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Motivation: Neutrino oscillation experiments

Monte-Carlo simulation needs input on the differential cross section to reconstruct
the energy of the neutrino from the momentum of the detected charged lepton.
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The weak axial-vector matrix element

The transition matrix element of the neutron (3-decay is

M(n = pepe) = £ Vaa 32, (p(p)[Wiiln(p)) L,

N\ J

with WM = VN - A,u Vector contributions are well

V. =a~v,.d ———> determined experimentally from
7 Y ‘
lepton-nucleon scattering n

Axial-vector

<p(p/) ‘AM ”n(p» How to meacure it??

matrix element

Neutrino-nucleon scattering processes are related to matrix elements at finite momentum transfer.
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How to? Lattice QCD Simulations

1 _ _ .
Olavi, =7 / D) D[] ™ O(U, 1, ) e~ S(ess: U

Simulation

e Markov chain Monte Carlo to generate ensembles of
gluon-field configurations via importance sampling [Jacob Finkenrath, Wed.- Thur.]

(0) = % X0 O(U:) with p(U) = Lexp(—S(U))

Analysis

e Construction of hadron correlation functions on background
field configurations:

(N(P',s")|Au|N(p, 5)) (e, te) Or (Xins) tins)
Data analysis - post-processing k—%
e Statistical analysis, resampling, derived quantities (Xo, to)

e [Excited state contamination and stochastic errors
e Continuum and infinite volume extrapolation

S. Bacchio - 16/09/24 - The Cyprus Institute



Topics covered in this talk

e Basic concepts: (% to) Or (Xins, tins)
)
o  Correlation functions
o Interpolating fields (%o o)
X0, Lo

o  Wick contractions

e Implementation: [GPUs: Mathias Wagner, Tue.- Thu.]

o Fermions on the Lattice [Solvers: Gustavo Ramirez, Wed.- Fri.]

o  Stochastic and point sources

o Two-point functions

o Noise-reduction techniques # c821107264 ¥ cC21106080 § cD211.054.96

b ga=1.245(28) |
1'2\ X 12-0.339(48) [fm?]
e Nucleon structure: [Data analysis: 10} ]
, ) Christian Hoelbling, Mon.- Tue.] <
o Three-point functions © o8
o Excited State Contaminations ~ [Scattering and resonances: o5 s
. . Fernando Romero-Lopez, Fri.] . . . . .
o  Extraction of Matrix elements W, s
e
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Correlation Functions

The correlation function between two states w is equivalent to the matrix elements of the
transport operator up to exponentially-suppressed thermal effects, due to the finite size.

C(t) = (v ()¥1(0)) = (¢ T\:w> .

By inserting a complete set of eigenstates of the transfer matrix ) .. |n) (n

, we obtain

(@)

_ Exponential
C(t) =D A (@ln) (nly) = Y 1Zal?e™™ = Lecaiont

<n|T!n>J
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Correlation Functions

4 N

In Lattice QCD we can easily extract ground-state matrix elements:
lim C(t) = |Zy|? e !
t—00

C(t) Z <1Mn nlw ZlZ |2 —E,t —> Expouem“ia/

cuppression!
<n|T]n>n// T L (nl)

T—=e¢H
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Interpolating Fields: How to measure properties of hadrons?

Our goal is then to construct an interpolating field w whose ground state is the desired hadron.

. ) . ) n — (O, if wrong guantum nombers
To achieve this we can exploit quantum numbers and other properties: < W> 71

e  Flavor structure: Use the correct combination of quark fields to represent the desired flavor quantum numbers.
e Spin and parity selection: Choose the appropriate Dirac structure (") to match the desired spin J and parity P.
e Other symmetries: Certain hadrons are e.g. even under exchange of u«<d. Implement these symmetries correctly.

e Momentum projection: Sum the interpolating operator over spatial points with a phase factor to project onto definite
momentum states.

Additionally the interpolating field should preserve:

e Gauge invariance: Ensure the interpolating operator is gauge-invariant, using color indices and Wilson lines (if
necessary).

e Symmetry under the cubic group: Since the lattice breaks continuous rotational symmetry, operators must transform
according to irreps of the cubic group.
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Meson Interpolating Fields

For mesons, the simplest interpolating operator is a bilinear quark-antiquark field of the form:
'Qbmeson (CE) — Z:ﬁ(jl (x)g Pa,ﬂ Q2 (m)%
a7a7

e  Flavor structure: The specific quarks (1 and Q2 determine the flavor quantum numbers of the meson.

e Spin and parity selection: The choice of [ determines the spin and parity of the meson. For example:

o' = 75 gives a pseudoscalar meson (like the pion), withJP =0
e Momentum projection:

ol'=1, gives avector meson (like the p-meson), with JP =1~ ‘
o]'= 1 gives a scalar meson, with JP = 0™ ¢(p, t> o E : € Zﬂ(fl?, t>
T

ol'= V57ugives an axial-vector meson (like the a-meson), with JP — 17

e Gauge invariance: The quark fields are in the same location x and color indices are traced.
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Baryon Interpolating Fields

For baryons, there are various options to construct the interpolating field

wbaryon (il?) = €abe P:i: FA q1 (w)a (QZT(w)bFB qs (w)c)

This gives more precise resulte
e  Spin selection: fy

o J:1/2—> (FA,FB)
°J =3 (I'41F)

(]lv 075)7 (’757 C)? or (]17 i740/75)
(]17 C'-Yj)

e Parity selection: positive and negative parity selected using Pi — % (]l + 74)

e  Other symmetries:

o (' isthe charge conjugation matrix, ensuring the antisymmetry

O €gbe ensures antisymmetry in the color indices (so that the wavefunction is antisymmetric overall, respecting the
Pauli exclusion principle).
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Examples of Baryon Interpolating Fields

Quark ]
Baryon cont Interpolating field 1 I,
conten
uud €abe (ua Cysdp) Ue 1/2 +1/2
n udd €aiia (daTC'yg,ub) de 1/2 -1/2
uds %eabc [2 (uaTC’ysdb) Se + (ugCy5sb) de — (daTC"Yssb) Uc] 0 0 ———  Odd under exchange 0/ u—>d
wt uus €k (uTC”yssb) Ue 1 +1
370 il Leave [(ul Crssp) de + (A Crssy) ue) 1 0 Even under exchange of ue—d
E_ ddS €Eabe (d 07585) dc 1 = |
=0 uss Exiie (s C'yg,ub) S 1/2  +1/2
= dss €abe (sa C’}’5db) Sc 1/2 -~1/2
BT uuu €abe (u C’yuub) Ue 3/2 +3/2
AT uud Leave [2 (W Cyudy) ue + (uX Cryuup) de 3/2 +1/2
vaeae [2( ) ( )] Example of spin 3/2
AP udd Ts€abe [2 (dz Cyuus) de + (dz Cyuds) uc] 3/2 -1/2
A~ ddd €abe (da Cyuds) de 3/2 -3/2
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Wick Contractions

Now we need to construct correlation functions C(t) = <¢(t)¢*(0)> of interpolating fields

We do this via Wick contractions. Example for the pion: Q,\@} ” . %&@
B 5@(9) A
()] (2)) = (d(y)vsuly)i(z)ysd(z)) =
_ " - . . Steps in Wick contractions:
— ('75)046 (75)0/5’ <d(y)au<y) u(x)a/d($)5/> 1. Explicitly write position, spin and

color indices.
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Wick Contractions

Now we need to construct correlation functions C(t) = <¢(t)¢*(0)> of interpolating fields

We do this via Wick contractions. Example for the pion: Q,\@} ” . %&@
B 5@(9) )
()] (2)) = (d(y)vsuly)i(z)ysd(z)) =
_ " - . . Steps in Wick contractions:
— ('75)046 (75)0/5’ <d(y)au<y) u(x)a/d($)5/> 1. Explicitly write position, spin and

color indices.

= —(1)ap(r6)arp (d(@)pd()e) (u()zu(z)e)

Construct all possible pairs of quark-
antiquark and multiply by -1 for every
commutation of quarks.
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Wick Contractions

Now we need to construct correlation functions C(t) = <¢(t)¢*(0)> of interpolating fields

We do this via Wick contractions. Example for the pion: Q,\@} ” T
"y @\”m%
()] (2)) = (d(y)vsuly)i(z)ysd(z)) =
o - . . Steps in Wick contractions:
— ('75)046 (75)0/5’ <d(y)au<y) u(x)a/d($)5/> 1. Explicitly write position, spin and
= (st ld@)bdy)) wga@y)
- 15)ap\V5)a/ AL ) gr XY o) NUNY) UL o 2. Construct all possible pairs of quark-
antiquark and multiply by -1 for every
— _(’75)aﬁ (’75)04’5’ Gd(x§ y)%cfbaGu<y§ x)cﬁb?xl commutation of quarks.
L; Quark 3. Write in terms of propagators and

= —]F [75Gd(333 y)fy5Gu(y; gj)} propagator recombine indices, if possible.
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Topics covered in this talk

e Basic concepts: = Or (Xins, tins)
o Correlation functions
o Interpolating fields

X0, t
o Wick contractions (X0, to)

e Implementation: [GPUs: Mathias Wagner, Tue.- Thu.]
o Fermions on the Lattice [Solvers: Gustavo Ramirez, Wed.- Fri.]
o  Stochastic and point sources
o Two-point functions
o Noise-reduction techniques # c821107264 ¥ cC21106080 § cD211.054.96
7% \ ga=1.245(28) |
' X 1220.339(48) [fm?]
e Nucleon structure: [Data analysis: 10} ]
, ) Christian Hoelbling, Mon.- Tue.] <
o Three-point functions © o8
o Excited State Contaminations ~ [Scattering and resonances: o5 s
. . Fernando Romero-Lépez, Fri.] . . . . .
o  Extraction of Matrix elements 00 02 04 06 08 10

Q% [GeV?]
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Fermions on the Lattice

G =21 [DUID;! det De Svu®) with D =D(U, u7) — (iy* D,y — my)

4Spin X 3col xV

e Many possible discretizations of the Dirac operator T!-d i ]
..I-Ird ..I. .-l- ..I.- .,
o Wilson, Twisted-Mass, Domain-Wall, Overlap, etc. EIF. Only first
i L i ./ neighbours
E
" "a"a8 "
e The Dirac operator is a sparse matrix (first-neighbors only) o, R
— " "s "a"sEd
. e .'l.. !ljl "u . .'..-
o Krylov methods are used to solve: Dz =0»> W e #M”_Zew
— — -1 -.'- ..'- -F:-!a / .'-)
© eg Dm — e?’ : x.? — DJZ ...'I. '-. ... ... -.;-.' ™ '-. ... Prof' to V
— — T — — ...'- ...'-_ :::!-I: .:".
O e‘g' DCE — 77 j nTa: % Tr(D 1) ...I. ..l. ..l. -ﬁ;l
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Fermions on the Lattice

<¢J”ZL> = % fD[U]D[’gb’lZ] %%ZZ e~ Sy (U)—¢ Dy
H_/

G =3 /DD, det De~Sru(®)

e Dirac operator is singular at u=0

o  Critical slowing down, e.g.

o Light quark masses 100x more 307

expensive than strange mass

=
o

o  Common to all discretizations

w

Time for solving Q2+p? [core-hrs]
=

0.003 0.01 0.03 0.1 0.3
Twisted mass parameter (u)

[Solvers: Gustavo Ramirez, Wed.- Fri.] 0.001
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Fermions on the Lattice

<¢J"Z¢> = % fD[U]D[’gb’lZ] gb]q;z e_SYM(U)—?,ZDQ,D

Y .
G _ 1 fD[U] _D-_-l detDe_SYM(U) with D = D(U, ,LLf) — (’I/}’“Du — mf)
VA Jt a—0
» 300 Tud) ms - .n.]c
e Dirac operator is singular at u=0 <
£ 100} ® CG .
o  Critical slowing down, e.g. § DD-0aAMG |
o Light quark masses 100x more j—i 307
expensive than strange mass g 10 |
c [
o Common to all discretizations % 3
m F
g
v Resolved by multigrid methods g o
[Solvers: Gustavo Ramirez, Wed.- Fri.] = 0.001 0.003 0.01 0.03 0.1 0.3

Twisted mass parameter (u)
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Stochastic propagators

e Hutchinson Trace Estimator:

Let A € CP*P and v € CP be a random vector such that

(Y =1 = Tr(A) = (v'Av)

e Example 1: Quark Loop Q
O

Ly (0 (@) (2)) = (Te(TD)w = (' TD ™ )
= <77TF37>U,¢7 with Dz =n

I

o Usually time-slice stochastic sources for allowing
correlation in time
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Stochastic propagators

e Hutchinson Trace Estimator:

Let A € CP*P and v € CP be a random vector such that

(Y =1 = Tr(A) = (v'Av)

e Example 1: Quark Loop Q
Or

Ly (0 (@) (2)) = (Te(TD)w = (' TD ™ )
= <77TF37>U,¢7 with Dz =n

o Usually time-slice stochastic sources for allowing
correlation in time
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e Example 2: Pion two-point functions

() (2)) = (d(y)ysu(y)i(z)ysd(z)) =

= T |[35Ga(2y)15Galy; o)

o .- hermiticity: 5 Dys = Dt
(holds also for the inverse)

— Ty [Gi(y; 2)Gu(y; SU)}

o and using time-slice stochastic source in t=“0":

O<t) — <¢7T+ (t)quWL (O)> — <xT(t)x(t)>U,77(O)




Point-to-all propagators

Or we can just propagate from a single point to all.

e Disadvantage: compared to stochastic sources we do not exploit

volume-average over the spatial volume, but use only one point.

e Advantage: any momentum can be inserted at the source!

(NG NG 1)) = 3 €75 ePH(N (&, 1,)N (d0, 1))

if N(f(), to)
defined in T

(X0, to)

f Note on stochastic sources: \

while for mesons we use:
E@DE(Y)) = dz,g
for baryons we should use:

E@EGEG")) = 65,5055 5
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Two-point functions

Let’s consider now the case of hadron two-point functions

C(t) = ($()YT(0)) = Y |Zaf?e™ 5"
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Two-point functions

Let’s consider now the case of hadron two-point functions

C(t) = (WY () = 3 1 Zp2e Bt

\\» (n| )

10—5 J

A main use of hadron two-point functions is to
extract the energy spectrum of interpolating fields

1077 1

0—9 J

[ay

Et)=—-=-1In [%} —Ey+ 0 (e—(t/am)
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Pion and Nucleon effective masses

0.2r ., Why it does not plateau? ]| (Xs, ts)
"%ﬁcz::::::::::::::::::::::::::=;-
0.1f '“’"n..,oo.,. 1
. .o .

lP'Oﬂ , | | | .’0"0. (XO7 tO)

0 1 2 3 4 5
14r ° , 9

M Why do errors increase: .
1.2¢ . 7 (Xs>ts)
1.0r T T e e et e e = {
=T f s * i I I

0.8} ) o I %o to)
0.6 Et)=——1In [L] =Fy+ O (e_(t/“)5) X0, to

Nucleon a |C{t—a)

0.0 0.5 1.0 1.5 2.0 2.5

t [fm]
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Pion and Nucleon effective masses

0-142 i T T T T B T B B T -
: C(t) = |AP? (et 4 emm=T70) | (Ko ts)
()
0-140 !IIIIIIIIIIIIIIIIIIIIIIIII!IIIIII!IIIIIIIIIIIIIIIII i
o138} Pion | | | | | (X0, to)
0 1 2 3 4 5
14r ° , 5
% Why do errors increase: .
1.2r . 7 (Xs>ts)
1.0+ il A R * o o * » ® = = 1 [
08 = s K ) i I I I I | @
- 1 C(t) ] —fea)s (X0, to)
L Ft)=—In|——~|=Ey+0|e _
%61 Nucleon ©=-2 H[C(t—a) | ° ( | ) |
0.0 0.5 1.0 1.5 2.0 2.5
t [fm]
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Exponential growth of the error

Why do errors grow exponentially for the nucleon and not for the pion?

e Parisi-Lapage argument:
C(t) = (VT (1)¥(0))
o0& (t) = (W1 (0)p ()Y (£)1(0)) — (1 ()1(0))

Var(X) = E[X?] - E[X]?

oolt) \/<w<o>w<t> (BeO)
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Exponential growth of the error

Why do errors grow exponentially for the nucleon and not for the pion?

e Parisi-Lapage argument:

C(t) = (7 (t)¥(0))
o&(t) = (T 0)L(O)V (1)¥(0)) — (W (1)¥(0))’ -

Var(X) = E[X?] - E[X]?

~

oo(t)  HEoo —3Ey o)
(;C(t) (1 (0 )w( )¢T(t)¢(0)> L C(1)
O)>2 Relative error [in most cacec]
T —iE f increaces exponentially in T cince
0,C
| BJPe —1 \_ Foc: < 2E) ¢ W,

at /arge t ‘A|4
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Exponential growth of the error

Why do errors grow exponentially for the nucleon and not for the pion?

e Parisi-Lapage argument:
C(t) = (VT (1)¥(0))
52.(1) = (o t A 2
c(t) = W' (0)p)v'(t)v(0)) — (@'()v(0)) - " ~

ocC
e Pion: Ug(t) X et(m”_%m”) — const. C@)

— Relative error [in most cacec]
/ tially in T ¢ince
oc(t) t(m 3. ) nereaces exponentially
e Nucleon: o ! \"MNT M : ,
C(t) N \_ Eocr £ 2B W

Same guantum numbere of 3 ,bianc./

Var(X) = E[X?] - E[X]?

1
X et(EO,C’ - §EO,C2)
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Noise-reduction techniques

How to tackle the exponential-growth of the noise?
by developing noise-reduction techniques!

There is a vast literature on this techniques for the signal-to-noise problem, including many
experimental / exploratory / innovative approaches.

Here we will focus on two production-ready techniques: fg’ \
ee e.g.

e Smearing of interpolating fields “Path integral contour
deformatione”

[arXiv:210112668]

K [arXiv:2304.03229] J

e Low-mode averaging (LMA)
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https://arxiv.org/abs/2101.12668
https://arxiv.org/abs/2304.03229

1' technique: Smearing of interpolating fields

The interpolating fields we have considered are all local, but extended ones would still have

the same quantum numbers, e.g. Added a link to precerve gavge invariance

Ymeson () = Y, @1 (2)a Tap U (@) @2 (@ + )y

55| n=10 & |
Sl ow i
Wuppertal / Gaussian smearing ) n=40
r n=50 —&—
Parameters > =)
/ NS Z. 15r Faster convergence (arger noise if .
" (Z,t) = Z (]l +aH{Z, T, U(t))) q(7,1) = B to grovnd-ctate over-cmeared

i 1 -g aé e \I -

2 o B ]

o 3 . T ~ . 05 L é é é g B 8 a2 aE268 o] m 5 g % @ @ é A =
HEGU®) =Y (Uk(:c,t)%’g_,; +UN(E - k,t)amk) LA
k=1 0 = | ! | | | | ! l ! | | | -
In case of boost, momentum smearing is a better variant 2 4 6 810 1? /a14 16 18 20 22 24 26

larXiv:1602.05525] °

S. Bacchio - 16/09/24 - The Cyprus Institute


https://arxiv.org/abs/1602.05525

2" technique: Low-Mode Averaging (LMA)

Concept: Low-modes dominate at large distance in correlation functions!

IR contribution Ul contribution
AL A 10714 S
r B N B N 4
Sr(z,y) = |PRQ, " Pmwn(z)) (n(y)|vs + [PovQ,  Puvn(z)) (n(y)| s .
Quark 10731 -
Propagator ﬁ"«.
Loos. o, IR-dominated
0‘_” /\
%’g e N
10771
\| J ?
Y ;
109 4 UV’doMI.hated
0 10 20 30 40 50 60
t/a

S. Bacchio - 16/09/24 - The Cyprus Institute



2" technique: Low-Mode Averaging (LMA)

Concept: Low-modes dominate at large distance in correlation functions!

IR contribution Ul contribution
AL AL 101 =
r » N » N :
Sr(z,y) = |PRQ, PIRU(SU)> nw)|vs + |Pov@Q,  Povn(x)) (n(y)| s o
Qrk = (@) () ik
75 e,
P/'opayator = Z J Z |¢77 |75 ) *".’
szl )\ + zr,u ) ]VJ>>1 10-5 4 ”’.” I/e-domiuutec/
g e e, A
N | N
Computed Exactly Computed Stochastically o E
N ~ Y, '_
109 4 UV’doMI.hated

0 10 20 30 40 50 60
t/a
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2" technique: Low-Mode Averaging (LMA)

Concept: Low-modes dominate at large distance in correlation functions!

IR contribution Ul contribution
AL A 10714 .
r ., N\ ., N o ‘t,f‘
Sr(@,y) = IPIRQ PIRn( )) (nW)l s + [Puv@;~ Povn(x)) (n(y)] s . o
Qua/’k Vs 10731 ’0’
Propagator = Z o5 u) 75 Z |¢T7 Y)| s ; ”'*. 1078 4 Iﬁ%}% i
)\ + zr,u N>1 . %o,
) ) 107 - ’-0;._.’
Y ' ,
30 35 40
Computed Exactly Computed Stochastically .
t C toch(t) ] f—rﬁ-
e In the correlation function computed stochastically, Lo-o ] N e T
we replace the IR part with an exact knowledge of it L) CLMA(t) 1 HW.""
CLMA (t) - OStOCh ( ) Ostoch ( ) Cexact ( ) ’ v 0 3(:5/61 0 %0 °0
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Topics covered in this talk

e Basic concepts: = Or (Xins, tins)
o Correlation functions
o Interpolating fields

X0, t
o Wick contractions (X0, to)

e Implementation: [GPUs: Mathias Wagner, Tue.- Thu.]
¢ Fermions on the Lattice [Solvers: Gustavo Ramirez, Wed.- Fri.]
o Stochastic and point sources
¢ Two-point functions
o Noise-reduction techniques § cB21107264 § cC211060.80 F cD211.054.96
- \ ga=1.245(28) |
' X 1220.339(48) [fm?]
e Nucleon structure: _ — 1o} ]
_ ) [Data analysis: g
o Three-point functions Christian Hoelbling, Mon.- Tue.] @ osf
. H H 06} = ‘ a
o Excited State Contaminations [Scattering and resonances: | | | | m
o  Extraction of Matrix elements Fernando Romero-Lépez, Fri] e e es e
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Nucleon matrix elements

Nucleon matrix elements relate to moments of PDFs

Unpolarized O’u’ul'u2 w’y{'u’LD'ul’LD'u2 ZD'UJn}w

Vector ctruct. <1>u—d = gv, <-T>u—d7

Helicity Offhz — sy tHi DM DH2 i DFn e

Axial ctroct. <1>Au—Ad = dJgAa, <x>Au—Ad7

Transverse OVMeruQ ”(pO'V{'u’LD'UJl  DR2 'LDMn}w @

T
Tensor ctruct. <1>5u—(5d = dgr, <$>6u—5d7
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From three-point functions to matrix elements

Three-point function Matrix element >

(Xs, ts)
How to go from (Y (P”, 5)|O(tins) ¥ (7,0)) to (N(p")|O|N(p))? @@
L_’—j (Ro, to)
We focus on the ground-state only: j

A A
N

4 / . N 4 N _ . = =
CSpt(ﬁ,a ﬁa ts; tins) ~ <¢N(ﬁ/7 ts)lN(ﬁ/a ts)>€_EN(p )(ts_tlnS)<N(p,a tins) ‘O(tlns”N(pa tins)>e En (p) tins <N( ) O) ¢N(pa O)>
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From three-point functions to matrix elements

Three-point function Matrix element o ty) Or (Xins, tins)

(Xsy ts
How to go from (Y (P”, 5)|O(tins) ¥ (7,0)) to (N(p")|O|N(p))? @@
L_’—j (%o, to)
We focus on the ground-state only: j

A A
N N

f / . . SE B ‘ - B
Cpn (7', 7ty tins) = (U (7, 1) [N (7, 1))=Y PN ETN N (G, 1305) O (tins) N (7, ) ) e~ @ 22 (N (5, 0) v (7, 0))
= (Y (BN F NG OIN (BN (@) |on (7)) e v #tine)=En () tins

Copa (7 1) ~ (W (F) N G)N ) [y (7)) &%

C ! D, t tin C! _)/;t _tin C _);tin
(NGOG = Jim, | — P o) [ e e o)
tsgiri:ooo \\/O2pt (975 ts) Copt (P} ts)}\ Copt (P} s — tins) Capt (P Qtin§>

Y Y

Cancels the overlaps Cancelc the residval exponential
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How to compute three-point functions?

v OF (%ins ) tins)
(Xs, ts)
Three-point functions require computing a sequential propagator.
. Xo,t
It can be done in two ways: f e Fixed-sink ° Fixed—insertion\ (%o, to)

u % }}/ d/s u u

u/d/s e Fixed-insertion:

e Fixed-sink:

o Fix sink time t o Fixins.time t
S ns

S s S
o Fix sink mom. p’ I o Fixins. mom. g
o Fix sink interp. field i i o Fix ins. operator
Ko Fixed e Free ° Sequen‘ual/
o Get any ins. operator o Get any sink interp. field current
o Get any ins. mom. o Get any source interp. fields
o Get any source mom. (pt. source) o Get any sink time t_
o Get multiple source interp. fields o Get any sink mom.
o Get any source mom. (pt. source)
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Example of fixed-insertion results

e “Axial charges of hyperons and charmed baryons using N =2+1+1 twisted mass fermions”
[arXiv:1606.01650]

o lIsovector u-d, u+d-2s and u+d+s-3c axial charges of 40 baryons

o Onein akind study:

m Computed using fixed-insertion
m i.e. fixed current and momentum transfer
m  Gotg, for any possible baryon!

Z —e—
2.10 X ] 120 |
B —e—
Q —m—
1.95 ol 5 5
o o ; o i
% 1s0f o ? ] a ? 1 ; t ¢ 4
& - -1.60 | ® ®
I o : :
1.65 + ? ! ] ; +
180 F
150 L ‘ ‘ - : : ‘ ‘ s
0 0.05 0.1 0.15 02 0 0.05 0.1 0.15
m2 (GeV?) m2 (GeV?)
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https://arxiv.org/abs/1606.01650

Example of fixed-sink results

Most studies on nucleon structure uses fixed-sink since allows for a very reach programme.

e Any ins. current/operator: axial, vector, tensor, first and second Mellin moments, etc.

e Any momentum transfer: Form Factors (@°-dependence), extrapolation to Q?=0 » charges/couplings

U s U/d/s
T ER) ' ' 1.4

1.2 Wgu(@)72 Trancverce FF 1
1.0 [A110(Q) |

0.8 “SEmp. ]
. fﬁ}’} H | 0.6f NGAmQ)Z ]
$ cB211.072.64 ¥ cC211.060.80 & cD211.054.96 k 0.4F e,
o gA=1.245(28) 0 N o T T ™ 0.3F - - - . ""I .
12F 4 Of gn ;
X 12.0.339(48) [fm?] w@) !
if‘ 0.2}
L | .;! B 3
o~ 1.0 'x' 0.1
=] [ ] 'x & -
S gl : s > 2=0.080m | 0.0 Arz(Q))/4 __
’ 2: a=0.068 fm 0. 1 [ ——————————
S r i }X a=0057fm 1~ “t[ Ar20(Q2) L ——
06 3 & B . ® a-o =0.2 |
/4)(!0./ FF & —— Experiment 20+t X  Experiment - e ;BTZO(QZ)
1 L 1 1 1 L L L s ' L f L _0_ L f L ! !
0.0 0.2 0.4 0.6 0.8 1.0 %.o 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 %.0 0.2 0.4 0.6 0.8 1.0 1.2
Q? [GeV?] Q% [GeV?] Q? [GeV?] Q*[GeV?]
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Nucleon two-point functions

G(ts)

— Y- PP (B (s, 1) X% (0, 0))

with X]a\[ ((E) =

eeu (z)[w’ (z)Cysd° (z)]

e Two-point functions (Xs, ts)
o Ground state dominance at large-time limit G(t;) = ¢;™"™"|,
o  Error increases exponentially with ¢ (X0, to)
o Density of excited states increases with volume
L = 64a, m,L = 3.6
- ' - - 16 B x
l.4r 1 C(t) _ 5 15r z
_ * Ft)=—-In|——>—|=E +O<e (t/“)> —¥—
> 1.2 - ( ) a [C(t—a)} : ;1_4-
= 10} R - tI1f 7 : 3,0
o b - LK 2 i l 1 E g
S ] W ~300 MeV]
0.6 Nucleon 10t 1
OjO 015 110 1f5 2fo 215 09r
ts [fm] N N'n Nﬁn
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Nucleon three-point functions

Gr (P, (__i; ts, tins) = Z* — e_ig'zins Paﬂ <)_(]BV (55, ts)lOI‘ (5insa tins)’X?\r (67 0)>

Zs 4y Lins
cuitable

e Three-point functions ~ ~7=t e Oa(@) = ¥(z)157"9(2) #
(7_(’5) t ) Or (Xins ) tins]

S
o Ground state at t; — 00, (ts — tins) — 00
o  Error increases exponentially with ¢ (%o to)
X0y Lo

o  Statistics increased to keep errors constant

x 750 configurations

18F ' ' ' 1 ;
Rx_d — gx_d ts/CSL ta({)ﬁéljl nsv"i
1.7F 1t | .
10 0.80 2
16] }{i{ﬁ}{%{% % ; il b 12| 0.96 5
{ ﬁﬁﬁlg{ LR S 1 14| 1.12 10
st A ;i | o
14F 12 , | :
206 -04 -02 00 0. . . 0.50 0.75 1.00 1.25 1.50 1.75 20| 1.60] 128 \%
tins — to/2 [fM] t[fm] Nucleon 2pt 477
~30M invercions!
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Nucleon three-point functions

. — —iq-z; af |.=B (= - a (0
GI‘(PaQ7ts’tinS) = Z;s,gms R 5<XN($57ts)lOF(winsatins)’XN(()?0)>
. ~ mets —Eltins —Elts+(E1 _mN)tins _Elts Or (7_611'18 ) tlTlS)
Gr (ts, tins) =~ Agoe + Ao (e +e ) + Aire
—mt —Eit : ' - M = Aw
G(t) ~ cpe mnts | cre b Dec:rea/ matrix element: M= — =
Co (XO) t())
1.8F x 750 configurations
1.2 1.1 13 L ts/a| ts[fm]| mgpe
1.7 8 8 0.64 1
T e F A= s 10 080 2
1.6} ¥ t ' 1.0 12| 0.96 5
i 4] 1.12] 10
1.5+ I Two-state fit 16 1.28 32
y Three-state fit 18 1.44 112
. -OI.6 -OI.4 -OI.2 OIO OIZ 0!4 016 0.50 0.I75 1.60 1.2IS 1.5:0 1.7IS O.ISO 0.:75 1.(I)0 1.2I5 20 1.60 128
ins — ts/2 [fm] ts[fm] tov [fm] Nucleon 2pt] 477
~30M invercions!

[C. Alexandrou, S. B., et al. “Nucleon axial, tensor, and scalar charges and o-terms in lattice QCD”. Phys. Rev., D102(5):054517, 2020]
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The three ensembles and model averaging

¢6 58 $10 112 Y14 I16 518 izo 22 $24 §26
e Ensemble V/a* B a [fm] |mx. [MeV]|m.L

- cB211.072.64[64° x 128[1.778[0.07957(13) | 140.2(2) | 3.62
i cC211.060.80|80% x 160|1.836|0.06821(13)| 136.7(2) |3.78
"""" cD211.054.96 |96 x 192{1.900(0.05692(12)| 140.8(2) |3.90
¥ 2-statefit |
T § 3-statefit

14}k cB21107264

cB211.072.64 cC211.060.80 cD211.054.96
L T P 750 configurations| |400 configurations| |500 configurations
L ts/a| t[fm]| nerc| |ts/a| ts[fm]| nere| [ts/a| ts[fm]| ngre
ar 7 8 0.64 1 6 0.41 1 8 0.46 1
10/ 0.80 2 8| 0.55 2 10| 0.57 2
12| 0.96 5 10|  0.69 4 12| 0.68 4
14| 112 10| 12| 082 10| 14| 080 8| | () to 1.5fm for
16 1.28 32 14 0.96 22 16 0.91 16
18| 144| 112|| 16| 110 48|| 18| 1.03| 32| | afencembles

20 1.60| 128 18 1.24 45 20 1.14 64
Nucleon 2pt| 477 20 1.37| 116 22 1.25 16

22 1.51| 246 24 1.37 32
Nucleon 2pt| 650 26 1.48| 64|Y
Nucleon 2pt| 480

2
.5 . Xi
' . . « w1 Model average over thousands of fits: log(w;) = — %5 + Naof,i
05 00 05 1 2 1% 3% 10% 30%
w; .
tins — ts/2 [fm] ts [fm] pi=— with Z= > ; Wi+ [E.T. Neil, J. W. Sitison, arXiv:2208.14983]
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Continuum limit and comparison with other studies

B 2-statefitdata

§ 3-state fit data

This work
PNDME23
RQCD23
Mainz22
NME21
RQCD19,'z4*3
RQCD19,'2P
CalLat19
FLAG21

1.35 i T 1 T T T T T
130
<C
& "  S—— g |
125 . i
120— 1 1 1 1 1 1
0.000 0.001 0.002 0.003 0.004 0.005 0.006
a? [fm?]
B l'-*JI | T 1L T T T 1L T T T T i T T T i
4 AF ——  q} . .
1
! 1t 14 _ |
- —¥— {F —¥—i{ P —
faal 1 PP 1t ™ - -
L 4 1L il d
i
i 1 II Il 1 1LC 1 1 1 1LC 1 1 1 1 1 1 1 ]
12 13 14 030405 7 8 9 10 12 14 16
ga <|’f\> [fmz] g; gnnN
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Ga(Q?)

Ga(@?)

1.2

1.0

0.8

0.6

¢ cB211.072.64

cC211.060.80 4 cD211.054.96

0a=1.245(28)

I r2=0.339(48) [fm?] |

| Ty

0.0 0.2 0.4 0.6 0.8 1.0
===Thiswork | ===Thiswork |
=== Mainz22 === PNDME23

0.00 0.25 050 0.75 1.00 0.00 0.25 050 0.75 100

Q2 [GeV?]

Q2 [GeV?]



Thank you for your aftention!

e Basic concepts: = Or (Xins, tins)
o Correlation functions
o Interpolating fields

) ) X0, t
o Wick contractions (X0, to)

e Implementation: [GPUs: Mathias Wagner, Tue.- Thu.]
¢ Fermions on the Lattice [Solvers: Gustavo Ramirez, Wed.- Fri.]
o Stochastic and point sources
¢ Two-point functions
o Noise-reduction techniques § cB21107264 § cC211060.80 F cD211.054.96
12&'\ " ga=1.245(28) |
' r2=0.339(48) [fm?]
e Nucleon structure: o 10F :
_ ) [Data analysis: =
o Three-point functions Christian Hoelbling, Mon.- Tue.] @ osr
V . . . osl : -
Excited State Contaminations [Scattering and resonances: | | | | ii'?‘\m
V Extraction of Matrix elements Fernando Romero-Lépez, Fri.] 0.0 0.2 0"(‘)2 [Gevz]o.e 08 10
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Disconnected contributions

oop " T - e Loop calculations

R %; 1 | o  Stochastic sources

-0.2} ¥ g § + o j

ol 1 H{ | o Hierarchical probing

04} | o Low-mode deflation

0a [ 9a " e Disconnected contributions
00r

{ o Correlation between loops and two-point

-01+F

| | (7o t,) (Rins, tins)
000F o v x 35 3 : 1 &ﬂt(}#} 1

-0.05 ¢, ; : ; ; R ; . L]
0.50 0.75 1.00 1.25 1.50 1.76 0.50 0.75 1.00 1.25

ts [fm] tloW [fm]

\_ (Xo,t0) /
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The weak axial-vector matrix element

The transition matrix element of the neutron (3-decay is

M(n = pepe) = £ Vaa 32, (p(p)[Wiiln(p)) L,

N\ J

with WM = VN - A,u Vector contributions are well

V. =a~v,.d ———> determined experimentally from
7 Y ‘
lepton-nucleon scattering n

Axial-vector

<p(p/) ‘AM ”n(p» How to meacure it??

matrix element

Neutrino-nucleon scattering processes are related to matrix elements at finite momentum transfer.
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The axial and induced pseudoscalar FF

Neglecting isospin-breaking effects, transition FFs are equivalent to isovector FFs

(p(p')| Ay |n(p)) (N(p')| 4 IN(p)
Au = Uy, Ysd u=d A,itfov = UYpY5U — J'Y//)%d

Matrix elements are decomposed into Lorentz-invariant form factors (FF)

<N(p,7 8/)|A,U|N(p’ 3)) — ﬂN(p/7 S,) [7MGA(Q2) - 2?,:;] GP(Qz)] 75UN(p7 8),

Axial FF / \ Induced pceudoscalar FF

S. Bacchio - 16/09/24 - The Cyprus Institute



GA,‘I

|-lAP,1

GS,1

... and at finite momentum transfer

18 $10 %122 Y14 ¥16

18 $20

F T T
cB211.072.64

4

§ 2-statefit |
$ 3-statefit
Lol PR

AF | F———-—C
4 mewTrae—1

-0.5 0.0 0.5
tins - ts/2 [fm]

1 2

1% 3% 10% 30%
Fit prob.
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. Three-point ground state
- A/(,JL’O (Fk,q) - ’
I1,(Tx; §) = ———=

Co (O)CO (q) — Two_/bo,'nf 97‘0““‘{ I'fate

Combined fit of all three-point functions at the same Q?

dmy | 2my

IL; (Tk, §) = 1= [ﬁGP(Cf)—5i,k(mN+EN)GA(Q2)]

@K
2mN

o(Th, @) = — - | Ga(@%) + 520 Gr(Q7)]

2mN

II5(Tx,q) = — gk G5(Q?) —— Peeudoscalar FF

2mN




Dipole vs z-expansion

Ga(@?)

¢ cB211.072.64

¥ cC211.060.80 4 cD211.054.96

128 Dipole, k?/Ngor=2.04 -
9a=1.218(22)
10} X 1220.231(14) [fm?] -
0.8
06
0?0 012 Of4 016 0?8 1.0
Q2 [GeV?]
§ cB211.07264 ¥ cC211.060.80 & cD211.054.96
9a=1.292(24)

2 2
10k r4=0.431(12) [fm“] |
0.8
0.6

0.0 0.2

0.4 0.6 0.8 1.0
Q% [GeV?]

¢ cB211.072.64

' ¢cC211.060.80 4 cD211.054.96

128 0a=1.245(28) i
. I’f\=0.339(48) [fm?]
1.0
Model average
0.8
0.6
0.0 0.2 0.4 0.6 0.8 1.0
Q2 [GeV?]
r H——H 1r H——@——H Direct approach
Compatible with the
[ i 1T . 1Dipole ansatz direct approach but
- H_g._|_|_ L o4 - Z‘l_expansion §'ma//8r error éecaure
| all information uced
- #—0— 1r —0o— 1z3-expansion
12 1.3 0.2 0.4
9a (r2) [fm?]
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Comparison with other studies

Ga(Q?)

Ga(Q?)

1 T 1 1 1 1

1.2 ~—=This work .

1.0 =:==vH, Minerva .

08 ===vD, Meyer et al.

0.6

04

o2r R
000 025 050 0.75 1.00 1.25 1.50 1.75 2.00

12 =—Thiswork | ===This work |
' === Mainz22 === PNDME23

1.0

0.8

06 -

N

000 025 050 0.75 100 0.00 0.25 050 0.75 1.00

Q2 [GeV?] Q2 [GeV?]

e Overall good agreement between recent
lattice results and better agreement with the
very recent results from Minerva

R i ] | !

'H'”i L —— ] ] 4
1

faal g - L4 - -

L i | d

| 1ed i | !

12 13 14 030405 7 8 910 12 14 16
da <|’f\> [fmz] g; gnNN
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CalLat19
FLAG21
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