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| O How does the QCD spectrum look like?
O How can we investigate the QCD spectrum with lattice QCD? "

|
f O What are the finite-volume effects in QCD stable particles? ﬁ

P

O How to obtain resonance properties from lattice QCD?

O What are the finite-volume effects in scattering states?
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1«. The Hadrown Specﬁruw\
2. Laltice QCTD spe&rosa‘c}w
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5. Finite-volume effects: stable particles
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| - Scattering processes and resohances
1
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®« Finite-volume effects: mulki-hadron states

6. Selection of recent resulks
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Quantum chromodynamics is | ?
conceptually simple. Its realization
in nature, however, is usually |
very complex.

—— . ————

Frank Wilczek
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Quantum chromodynamics is
conceptually simple. Its realization
in nature, however, is usually

very complex.

Frank Wilczek
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» Our understanding of the SM is limited by the complexity of the strong force

O Quarks and gluons carry the strong charge: the so-called ’ ?
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. Our understanding of the SM is limited by the complexity of the strong force

O Quarks and gluons carry the strong charge: the so-called ’ ?

so~sEabiSNiely SNOioSON ISt d i S = B AL Rt TS Sedias ST 3. \ Sk
o < o = o~ o . - . = o . N . = o . . o B - o . >
: N > . D g AT % NPT B RO I AR T V2 T R, DR YW, S OB S PN V2 D B oA

Confinement

Quarks and gluons can only be found within colorless
composite states. These are called “hadrons”.
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. Our understanding of the SM is limited by the complexity of the strong force

O Quarks and gluons carry the strong charge: the so-called
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Confinement

Quarks and gluons can only be found within colorless
composite states. These are called “hadrons”.
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. Our understanding of the SM is limited by the complexity of the strong force

O Quarks and gluons carry the strong charge: the so-called
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baryons i tetraquarks
” e.g. proton |

Confinement

Quarks and gluons can only be found within colorless
composite states. These are called “hadrons”.
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O The only stable hadron in Nature is the proton

O In Lattice QCD, we (typically) treat QCD in isolation. Several hadrons become stable: 7, K, D, p, n, >
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O The only stable hadron in Nature is the proton

O In Lattice QCD, we (typically) treat QCD in isolation. Several hadrons become stable: 7, K, D, p, n, > ?

2> QCD stable hadrons, e.g. pseudo-Goldstone bosons

), |K) € QCD Fock
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' O The only stable hadron in Nature is the proton

O In Lattice QCD, we (typically) treat QCD in isolation. Several hadrons become stable: 7, K, D, p, n, >

2> QCD stable hadrons, e.g. pseudo-Goldstone bosons 2> Resonances show up in scattering processes

2000 ——LProtopopescu et al, PRD7 1973]
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| O Crude classification of the hadron spectrum but still useful for intuition
[Gell-Mann ’64 & Zweig ’64]

O Construct color singlets combining quarks and antiquarks q — 3 irrep of SU(3)C ?
Mesan 30318 g — 3irrep of SU(3). ‘
Baryon: 3 X3 X3 1986986910

color singlet
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O Crude classification of the hadron spectrum but still useful for intuition

[Gell-Mann ’64 & Zweig ’64]

O Construct color singlets combining quarks and antiquarks

Meson: 3@3 1 98
Baryon: 3@3@3 1 986986910

color singlet

O Use approximate flavor symmetries to classify multiplets

m, —= =~ m 3.
“ P 3 Q3 =1 D 8
SU( ) singlet + octet

q — 3 irrep of SU(3).
g — 3 irrep of SU(3).
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| O Crude classification of the hadron spectrum but still useful for intuition
[Gell-Mann ’64 & Zweig ’64]

O Construct color singlets combining quarks and antiquarks q — 3 irrep of SU(3)C ?
Mesan 30318 g — 3irrep of SU(3). ‘
Baryon: 3 Q@3 X3 H1P8PH 8P 10 ko St g

P—
——e | ———

sd
color singlet ; o ”
\
h O Use approximate flavor symmetries to classify multiplets / \0 /Xb M
1 A an1el @udgg” hp (gt | \m

Mu=Mq —=Ms 3.3 =1; D 8 U &L
SU(3)f f f singlfet+oct<£t X \ /

O Many hadrons do not fit in this picture: “exotics” K~ K°

2 They are not mesons/baryons (e.g. tetraquarks) or cannot be explained through multi-quark objects
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Light meson octet

Pseudo-Nambu-Goldstone
bosons from spontaneous chiral
symmetry breaking

2
M: x m,
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k@.&vej stinglet meson

Mass generated through the
chiral anomaly

[Witten, Veneziano]
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k@.&vv stinglet meson

Mass generated through the
chiral anomaly

[Witten, Veneziano]
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Light meson octet

Pseudo-Nambu-Goldstone
bosons from spontaneous chiral
symmetry breaking

2
M: x m,
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[https://www.nikhef.nl/~pkoppenb/particles.htmil]

A growing hadron spectrum still requires first principles understanding
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A growing hadron spectrum still requires first principles understanding

[https://www.nikhef.nl/~pkoppenb/particles.htmil]
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| A growing hadron spectrum still requires first principles understanding

[https://www.nikhef.nl/~pkoppenb/particles.htmi] ?
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O We measure energy levels and matrix elements: “SFQ&\«&L d@mmwsgmw

C(H) =(O'(1)0(0)) = Y (0] 67(1)|n)(n| 6(0)|0)
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O We measure energy levels and matrix elements: “SFQ&\«&L d@mmwsgmw

C(H) =(O'(1)0(0)) = Y (0] 67(1)|n)(n| 6(0)|0) ,

r = Y (01" (0)e | n)y(n| 6(0) | 0)
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O We measure energy levels and matrix elements: “Stpeﬂﬁrai d@_mmwsgmw

C(H) =(O'(1)0(0)) = Y (0] 67(1)|n)(n| 6(0)|0) »

104

r = Y (01" (0)e | n)y(n| 6(0) | 0)

—— . ————
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2000 -
O Consider isospin-symmetric QCD (m, = m ) : L_;Q f
1 500 o % _
O Neglect QED effects in hadrons S ] v 2 DA ﬁ
) 7 N\
— - =K
h O Need a 3 inputs to fix quark masses = ] P v
| 2 Fix light and strange quark mass 500 1 K — efpefiment N
R : : - —— width
2 Fix lattice spacing o input
M Reproduce the lowest-lying hadrons! |- ¢ QCD
O https://www.science.org/doi/full/10.1126/science.1163233]

[BMW collaboration, 2008]
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https://www.science.org/doi/full/10.1126/science.1163233
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O More recently: add QED and m,, # m, sl AP e acDs0ep | - N
_ () prediction |

M Can reproduce neutron/proton mass difference

M More precise than some experimental results

[BMW collaboration (2015)]
[https://www.science.org/doi/full/10.1126/science.1257050]
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https://www.science.org/doi/full/10.1126/science.1257050

O Lattice QCD can in principle compute properties of nuclei. In practice, it is still very preliminary.

O Signal-to-noise problem grows rapidly with the baryon number: hard to control excited states. |

r 0.10 ‘ 0.10 0.10 |
0.05} Deuteron 0.05} Helium-3 0.05} Helium-4 ﬁ
Z o K g |

O Na) o —0.05}

| -0.10 . . . . -0.10 : : : : -0.15

4 8 12 16 20 4 8 12 16 20 4 3 12 16 20
t/b t/b t/b [Beane et al (NPLQCD), 2012]

e —— — 4

S O Computational cost of Wick contractions grows (naively) factorially
|

# contractions ~ (3A)!
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> Compute matrix of Euclidean correlation functions using operators with the same quantum numbers

Cy(H) = (6,)07(0)) Ot

| e . Mg=200 MeV |
Zem 40 o
—E,t S >
C.(t)=(0]|0;|n)(n|0O.|0)*e " e oo |
J J 3.5 ﬁ
I O
» ° ° e 0---.
> Variational techniques 20l #
‘ (Generalized EigenValue Problem, GEVP) s —= - V
Ve PHYSICS B I
‘ | P oRd Nuclear Physics B o 2.5 T m
Volume 339, Issue 1, 23 July 1990, Pages 222-252 ,‘\” [ e ‘
- Horz, Hanlon [arXiv:1905.04277]
: : 2000 -
How to calculate the elastic scattering S O O O DD DD B P
o . . . . X
matrix in two-dimensional quantum field OSBRI S P S AT A I R G
’ Irreps = “finite-volume quantum numbers”

theories by numerical simulation

Martin Liischer, Ulli Wolff @b
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[HadSpec Collaboration, arXiv:1104.5152]
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[HadSpec Collaboration, arXiv:1104.5152]
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O We want to compute the mass of a particle in lattice QCD.

> Lattice QCD calculations are performed in a finite volume. ?

> What are the finite-volume effects? |

O Qualitative picture in Quantum Mechanics: 2 Finite volume is like a infinite potential well
o0 o0

| v@=eotme)  m= iEW) V)
i

VN

m(L) = (Y| H|Yr) ~m X — /L/z dz exp Qmmz) =m + O(exp(—mL)) L

L/2 I— ‘

Stable massive particle only “sees” boundary exponentially

20/50
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| O Ina QFT is formulated in finite-volume, loop integrals become sums:
d*k > dk' 1 Z
(27)* 2 L° ‘

O Mass of a particle given by the self-energy:

T —  ——

—— . ————

Finite Volume

m? = mg + X(m*) —— m’(L) = m§+ Zp(m*(L))

O Mass of a particle given by the self-energy:

————— R —



O Self-energy given by tad-pole diagram: »CI — 0 ¢4
O Finite-volume effects given as: )\ ‘»
2k0 ]_ d3k _)\ 6—mL ﬂ
2= [ 5 D3 [ ) g = const x5 4

e ———

Ki(mL) e ™
m.L m.L

EXERCISE Demonstrate that the finite-volume corrections are:  Am(L)

1. Perform the temporal integral in the self energy . 7 53
2. Use the first term in the Poisson summation formula: | — z —/ P f(p%) °
L’ = (27)3

2
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| Non-perturbative volume dependence of stable particles

Volume Dependence of the Energy Spectrum ?
in Massive Quantum Field Theories ,

1. Stable Particle States

M. Liischer

Theory Division, Deutsches Elektronen-Synchrotron DESY, D-2000 Hamburg 52, |
Federal Republic of Germany

‘ Am = ° Ag)e_@mL I :': / dye V™ VL F(iy) +O(6_mL) |

forward
3 \ trilinear coupling scattering amplitude
| F(s) = Ms(s,t = 0)
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O Spectroscopy of stable particles leads only to exponentially suppressed effects

O Form of the FV effects is calculable in QFT

O Motivates choice: ML > 4, exp(—4) ~ 2% error E
O Example: Volume dependence in phi*4 theory ~ #
= v

My,

[FRL, Rusetsky, Urbach, 1806.02367]
h | O Related ideas on the volume dependence of stable particles:

5 - |
‘. . . . S |
2> Volume dependence in Chiral Perturbation Theory
[Colangelo et al, 0311023 & 0503014] ~
2> Volume dependence of bound states. =
[Hansen, Sharpe arXiv:1609.04317] -
AN ]
-

| 2 Finite-volume effects in g-2
[Hansen, Patella arXiv:2004.03935]
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O The “Scattering Matrix” is a unitary operator that connects asymptotic states
Sw(E) = (out |S]in )

O ltis related to the scattering amplitude as:

(out |(§ —1)|in ) = (27)*6" (P — Pout )iM (K1, ka; p1, P2)

——— e, — —
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O The “Scattering Matrix” is a unitary operator that connects asymptotic states
Sw(E) = (out |S]in )

O Itis related to the scattering amplitude as:
(out |(S —1)[in) = (2m)*6")(Py — Pouw )iM(k1, ka; 1, P2)

/\/\.‘-
O Unitarity imposes important constraints: SS =1

Mo (k1, k2; p1,P2) — Ma(P1,p2; k1, ko) =

2 64‘”(@1)‘*’((12)
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2 d*q1d’gqo « 4 ¢(4)
’ _/ (271') Mz(k17k2;q17q2)M2(p17p2;q17q2) X (277) 5 (kl ‘|‘ k2 — {1 — QQ)
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k

O Consider two-hadron scattering in their CM frame 0
> Amplitude depends on two kinematic variables: > < p ?
_ _ 2 2
M(k1, k2; p1,p2) = M(s, cos ) = ptp) =dmibr)

t = (p1 — k1) = 2p°(1 — cos )
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k

O Consider two-hadron scattering in their CM frame 0
> Amplitude depends on two kinematic variables: —_— ‘— P ?
_ _ 2 2
M(k1, k2; p1,p2) = M(s, cos ) s = (p1+p2) = 4(m” + p) |

t = (p1 — k1) = 2p°(1 — cos )

O We typically work in partial waves:

| M(s,cosb) = Z(ZE + 1) Py(cos @) My(s)
i 14
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k

O Consider two-hadron scattering in their CM frame 0
> Amplitude depends on two kinematic variables: —_— ‘— P ?
_ _ 2 2
M(k1, k2; p1,p2) = M(s, cos ) s = (p1+p2) = 4(m” + p) |

t = (p1 — k1) = 2p°(1 — cos )

O We typically work in partial waves:

| M(s,cos0) = Z(% + 1) Py(cos ) M(s)

14
O Unitarity implies that: 167+/s
7 Ecot 0y — 1k

O Where E*T1cot d, is a meromorphic function, e.g. simple polynomial or rational function
(holomorphic up to isolated points)

27 /50
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O Resonances typically show up as enhancements in the cross-section

.« 2
0 5 Sin” 0y »
oy < |My|” = (16m/s) o |
k S ﬂ
> Maximum when 6, = 90° ﬁ
> Unitarity bound is sind, = 1 i§ 0 e e #
| e “
‘ 2000 — —— — — m
| | # ) | - - ' - - - - |
- 1500 4*10(770) U D
3 : 500} :+ : S et
| B | 2.1 '
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O The rigorous definition of a hadronic resonance is a pole in the complex plane

pole residue: ?
9 a.k.a coupling I width of f

g srR = Mg — ZE the resonance
My~ ——T |
S — SR mass of

> < the resonance

—— . ————
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O The rigorous definition of a hadronic resonance is a pole in the complex plane

pole residue: ?
9 a.k.a coupling I width of f

g VSR — Mg — ZE the resonance

My~ ———— u
S — SR mass of ﬁ
the resonance

—< *t

V
‘ im(k) | m
| O Based on the location of the poles, they receive different names k |
X bound state
> Bound states: stable particles, e.g. the deuteron is an NN bound state el
> Resonances: unstable hadrons, e.g. the rho resonance e \’l' ’
X virtual state
2 Virtual states: “non-renormalizable QM states”, e.g. “dineutron” IMatuschek et al. EPJA 2021]

Fig. 1 Naming convention for the poles in the k-plane. The thick red
line for positive real valued k£ marks the physical momenta in the scat-

tering regime
| Fernando Romero-Lopez, Uni Bern 29/50 gIeg
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EXERCISE Compute the pole positions in the complex plane for the following cases

1 ,
1. kcotdg = |
Qg

2. kcotdy = A(ky — k%), A>1/kp

—— . ————

What kind of poles do these parametrizations lead to?

P

What is the residue of the pole? What sign does the residue have?
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| The S-Matrix contains the physical information of the theory:
Sop(E) = (out|S|in) ?

Lakbtice QCD —-—> QCD S=makrix
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| The S-Matrix contains the physical information of the theory:
S (E) = (out|S|in) :

Lakbtice QCD ——-) QCD S=makrix

—— . ————

2 Resonances as poles in the S-matrix (or scattering amplitude)
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| The S-Matrix contains the physical information of the theory:
S (E) = (out|S|in)

Lakbtice QCD ——-) QCD S=makrix

2 Resonances as poles in the S-matrix (or scattering amplitude)
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| The S-Matrix contains the physical information of the theory:
S (E) = (out|S|in)

Lakbtice QCD ——-) QCD S=makrix

2 Resonances as poles in the S-matrix (or scattering amplitude)
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l Expmimem@s

® Asymptotic states ?

® Direct access to cross sections |

2000 T 4
r it (c) j
_ 1500 i p(770) |
= | + |
' § 1()00& | {pﬂ_)pﬂ(ﬂﬂ) m
*E ’ t 4 ' \
2

500 |

: ' ~ J
0 \"{ a T — A m .
’ 0.2 0.7 1.2 1.7 2.2
| M(n*n~) GeV
[Protopopescu et al, PRD7 1973]
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l Experimemﬁs Latbtice QCD

@® Asymptotic states @® Euclidean time ?
@® Direct access to cross sections @ Stationary states in a box |

2
C) = (606" 0) = Y, [(0160)n) | e

2000 —————————————————— ‘
[ .

| “* (¢)

_ 1500} i p(770) ‘

s | + :

| ~ o pr— pran)

I R 1000} y P = PRian).

| -fg t 4 ‘
S

500 |

[Protopopescu et al, PRD7 1973]
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l Experimemﬁs Latbtice QCD

@® Asymptotic states @® Euclidean time ?
@® Direct access to cross sections @ Stationary states in a box |

2
C(r) = (@(t)@T(O)) — Z ‘<0| @(O)Vl)‘ o—Ei

20 10| 0 S —
3

p(770)

ot
¥y
o
(&

lete volume formallsm
| o [Luscher 89] o

events/20 MeV
o
S
o

200

[Protopopescu et al, PRD7 1973]
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| Free scalar particles in finite volume
with periodic boundaries

Y(Z) = ¢(2 + nL) ?

. 2z
p= T(le, Ny, 1,)

e —— — 4

1 | ) 4r ~r
Two particles: E = 24|/ m*“ + 2 n
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. Free scalar particles in finite volume ) Interactions change the spectrum:
with periodic boundaries it can be treated as a perturbation

A
A _ . N . N . N . . N N . R
ity 4t utSh i S == S me 1 -8 7 TR L e S S me 1 -8 7 TR L ew T T
AR - Sy - 'V".‘v' g BT @ g D r e o'y lo% Pl WIS T , T ~:~__" o ).tk . a b € €D > ) P SAD ,-.",, ~.~__" e 'q ., - ,
R
Aes
N B
D'
,

W

Ground state to leading order

—— . ————

E, - 2m = (p©)¢0) | Hy| p(0)p(0))
; MA(E = 2m)
8m?2L3

TN S O T e sl AL e ST ST T Sy D T e Ty Ot (b e 2%
. . -y - = e -.--‘ ) - . <— . . g - = . -.-" . - . _— . . -y

{_‘#—_

FO(L™)

[Huang, Yang, 1958]

. 2z
p = T(nx’ Ny, 1,)

e —— ik

; . , 47
Two particles: FE = 24/ m*“ + 2

ﬁ’2
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. Free scalar particles in finite volume ) Interactions change the spectrum:
with periodic boundaries it can be treated as a perturbation

m - m nL 4 - ) ’ s ¢ S = : : < - = = : : < . - N ?
o NS Sy B LT D R AL T L ~ow S == AL RtULE S e S8 T e .
",.'¢~\— - (".‘v' g * 3 .’Q ’-‘D‘. .\".' -‘..' -1 A Ao ), 7 "(’o-“v.\ O on '...' -1 ' Ao ,-.",,w:." .\_,." . ,
\'-
'\
4

Grround state to leading order

—— . ————

E, - 2m = (p©)¢0) | Hy| p(0)p(0))
; MA(E = 2m)
8m?2L3

ST Ty DO ST L e s Ty AR e LT TN Ty DI I e e gy S e e Ve B
. . g - - = . -.--‘ . - . " . . g - - = . -.-" . ~ . D . . g -

P

FO(L™)

[Huang, Yang, 1958]

. 2z
p = T(le, Ny, 1,)

e —— — 4

The energy shift of the two-particle ground state
22 is related to the 2 — 2 scattering amplitude

| , 47*
) Two particles: E = 24|/ m*“ +
| L?
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| Free scalar particles in finite volume
with periodic boundaries

P(Z) = P(Z + nL)

Interactions change the spectrum:
it can be treated as a perturbation

S Vme - v8 T, SV R S el MRS~ 5 2 DA S T Tl o
0 <, - >y P - LR o

A state to leading order

2m = (p(0)p(0) | Hy| p(0)p(0))
*  M(E =2m)

Sm2L3

AE, = - O(L™

Two particles: E = 24/ m? + 772 is related to the 2 — 2 scattering amplitude

| Fernando Romero-Lopez, Uni Bern
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[Huang, Yang, 1958]

. & C phdis I = RNSETTET C s T PR L < et « V&7 LS ST i
. . g - - = ~ Jis.= ) o . 2 . N - = o~ =~ s ) o o . B o= —

The energy shift of the two-particle ground state
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Volume dependence of finite-volume energy states contains scattering information

EMeV]| 1600
1400

1200

‘ 1000
800
600

Slightly attractive interactions

15 20 25 30 35 40 mlL
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' O Perturbative expansions are useful for
[Luscher, 89’]

2> Weakly interacting systems (no nearby bound states or resonances) ?

2 Just obtaining the scattering length "

0
r 47TCL() ag ag 2 i . | |
Iy ) Cl(f) N Cz(f) +O(L7) 01 1
(c1 = 2.837, ¢y = 6.375) M S _

=" -- LO x-PT

- |— NLO x-PT

04 |® L=2.11m a=0.086 fm
m [=2.7 fm a=0.086 fm

. L 4 . - | ¢ L=2.1 fm a=0.067 fm
Isospin-2 7" 1" scattering length NPLQCD (2007)
0.5+ CP-PACS (2004)
| [Feng, Jansen, Renner, 0909.3255] _ NA48/2 (2009)
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: O In order to derive the full relation, consider the finite-volume correlator:

CUEP) = |01 000) = ,

[a la Kim, Sachrajda, Sharpe]
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: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon axpamsiom

C,(E, P) = Je”’% |

[a la Kim, Sachrajda, Sharpe]




: O In order to derive the full relation, consider the finite-volume correlator:

Skeeleton expansion
CUE.P) = [eP(00100) =

[a la Kim, Sachrajda, Sharpe]

—— . ————

Finite-volume

sums
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: O In order to derive the full relation, consider the finite-volume correlator:

Skeeleton expansion
CUE.P) = [eP(00100) =

[a la Kim, Sachrajda, Sharpe]

—— . ————

Bethe-Salpeter Kernels Finite-volume

sums
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: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.xpamsmm

C,(E, P) = Jeﬂ’x< | _ .

[a la Kim, Sachrajda, Sharpe]

—— . ————

Only exponentially
small effects in L

\:><+>©<+ o

Bethe-Salpeter Kernels Finite-volume

sums
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: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.xpamsmm

C,(E, P) = Jeﬂ’x< | _ .

[a la Kim, Sachrajda, Sharpe]

—— . ————

Only exponentially
small effects in L

\:><+>©<+ o

Bethe-Salpeter Kernels Finite-volume

sums
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: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.xpamsmm

CUE, P) = | (0001 0(0)) = (O[]

[a la Kim, Sachrajda, Sharpe]

Only exponentially
small effects in L

\ -
< o oS S ey (o Ve f3ea P at oo T T S kD 2o SR ey fo Ve Lem S
-4! .
|4\

1. Separation of finite-volume effects

Bethe-Salpeter Kernels Finite-volume

sums

(

‘ ' .l
; P
« 4
» t.

£ . Resumation of diagrams 3
b

O v. TR - £ L T
) g o=~ o B

2 : 52 s
TN U =

| Fernando Romero-Lépez, Uni Bern |

— I B I—
L L —— e e —— _




: O In order to derive the full relation, consider the finite-volume correlator:

Skeelebon e.xpamsmm

GUEP) = [eP(o01000) = ()

[a la Kim, Sachrajda, Sharpe]

|
Only exponentially o - - ﬁ
small effects in L Bethe-Salpeter Kernels Finite-volume
sums

|
\ - X +ﬂ+ O T o Knowi kinematic &
T o R s A, “FMM&E:LOM
\
: / —mlL
A+ O(e™")

|

‘ ' .l
Y - om
« ad
;.

1. Separation of finite-volume effects

C,(E,P)=C_(E,P)+A'

S 2 . Resumation of diagrams %2 + F-1

37 /50
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' CL(E, F)) — some algebra ... — COO(E’ ?) _|_AJV

= A~ . '. .
Oovn o »

%2+F_

K-matrix parametrized 3 »
in terms of phase shift

- - - . =
. . - - . v . a- ¢ o - - " . . - V. " . & -
BRI S - A, O N e BV S W AN P V. B ORI - e AN % 0N
ogl - J . N
g e
» ...
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' CL(E’ F)) — some algebra ... = COO(E, F) + ,

. . - A oG . B .
- A : B )
- T ~ .o n. & - . - . - . . .. A I

P on - T e R iombs oo m o o'y 5% . Sa>. Llen £z i 2o o o 2 o X

» ;. ‘T
4 pEs «
¥V,

K-matrix parametrized 3 S »
in terms of phase shift 3 |

16 \/— 3 Finite-volume states appear
TT\/ S h . .

F 7 = ¥ when the correlation function
g*tlcoté, § has a pole

—— . ————
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. CL(E’ ?) = some algebra ... — COO(E, ?) _|_ )

23 ,».5~, . '. ‘
Oovn o »

-..:--~ A e g A S LRI T R Oy S ey . Bix \
K-matrix parametrized
in terms of phase shift

Finite-volume states appear
when the correlation function
has a pole

——e | ———

e

Rt : 2 DA e G o s SV TR 2 DA T Ele o

v : .-\
N

Two-particle Quantization Condition §
& —
det | #(E)+F YE,P,L)|=0 i “Qc2”

¥ Scattering Kihowin kinematic
| K—Makrix {um«@%mm

| itholds below E, < 4m §

e —— ik

ot B 7T e . . B 7 Te D
SRS S - J e o 0
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

& Rt : FUS AT AP T T (s Sy T2 N e e A W MR ~sRtus
S SR TR ‘. 3 G R RPN Y : 500 : 2 Y PR

Twcmparﬁi‘:{a Quankizakion Condikion

det ‘%Z(En) + F_l(En, F, L)] —
£m

y Scattering Kiowin kinematic F=E
4 K-Makrix function

indiri dhc T i vz e i
N N = ) ’ - % - e
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

- MR sge 5 1 DR IS ok ST Sy VWP 2 DS Tl ok ST MAsashiul
S P s B > o Y g PE . > N r PN

Twc:wgmrﬁf:ia Quankizakion Condikion

.. RS e
L) So@e 5Te ot o

K-matrix parametrized
in terms of phase shift

det | % (E)+F\(E,, P, L)] —
‘m

Scattering Kihowi kinematic —F
K-Makrix function

: A I i B a2 i
.~ - L~ -
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. O Indirect connection between the spectrum and the two-particle scattering amplitude [Luscher 89)

B i 4 o8 " ' . e P MR o ~gite 40 IC. °8 - P e e o agdits a
2 ‘. 3 G R RPN Y : : 500 : Y PR

o R > e i

£ Two-particle Quantization Condition

/} T e ‘
- ' ' 3 —1 D
¢ K-matrix parametrized det | # 2( En) + F( Env P.,L)
in terms of phase shift m
' Scattering Kiowh kinemabic
K-Makrix function

indiri dhc T i e i
N N o= - % - e

- : - -- ‘..'5'-
Y "-..\ O on o

Finite-volume information

1 J dk 1
L3 - Q) | k2 —g¢q

O Fully general formalism (nondegenerate, spin, multi-channel): Foolq®) ~

[Rummukainen, Gottlieb, NPB 1995] [Kim, Sachrajda and Sharpe, NPB 2005]

[Bernard et al, JHEP 2008] [Davoudi, Savage, PRD 2011] R
[Leskovec, Previosek, PRD 2012] [Gockeler et al, PRD 2012] et G S RN S B IR
[Briceno, PRD 2014]

m
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. Two piohs in s—wave

—

%;—wave (En) —

- T L& P . - %9 Do e
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- 'S = bad L €. a’ Py . > e g o 2y bad L €. a

. b Two pions U s—wave

—_ :"

%;_Wave(En) — ]
t FoolEy, P.L) 3

.!‘0

mem Lo R I T - .

|
- [Horz, Hanlon (PRL)] < —4 A 9 oot § [Blanton, FRL, Sharpe (PRL)] i
Ecm i ’ s T e M 0 .
Mo 40:- -5t | _aa==—T T

P — o e : »
3.5F 1"
n . //

_____________ . MR R R Mr=200 MeV |

‘ . finite-volume quantum |
numbers (irreps) |

~

s ® d°=2 === EF=4M
_12- T T T T T T !

DD O BB 0.0 0.5 1.0 1.5 2.0 2.5 3.0
N N S N N N 9
AR > I TR ORI ! (q/M)

S L, O

ORI R
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- 'S = bad L €. a’ Py . > e g o 2y bad L €. a

. b Two pions U s—wave

—_ :"

%;_Wave(En) — ]
t FoolEy, P.L) 3

.!‘0

mem Lo R I T - .

|
- [Horz, Hanlon (PRL)] < —4 A 9 oot § [Blanton, FRL, Sharpe (PRL)] i
Ecm i ’ s T e M 0 .
Mo 40:- -5t | _aa==—T T

| —— - e . —— e T ] 4" T
3.5 B ,,4"
= - //
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. b Two pions U s—wave
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EXERCISE Code up the quantization condition and solve it for a system with:

k 1 ’
mL =4, —cotoy = , mag=0.1 ‘
m ma

—— . ————

You can use an easy implementation of the zeta function, and this form of the QC2:

7| <A 1
| 2,(k?) = lim ! AmA kcot 8o(k2) = — Zo(k2, L)
1

A—o0 ffiz _ ( kL )2 L

e ———

nes T

What is the ground-state energy of the system in the frame P=027

e —— — 4

3 How does it compare to the 1/L expansion?
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finite-volume

(k/m) cot dg

Leading-partial wave approximation:

0.5
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O Volume dependence of multi-hadron states contains information about scattering amplitude

O Energy shift to the non-interaction theory can be related to scattering parameters |

47'('0,() a a 2 _6
AFEy = Ey —2m = - {1 —I—C1(f) +cz(f) } +(’)(L )

—— . ————

O Two-body quantization condition relates the spectrum to amplitude in generic systems

1
‘ kcot 6p(k*) = — Zo(k*, L)

L

P

| Fernando Romero-Lopez, Uni Bern

———. ] B —
L  ——— e T —— e E—




| Fernando Romero-Lopez, Uni Bern
[

——



' ™ — a8 — Kp ot '(f(’@%z} KWE%KN) ) (Fﬂzl(En,ﬁ, L) 0 ) )
o N N ) —
Kp—n2 Kp— Kp tm | \Kgn—rz KEN-EN 0 Fyor(En, P,L)) ?
Mulbi-channel K-Makrix Zeba function ,
|
_ |
r b o 7.8 } [} input. data “
A(1405) 1/2~ 0P = o) |sens_Kxxk | (@) S b t ——
_ P 1— - < (.4 E J} % { E[ # ﬁ J}
h A(1380) 1/2 P = ) H { V
| S —
S
x x k%%  HXistence 1s certain. . ! E[ { E[ { E[

* %k Existence is very likely.
- . : : S e e e o
ok FEvidence of existence is fair. 6.81 . I t ¥ t

* Evidence of existence is poor.
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' 1.0 e s

Scattering amplitudes for “preferred” fit

0.5
: i.e. with lowest AIC = y? — 2 dof ?
S i )
S ool m2 |
(<e" ).
(8 |
0.5 Scattering amplitudes for different parametrizations ﬁ

I | virtual state . two poles! 2> Pole positions for “preferred” fit M

g —0.11 resonance

% opaque : higher weight Pole positions for for different parametrization
—0.1- % transparent: lower weight All find two pO'GS'
- - — . Lattice QCD energies used in fits
0.0 0.2 0.4 0.6 0.8

Re (Eun — My — my)/my
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¥ L>24fm
L > 2.4 fm, |p?| <m?2 /4
L ~2.1fm

[Green et al, PRL arXiv:2103.01054]

0.004  0.006
a’ (fm?)

0.002 0.008  0.010

0.000
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\

can go
on-shell j}

O Three-particle scattering amplitudes can be divergent for specific kinematics.
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V
“ , O Three-particle scattering amplitudes can be divergent for specific kinematics. N

can go

O They depend also on two-to-two interactions.

@® But any separation between “two-particle” and “three-particle” effects is not well-defined
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Separation of finite and infinite volume terms:

1
=C_(P)+A AL+ O(e ™"
OO( ) 3‘%df,3+F3_1 3 (e ) >

T —  ——

Easier derivation: Blanton, Sharpe [2007.16188]
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Separation of finite and infinite volume terms:

|
= C_(P) + A, ~ —Aj+ O(e™"b)
dr3 T

¢

" v 8 ‘ _ % ' St 1 -8 7 A 77 '

i \\

TL‘\T’QQ“FO\T’&L&{.@ Qu&mha&h@m L«c:«mclpham
for identical scalars with Gr-parity

det | (E) + F (£, P L)] = 0

P O oy L T RAST S ETTT Ty p T e - AT S S O Lo TR R AT ETET 2 - 09
g e - PR G R < g sl e e ey o= o R .

“Q(: "

) J’ Easier derivation: Blanton, Sharpe [2007.16188]
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Separation of finite and infinite volume terms:

|
=C_ (P)+ A AL+ O(e ML
o (P) 3=%df,3+F3‘1 ; (e ™) ?

\L |

!

r .
g, 3

§ Three-particle Quantization Condition
for identical scalars with G-parity

det | ,(E) + FT (£, P, 1)| =0

LI
- T
- B \

e ——

¢
by o ¥
.
b
N -
B
"W

\ K
Lo .
! A\
p .
S
D
N
)
.

R

B

P TR TN ST T T A
2 e D S TS

2
TR IE U, 19855 Feo 5%, O oM »":-. N TR TS U, [ - xI1zi-g "'" S o2 O R S, 4
SR > ey u . . B IO SO > : I A s
v I
2 g )
SN Ay s

{4 b H : .
Easier derivation: Blanton, Sharpe [2007.16188] Formally” similar to the two-particle case

| Fernando Romero-Lopez, Uni Bern

———. ] e —
L L —— e e —— _ — ————— I —

-

——




Separation of finite and infinite volume terms:

1
= Coo(P) + Ay —A;+0(e™) |
dr3 T ’

¢

P

Tkr@.@rtﬁar&f’:i@ Qu&mhaahmm medu%pmm
for identical scalars with Gr-parity

i
det [%3@) + F7U(E, P L)] — 0 ,n

o S
L H =
L - et - )

I

B

4|

AN - e e i - - . ar PR ey Wl - . . P e e =" car . @i - w3 ey ol o o .
= - B 05 TEEETE 58 Fe 5% \' ORIy (2 S e S _=-A,. B> &0 e  S% ‘-' O S EGET e (P e ’-'
S : . g - - . B SO T g : e - - . =L . o C m.
IV i
PR
SN Ay

“Formally” similar to the two-particle case

]

Easier derivation: Blanton, Sharpe [2007.16188]
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=5 MR~ 5 . DA Ca T o T MRS~ Na : - DA S I~ oy T MRS s,
v s v Zap g, P g O e S T o 2 2 S Vo el > ey o, s g O e S T B & Y A =

| "; 21 and 31
¥ Spe&rum

— 5 1. Determine %, and K 43 from the |
| E, two and three-pion spectrum |

Hansen, Sharpe [arXiv:1408.5933]
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v s v Zap g, P g S ooy B, 9 6 2 <2~ S Vo el > ey o, s g O e S T B & Y A =

Spe&rum det [%2 + F2 ] = ()

E Zﬁg \‘;" -.;"-
3 L
:~.:'7 \l

e 1. Determine %, and K 43 from the |
E, two and three-pion spectrum |

Hansen, Sharpe [arXiv:1408.5933]



Bl AL AL S IR LA TS T S S AN Tl
0o el . Zap g, P g S ooy B, 9 6 2 <2~ S Vo el > ey o, s g S e TR s 8 R~ A =

det |7, + F;'| =0

Spe&rum

=3 1. Determine %, and F yr3 fromthe |

two and three-pion spectrum |

Hansen, Sharpe [arXiv:1408.5933]
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E MR~ : i DA I T I~ o gl MRS aahe 1 . DA S ERe e o TS S e R
N . e . . P SNy vy 2 _»° > 0 = _° . . " - <R oo e gy A0 -

Spe&rum det [%2 -+ Fz_l] = ()

1. Determine %, and K 473 from the |
two and three-pion spectrum |

SR
R

F ¢
“
A

o -
0

Rig o AR 2 ° 44<
e o T s . .
= S8, . L0 )
) O ~ ) \‘ «'-\ s )
ae < A
358 7N
N R,
f/:‘(/"'\\ Ny \
1 — :
— \
3 . |
b D

Hansen, Sharpe [arXiv:1408.5933] 5

.'

. .

I TR .

5 AT T - T Bt A A T S : o” YD S e o % ey gt BT e s 5 L e 5@ % D CARR G J %) .
B SO o o e B (T QLS .~ . . _ B SO . L~ - ~ B SO

h ‘kasf,@at 3->3 V
| amplitude |

2. Solve integral equations to obtain K X A df3 " % 3
The physical three-to-three amplitude ’ Integral
, aqu&émms
Hansen, Sharpe [arXiv:1504.04248)]
|
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