+O(€O)
i=1 j=1 Y
J#i

» For v;; = 0, drop corresponding massive region — pole of
angular integral with n denominators, m masses:

K™ (v, ve) & n2+1+ZcLP _EZ =+ O().
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4. Conclusion




4. Conclusion

Conclusion

» Explicit asymptotic behavior for 2-denominator angular
integral (full analytic form, all orders in )

» constructed parametric integral representations for n
denominator angular integrals similar to representations of
loop integrals

» employed expansion by regions to study asymptotics for n
denominators

» Analytic results for massive regions (leading power),
leading-log contribution to massive integral

» pole part of angular integral with n denominators and m
masses
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