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Motivation
Precision physics at the Electron-Ion Collider (EIC)
• EIC under construction at BNL 
• High-luminosity: 1033...1034 cm-2s-1

• Centre-of-mass energy range: 40..140 GeV
• Full identification of hadronic final state
• Polarized collisions

Physics interpretation of EIC data requires                                             
precision theory predictions

Thomas Gehrmann FOR2926 Summer Meeting 2



Semi-inclusive deep-inelastic scattering (SIDIS)

Production of identified hadrons in DIS
• multiple hadron species: π,K,D,p,n,Λ,...
• hadron structure:                                              

parton distribution function (PDF) f(x,μ)
• parton-to-hadron fragmentation:                         

fragmentation function (FF) D(z,μ)
• probe flavour structure of PDFs and FFs
• flavour decomposition of sea quark PDFs
• constraints on polarized PDFs
• flavour separation of FFs for different hadrons
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State-of-the-art: fragmentation functions
Global fits of fragmentation functions
• data sets

• Semi-inclusive annihilation (SIA) e+e- → h+X
• Semi-inclusive deep-inelastic scattering (SIDIS) ep → eh+X
• Single-inclusive hadro-production (SIH) pp → h+X

• perturbative order
• NNLO for time-like Altarelli-Parisi splitting functions                                                                    

[A.Almasy, S.Moch, A.Vogt]

• NNLO for SIA coefficient functions [P.Rijken, W. van Neerven]

• NLO for SIDIS and SIH coefficient functions                                                                                  
[G.Altarelli, K.Ellis, G.Martinelli, S.Pi; F.Aversa, P.Chiappetta, M.Greco, J.P.Guillet]

• approximate NNLO from threshold resummation for SIDIS [M.Abele, D.de Florian, W.Vogelsang]

• NNLO SIA and aNNLO SIA+SIDIS fits [D.Anderle, F.Ringer, M.Stratmann; V.Bertone, S.Carrazza, N.Hartland, 
E.Nocera, J.Rojo (NNFF); I.Borsa, R.Sassot, D.de Florian, W.Vogelsang; R.Abdul Khalek, V.Bertone, A.Khoudii, E.Nocera (MAP)]
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State-of-the-art: polarized PDFs
Global fits of polarized parton distributions
• data sets

• inclusive polarized DIS
• polarized SIDIS
• polarized proton-proton (RHIC)

• perturbative order
• NNLO splitting functions                                                                        

[S.Moch, J.Vermaseren, A.Vogt; J. Blümlein, C.Schneider, K.Schönwald]

• NNLO inclusive DIS and Drell-Yan                                      
[E.Zijstra, W.van Neerven; R.Boughezal, H.Li, F.Petriello]

• aNNLO SIDIS

• most recently first NNLO fits: MAP24, BDSSV24      
[MAP: V. Bertone, E.Chiefa, E.Nocera;                                                                                  
BDSSV: I.Borsa, D.de Florian, R.Sassot, M.Stratmann, W.Vogelsang]
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which we also adopt the running of the strong coupling
at each corresponding order, and which we also use for
the spin-averaged cross sections in the denominators of
the measured spin asymmetries. We work in the zero-
mass variable-flavor-number scheme, including the corre-
sponding matching coefficients at threshold from [35] for
the charm and bottom distributions.
For processes involving observed hadrons in the final

state, we need a set of fragmentation functions (FFs). As
no full global analysis of FFs is available at NNLO accu-
racy3, we have to rely on the most comprehensive NLO
fits from [38, 39]. While some effects of the FFs cancel
in the spin asymmetries, this choice introduces an ex-
tra source of theoretical uncertainty in our NNLO result.
Additional challenges arise in the description of the avail-
able SIDIS data at x ! 0.1, where the associated values
of Q2 are below the regime of validity of the unpolarized
baseline PDFs and where SIDIS is not well described by
current FFs [38]. Furthermore, in this regime the full
NNLO corrections to SIDIS appear to be especially siz-
able [17] and are not represented well by the approximate
NNLO results. Indeed, we have found that fits that in-
clude the SIDIS spin asymmetry data at x ! 0.1 do not
work particularly well and show a significant decrease in
quality when going from NLO to NNLO, consistent with
observations made in Ref. [6]. Therefore, in order to be
conservative and to ensure a robust analysis, we apply a
cut x > 0.12 to the SIDIS data included in the fit, which
results in comparable χ2-values for SIDIS at NLO and
NNLO accuracy in our analysis. Commensurate with
this cut, we also apply a cut of pT > 1.5 GeV for the
RHIC pp → hX data.
In order to assess the estimated residual uncertainties

of the extracted polarized PDFs, we determine a set of
600 PDF Monte Carlo sampling replicas [33]. These sets
may be straightforwardly used to propagate the PDF un-
certainty to other spin observables.
Results for NLO and NNLO polarized PDFs.— Fig-

ure 1 showcases our newly obtained NLO (blue lines)
and NNLO (red lines) BDSSV24 distributions alongside
their respective uncertainty bands at Q2 = 10GeV2.
A remarkable perturbative stability is observed, with

minimal changes of the PDFs from NLO to NNLO. This
is also reflected in the total χ2–values of the fit after
application of the cuts, which are reported in Table I. The
inclusion of NNLO corrections leads to improvements,
albeit small, across all sets of data with the exception of
pp → hX , where χ2 remains essentially unchanged.
As expected, the total up and down quark PDFs are

well determined. The gluon helicity PDF is seen to be
clearly positive, with relatively small uncertainty, over a

3 NNLO analyses of FFs using only e+e− and SIDIS data do exist
[36, 37]. Unfortunately, these data sets do not allow for a proper
extraction of the gluon FF, which is needed for pp → hX.
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FIG. 1. Our helicity PDFs obtained from global analysis at
NLO and NNLO accuracy, along with their uncertainty bands
at 68% confidence level. Also shown is the previous BDSSV22
fit at NLO, see text.

broad region in x accessed by RHIC data. Furthermore,
there is a pronounced pattern of positive∆ū and negative
∆d̄ at moderately large x, while the strangeness helicity
PDF is essentially undetermined. This is in contrast to
our previous analyses [2, 32], and results from the fact
that we no longer impose constraints related to SU(2) and
SU(3) symmetry4. Sizable uncertainties remain for the
sea quark and gluon PDFs at x ! 10−3, consistent with
the lack of experimental data constraining that region.
Figures 2–4 show detailed comparisons of our fit results

at NLO and NNLO accuracy to a few selected sets of
pp and SIDIS data that were used in our analysis. For
comparison, we also show in Figs. 1–4 the results for an
(unpublished) NLO fit (labeled as BDSSV22) that was
obtained based on a fixed flavor number scheme, without
the cuts on the SIDIS data and by making use of the
RHIC dijet data (for a collection of RHIC data, see, e.g.
[40]). As can be seen, the differences to our new NLO
fit are rather moderate and mostly within the estimated
uncertainty bands.

TABLE I. Partial and total χ2 obtained in the fits

Total DIS SIDIS pp-jets pp-pions pp-W

NLO 627.2 302.7 127.6 111.1 63.5 22.3

NNLO 607.5 294.3 122.9 104.0 66.0 20.3

Data points 673 368 114 91 78 22

4 Nevertheless, the central NLO and NNLO fits both deviate only
by a few per cent from these constraints that are usually given
in terms of F and D values.



SIDIS kinematics

variables

cross sections

multiplicity                                         spin asymmetry
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SIDIS coefficient functions
Parton model

Leading order
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x̂, ẑ, Q2, µR, µF , µA

�



SIDIS coefficient functions
Next-to-leading order [G.Altarelli, K.Ellis, G.Martinelli, S.Pi; D.de Florian, M.Stratmann, W.Vogelsang]

• real radiation at NLO:
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SIDIS coefficient functions at NNLO

Partonic channels

Thomas Gehrmann FOR2926 Summer Meeting 9

<latexit sha1_base64="jD5yeMZbSzVfHka9dzyLzDDldPg="></latexit>

Ci,(2)
qq = Ci,(2)

q̄q̄ = e2qC
i,NS
qq +

✓X

j

e2qj

◆
Ci,PS

qq ,

Ci,(2)
q̄q = Ci,(2)

qq̄ = e2qC
i
q̄q ,

Ci,(2)
q0q = Ci,(2)

q̄0q̄ = e2qC
i,1
q0q + e2q0C

i,2
q0q + eqeq0C

i,3
q0q ,

Ci,(2)
q̄0q = Ci,(2)

q0q̄ = e2qC
i,1
q0q + e2q0C

i,2
q0q � eqeq0C

i,3
q0q ,

Ci,(2)
gq = Ci,(2)

gq̄ = e2qC
i
gq ,

Ci,(2)
qg = Ci,(2)

q̄g = e2qC
i
qg ,

Ci,(2)
gg =

✓X

j

e2qj

◆
Ci

gg ,

new channels at NNLO

g

g
q̄

q

<latexit sha1_base64="IEUB77YfgkSDKFCwMLzWzVlFYTs=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjLV1nZX7MZlBfvAdiyZNNOGZjJDkhHKMH/hxoUibv0bd/6NmbaCih64cDjnXu69x4s4UxqhDyu3srq2vpHfLGxt7+zuFfcPOiqMJaFtEvJQ9jysKGeCtjXTnPYiSXHgcdr1ps3M795TqVgobvQsom6Ax4L5jGBtpNvmXcLSYTIep8NiCdmoWqmjOkR2BTm1OUGoWiufQceQDCWwRGtYfB+MQhIHVGjCsVJ9B0XaTbDUjHCaFgaxohEmUzymfUMFDqhyk/nFKTwxygj6oTQlNJyr3ycSHCg1CzzTGWA9Ub+9TPzL68far7kJE1GsqSCLRX7MoQ5h9j4cMUmJ5jNDMJHM3ArJBEtMtAmpYEL4+hT+Tzpl26nY6Pq81LhcxpEHR+AYnAIHXIAGuAIt0AYECPAAnsCzpaxH68V6XbTmrOXMIfgB6+0TQi+RUA==</latexit>

Ci
gg

<latexit sha1_base64="AL6jUKqSimIIH2B8i9ZsNM3AIVE="></latexit>

Ci
q̄q, C

i
q0q, C

i
q̄0q

➤

➤

➤

➤



SIDIS coefficient functions at NNLO

Partonic channels

Thomas Gehrmann FOR2926 Summer Meeting 10

<latexit sha1_base64="jD5yeMZbSzVfHka9dzyLzDDldPg="></latexit>

Ci,(2)
qq = Ci,(2)

q̄q̄ = e2qC
i,NS
qq +

✓X

j

e2qj

◆
Ci,PS

qq ,

Ci,(2)
q̄q = Ci,(2)

qq̄ = e2qC
i
q̄q ,

Ci,(2)
q0q = Ci,(2)

q̄0q̄ = e2qC
i,1
q0q + e2q0C

i,2
q0q + eqeq0C

i,3
q0q ,

Ci,(2)
q̄0q = Ci,(2)

q0q̄ = e2qC
i,1
q0q + e2q0C

i,2
q0q � eqeq0C

i,3
q0q ,

Ci,(2)
gq = Ci,(2)

gq̄ = e2qC
i
gq ,

Ci,(2)
qg = Ci,(2)

q̄g = e2qC
i
qg ,

Ci,(2)
gg =

✓X

j

e2qj

◆
Ci

gg ,

q

q

q

q

q

q

q

q

<latexit sha1_base64="G57wm6HhjfcRdnJkWSEbvnHinTA=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQoZMtbXdFbtxJRXtA9paMmmmDc08mmSEMoy/4saFIm79EHf+jelDUNEDFw7n3Mu99zghZ1Ih9GGklpZXVtfS65mNza3tHXN3ryGDSBBaJwEPRMvBknLm07piitNWKCj2HE6bzqg69Zt3VEgW+DdqEtKuhwc+cxnBSks9M1u9jdlx3BEevLxOkl48Hic9M4csVCyUURkiq4Ds0owgVCzlT6CtyRQ5sECtZ753+gGJPOorwrGUbRuFqhtjoRjhNMl0IklDTEZ4QNua+tijshvPjk/goVb60A2ELl/Bmfp9IsaelBPP0Z0eVkP525uKf3ntSLmlbsz8MFLUJ/NFbsShCuA0CdhnghLFJ5pgIpi+FZIhFpgonVdGh/D1KfyfNPKWXbDQ1Wmucr6IIw32wQE4AjY4AxVwAWqgDgiYgAfwBJ6Ne+PReDFe560pYzGTBT9gvH0CDzSVDw==</latexit>

Ci,NS
qq

<latexit sha1_base64="G57wm6HhjfcRdnJkWSEbvnHinTA=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQoZMtbXdFbtxJRXtA9paMmmmDc08mmSEMoy/4saFIm79EHf+jelDUNEDFw7n3Mu99zghZ1Ih9GGklpZXVtfS65mNza3tHXN3ryGDSBBaJwEPRMvBknLm07piitNWKCj2HE6bzqg69Zt3VEgW+DdqEtKuhwc+cxnBSks9M1u9jdlx3BEevLxOkl48Hic9M4csVCyUURkiq4Ds0owgVCzlT6CtyRQ5sECtZ753+gGJPOorwrGUbRuFqhtjoRjhNMl0IklDTEZ4QNua+tijshvPjk/goVb60A2ELl/Bmfp9IsaelBPP0Z0eVkP525uKf3ntSLmlbsz8MFLUJ/NFbsShCuA0CdhnghLFJ5pgIpi+FZIhFpgonVdGh/D1KfyfNPKWXbDQ1Wmucr6IIw32wQE4AjY4AxVwAWqgDgiYgAfwBJ6Ne+PReDFe560pYzGTBT9gvH0CDzSVDw==</latexit>

Ci,NS
qq

<latexit sha1_base64="G57wm6HhjfcRdnJkWSEbvnHinTA=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgQoZMtbXdFbtxJRXtA9paMmmmDc08mmSEMoy/4saFIm79EHf+jelDUNEDFw7n3Mu99zghZ1Ih9GGklpZXVtfS65mNza3tHXN3ryGDSBBaJwEPRMvBknLm07piitNWKCj2HE6bzqg69Zt3VEgW+DdqEtKuhwc+cxnBSks9M1u9jdlx3BEevLxOkl48Hic9M4csVCyUURkiq4Ds0owgVCzlT6CtyRQ5sECtZ753+gGJPOorwrGUbRuFqhtjoRjhNMl0IklDTEZ4QNua+tijshvPjk/goVb60A2ELl/Bmfp9IsaelBPP0Z0eVkP525uKf3ntSLmlbsz8MFLUJ/NFbsShCuA0CdhnghLFJ5pgIpi+FZIhFpgonVdGh/D1KfyfNPKWXbDQ1Wmucr6IIw32wQE4AjY4AxVwAWqgDgiYgAfwBJ6Ne+PReDFe560pYzGTBT9gvH0CDzSVDw==</latexit>

Ci,NS
qq

<latexit sha1_base64="xWwQaT9Jq/atn2mFncfetL7YEdo=">AAAB/HicdVDLTgIxFO3gC/GFsnTTSExcmEkHBWFHZOMSo4AJ4KRTCjS0M0PbMSGT8VfcuNAYt36IO//G8jBRoye5yck59+bee7yQM6UR+rBSS8srq2vp9czG5tb2TnZ3r6mCSBLaIAEP5I2HFeXMpw3NNKc3oaRYeJy2vFFt6rfuqFQs8K/1JKRdgQc+6zOCtZHcbK52G7PjuCMFrF8liRuPx4mbzSMblYoVVIHILiKnPCMIlcqFE+gYMkUeLFB3s++dXkAiQX1NOFaq7aBQd2MsNSOcJplOpGiIyQgPaNtQHwuquvHs+AQeGqUH+4E05Ws4U79PxFgoNRGe6RRYD9Vvbyr+5bUj3S93Y+aHkaY+mS/qRxzqAE6TgD0mKdF8YggmkplbIRliiYk2eWVMCF+fwv9Js2A7RRtdnuar54s40mAfHIAj4IAzUAUXoA4agIAJeABP4Nm6tx6tF+t13pqyFjM58APW2ycSTJUR</latexit>

Ci,PS
qq

RR

VV

RV

not a forward scattering amplitude:
evaluate all contributions separately 

➤



NNLO corrections
VV: known massless two-loop form factors [T.Matsuura, W.van Neerven]

RV: one-loop single-real matrix elements

• phase space integral fully constrained, expand in distributions [R.Schürmann, TG]

RR: tree-level double-real matrix elements

• phase space integrals with kinematical constraint

• reduce to phase-space master integrals, computed through differential equations                    
[L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]
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NNLO corrections: RV 
RV: one-loop single-real matrix elements: massless bubble and box functions

• requires careful analytic continuation of one-loop functions (4 segments)

• example: Box(s12=sij , s23=spj)

Thomas Gehrmann FOR2926 Summer Meeting 12

<latexit sha1_base64="/P6VTKn5ofDVpcpIcFzZessEpnA="></latexit>

C(2)
RV ⇠

Z
d�2(kp, kj ; q, ki) |M|2RV(sip, sij , sjp) �

✓
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NNLO corrections: RR
RR: tree-level double-real matrix elements

• correspond to cut two-loop integrals

• use Cutkosky rule to arrive at Standard integral form
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NNLO corrections: RR

Reduction to master integrals: integration-by-part (IBP) equations [K. Chetyrkin, F. Tkachov]

• yield large system of linear relations among integrals
• solved using lexicographic ordering (Laporta algorithm): Reduze2 [A. von Manteuffel, C.Studerus]

Computation of master integrals: differential equations [E.Remiddi, TG]

• differential equations in x and z derived at integrand level
• generic solution by direct integration  
• specific solution (matching to boundary condition) by integration over z and comparison 

with inclusive RR integrals (DIS coefficient functions)
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Z
ddk

(2⇡)d
ddl

(2⇡)d
@

@aµ
[bµf(k, l, pi)] = 0 with aµ = kµ, lµ; bµ = kµ, lµ, pµi



NNLO corrections: RR
Integrals [L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]

• 12 propagators (4 cut),                                        
7 of them linearly independent

• 13 integral families with                                       
total 21 master integrals

• analytical results throughout

• family A,B,C previously                           
computed for photon                          
fragmentation                                             
[R.Schürmann, TG]
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where as in (3.1), the initial-state momentum p is used as a reference momentum to define
z:

z = x
(kp + pi)2

Q2
=

sip

sip + sik + sil
. (3.7)

Using the inverse unitarity relation

2⇡i�(k2) =
1

k2 + i✏
� 1

k2 � i✏
, (3.8)

the phase space integrals (3.6) are rewritten as 2 ! 2 three-loop-integrals in forward scat-
tering kinematics with four cut propagators (three on-shell conditions and the definition of
z). These are amenable to standard integral reduction techniques based on integration-by-
parts (IBP) relations [57] in the Laporta algorithm [58]. The resulting integrals all contain
four cut propagators and up to three linearly independent ordinary propagators. After
applying momentum conservation kk = q + pi � kp � kl, the following set of denominator
factors appears in the antenna functions:

D1 = (q � kp)
2
,

D2 = (pi + q � kp)
2
,

D3 = (pi � kl)
2
,

D4 = (q � kl)
2
,

D5 = (pi + q � kl)
2
,

D6 = (q � kp � kl)
2
,

D7 = (pi � kp � kl)
2
,

D8 = (kp + kl)
2
,

D9 = k
2

p ,

D10 = k
2

l
,

D11 = (q + pi � kp � kl)
2
,

D12 = (pi � kp)
2 +Q

2
z

x
, (3.9)

where the cut propagators are D9 to D12. Combining the cut propagators with any subset
of three linearly independent ordinary propagators yields an integral family, for which an
IBP reduction to master integrals can be performed. We use the Reduze2 [59] code for this
task.

The master integrals are labelled by their propagators factors (omitting the cut prop-
agators, which we require in each integral), for example:

I[�3, 7] =
Q

2(2⇡)�2d+3

x

Z
dd
kp dd

kl � (D9) � (D10) � (D11) � (D12)
D3

D7

, (3.10)

where a negative sign on the propagator label indicates its occurrence in the numerator. We
find 12 integral families and in total 21 master integrals which are summarised in Table 1.
The integral family F derives from the I[1, 3, 7] top-level integral which is reducible to
known integrals from other families. The master integrals are calculated using differential

– 11 –
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NNLO corrections: RR
Example: I[3,5,8]
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master integrals that contain both these propagators, I[3, 5, 8] (family K) and I[4, 5, 8]

(family M), must account for this behaviour and retain the exact dependence on the di-
mensional regulator at least in the z ! 0 limit. For both integrals, a naive approach of
solving the differential equations in x and z as a Laurent expansion in ✏ with symbolic
boundary conditions at a regular point in z yields integrals that contain at most ✏�1, while
the corresponding z-integrated inclusive initial-final master integrals with this combination
of propagators diverge as ✏

�3.
In the following, we provide a detailed description of the computation of I[3, 5, 8] =

I[358] in a closed form in ✏. The differential equations for this master integral contain only
I[0] and

I[5](Q2
, x, z) = N�

✓
1� 2✏

✏

◆2 �
Q

2
��2✏

(1� x)�2✏
x
2✏

⇥
✓
z
�✏

2F1(✏, 2✏, 1 + ✏; z)� z
�2✏

� (1� 2✏)�(1 + ✏)

�(1� ✏)

◆
. (3.13)

as subtopologies, and the differential equations in z and x are fully separable. Moreover,
its differential equation in x is homogeneous, implying that the x-dependence of I[358]

factorises fully. The differential equations read:

@I[358](Q2
, x, z)

@Q2
= �2(1 + ✏)

Q2
I[358](Q2

, x, z) ,

@I[358](Q2
, x, z)

@x
=

✓
1 + 2✏

1� x
+

2 + 2✏

x

◆
I[358](Q2

, x, z) ,

@I[358](Q2
, x, z)

@z
= �1 + 2✏

z
I[358](Q2

, x, z)� 2x3(1� 2✏)2(1 + z)

(Q2)3(1� x)2✏z2(1� z)2
I[0](Q2

, x, z)

+
2x2✏

(Q2)2(1� x)z2
I[5](Q2

, x, z) .

From the above equations, the functional dependence of I[358] on Q
2 and on x can be read

off. Moreover, the z-differential equation can be solved by means of an integrating factor
z
1+2✏. Introducing

I[358](Q2
, x, z) = N�

✓
1� 2✏

✏

◆2

(Q2)�2�2✏(1� x)�1�2✏
x
2+2✏

z
�1�2✏

I
0[358](z) , (3.14)

and inserting (3.11),(3.13) yields

@I
0[358](z)

@z
= �4(1� 2✏)2

✏
z
✏(1� z)�1�2✏ � 2(1� 2✏)2

✏
z
�1+✏(1� z)�2✏

+
2(1� 2✏)2

✏
z
�1+✏

2F1(✏, 2✏; 1 + ✏; z)

�2(1� 2✏)2

✏

�(1� 2✏)�(1 + ✏)

�(1� ✏)
z
�1

. (3.15)

This equation can be integrated in a straightforward manner in the form of a primitive:

I
0[358](z) = �4(1� 2✏)2

✏(1 + ✏)
z
1+✏

2F1(1 + ✏, 1 + 2✏; 2 + ✏; z)
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z
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+
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✏2
z
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�2(1� 2✏)2

✏

�(1� 2✏)�(1 + ✏)

�(1� ✏)
ln(z) + C

0
. (3.16)

where C
0 is the constant of integration. In (3.16), which is exact in ✏, we note the simul-

taneous appearance of z✏ and ln z. This observation implies that the singular behaviour of
the master integral I[358](Q2

, x, z) at z ! 0 can not be expressed by an ansatz contain-
ing a finite number i of terms of the form z

�1�n✏ with integer n  i. Moreover, a naive
✏-expansion of (3.16) shows that its most singular piece is only 1/✏. The a priori unknown
boundary constant C

0 can be determined by computing the z-integral of I[358](Q2
, x, z)

and matching it onto the known inclusive result. The inclusive Iinc[358](Q2
, x) is itself not

a master integral but can be expressed in terms of the inclusive phase space Iinc[0](Q2
, x):

Iinc[358](Q
2
, x) =

3(1� 2✏)(4� 6✏)(2� 6✏)

✏3

x
3

(Q2)3(1� x)2
I[0](Q2

, x) , (3.17)

with
Iinc[0](Q

2
, x) = N�(Q

2)1�2✏(1� x)1�2✏
x
�1+2✏

�(2� 2✏)�(1� ✏)

�(3� 3✏)
. (3.18)

We note that (3.17) diverges as 1/✏3. Dividing (3.16) by the integrating factor z
1+2✏ and

integrating over z, we obtain standard integrals yielding hypergeometric functions at unit
argument as well as from the last two terms:

Z
1

0

dz z�1�2✏ = � 1

2✏
,

Z
1

0

dz ln(z)z�1�2✏ = � 1

4✏2
, (3.19)

where in particular the occurrence of a double pole in the second integral is noteworthy.
By matching onto the inclusive integral, we then obtain a closed form expression:

I[358](Q2
, x, z) = N�

✓
1� 2✏

✏

◆2

(Q2)�2�2✏(1� x)�1�2✏
x
2+2✏

z
�1�2✏

⇥
✓
� 2(1� z)�2✏

z
✏ + 2z✏3F2(✏, ✏, 2✏, 1 + ✏, 1 + ✏, z)

�2✏�(1� 2✏)�(1 + ✏)

�(1� ✏)
(⇡ cot(⇡✏) + ln(z))

◆
. (3.20)

The master integral I[458] has considerably more subtopologies than I[358] and its
differential equations in z and x do not separate. After extracting its dominant behaviour
at z = 0, the computation for I[458] follows in principle the same steps as for I[358]. It is
however much more cumbersome and consequently less intuitive to describe.

For their insertion into the integrated antenna functions X 0, id.p

4,i
(x, z), master integrals

are calculated in terms of a Laurent expansion in ✏, after factoring the relevant regulating
factors in (1� x) and (1� z) from each integral. The results for the integrals are collected
in Appendix A and given in computer-readable format in an ancillary file. The regulating
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where in particular the occurrence of a double pole in the second integral is noteworthy.
By matching onto the inclusive integral, we then obtain a closed form expression:

I[358](Q2
, x, z) = N�

✓
1� 2✏

✏

◆2

(Q2)�2�2✏(1� x)�1�2✏
x
2+2✏

z
�1�2✏

⇥
✓
� 2(1� z)�2✏

z
✏ + 2z✏3F2(✏, ✏, 2✏, 1 + ✏, 1 + ✏, z)

�2✏�(1� 2✏)�(1 + ✏)

�(1� ✏)
(⇡ cot(⇡✏) + ln(z))

◆
. (3.20)

The master integral I[458] has considerably more subtopologies than I[358] and its
differential equations in z and x do not separate. After extracting its dominant behaviour
at z = 0, the computation for I[458] follows in principle the same steps as for I[358]. It is
however much more cumbersome and consequently less intuitive to describe.

For their insertion into the integrated antenna functions X 0, id.p

4,i
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are calculated in terms of a Laurent expansion in ✏, after factoring the relevant regulating
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Numerical results

Unpolarized SIDIS     
[L.Bonino, G.Stagnitto, TG]

• COMPASS kinematics

• PDF: NNPDF3.1
• FF: BDSSV22 [I.Borsa, D.de Florian, 

R.Sassot, M.Stratmann, W.Vogelsang] 

• 7-point scale variation
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Numerical results: π+ multiplicity
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Numerical results
Polarized SIDIS [L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]

• use Larin γ5
• finite scheme transformation of polarized PDFs to 

MS scheme

• PDF: BDSSV24 (pol) / MSHT20 (unpol)                    
[I.Borsa, D.de Florian, R.Sassot, M.Stratmann, W.Vogelsang;                                         
S.Bailey, T.Cridge, L.Harland-Lang, A.Martin, R.Thorne]

• FF: BDSSV21
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Numerical results
Polarized SIDIS [L.Bonino, M.Löchner, K.Schönwald, G.Stagnitto, TG]

• analytical agreement with an independent calculation [S.Goyal, R.Lee, S.Moch, V.Pathak, N.Rana, V.Ravindran] 
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Outlook
Single-inclusive hadro-production (SIH) pp → h+X
• many precise data sets available
• currently known to NLO [F.Aversa, P.Chiappetta, M.Greco, J.P.Guillet]

NNLO corrections to SIH
• NNLO parton-level event generator: separate numerical evaluation of RR, RV, VV
• requires infrared subtraction scheme at NNLO
• antenna subtraction for hadron fragmentation                                                                     

processes up to NNLO                                                                                                         
[L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]
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Photon+jet production at NNLO
• Photon+jet production

• multi-differential measurements
• probe of gluon distribution
• several production modes: direct, fragmentation, secondary

• Photon isolation
• required for photon identification
• sensitive on photon fragmentation function
• extension of NNLO antenna subtraction: identified particles                                         

[L.Bonino, M.Marcoli, R.Schürmann, G.Stagnitto, TG]
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Physik-Institut

Photon definition and isolation

! photon isolation

fixed cone

– within cone with fixed R:

E
had
T < E

max
T = "E

�
T
+ E

thres
T

– experimental studies use this prescription only

– induces sensitivity on photon fragmentation ! theoretically
challenging

dynamical cone

hybrid
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fixed cone: Ehad < ε Eγ + Ε0

Photons @ the LHC
Three different kinds of photons in hadronic collisions:

1. Direct photons  

 point-like coupling of quarks and photons 

2. Partons fragmenting into photons 

 fragmentation functions (FF)  

3. Photons from hadronic decays ( )

→
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Summary

NNLO corrections to SIDIS coefficient functions now available
• fully analytical expressions
• two independent calculations by competing groups

Reduced theory uncertainty on SIDIS cross sections
• enable precision phenomenology with SIDIS data
• allow consistent NNLO fits of fragmentation functions and polarized PDFs 
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