Lecture 3

Supergravity

Supergravity theories are supersymimetric generalizations of General Relativity
in various dimensions. A supergravity action S consists of bosonic (¢;) and
fermionic (¢;) fields;

S = bosonic (¢i, Vs, ...) + fermionic (1, Vi), ...).

Bosonic part corresponds to gravitational and gauge field degrees of freedom
(graviton (metric), p-form fields, etc.) and fermionic part consists of matter
degrees of freedom (gravitino (spin—% Rarita-Schwinger field), gaugino, etc).
Supersymmetry transformations relate the bosonic and fermionic fields to each
other. For a spinor parameter e, supersymmetry transformations are in the
following form

Sep = e
oy = (V+[(9))e

where d. denotes the variation of the field. When we take the fermionic fields to
be zero, we obtain the bosonic supergravity whose solutions give the consistent
backgrounds of the theory. When ¢; — 0 we have 6.¢; = 0 automatically, and
d. = 0 gives a constraint on the spinor parameter e that is (V + f(4)) e =
0 which is called the supergravity Killing spinor equation. So, to obtain a
consistent supergravity background, besides the field equations of the theory,
we must also solve the supergravity Killing spinor equation. The low energy
limits of string and M-theories are described by the bosonic sectors of ten-
and eleven-dimensional supergravity theories. There are five different string
theories in ten dimensions: type I, type ITA and IIB, and heterotic E§ x ES8
and SO(32) theories. However, some dualities called T-duality, S-duality, and
U-duality between strong coupling and weak coupling limits of these theories
can be defined and these dualities can give rise to one unified M-theory in eleven
dimensions.

For example the type II supergravity theories include the following bosonic
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fields

g metric
B, 2-form potential
¢ dilaton

C1,C5 RR-potentials for type ITA
Cp,C5,Cy  RR-potentials for type IIB

For vanishing dilaton ¢ = 0, the action of type II supergravity theories is given
by

1
St / Rap A xe™ — = / H A H + RR-field terms

T2k
where H = dBs is the 3-form field strength and the Killing spinor equation for
the common sector (without RR-sector) of type II theories is

1

So, the content of generalized geometry is relevant to describe the NS sector
of type II supergravity theories. By considering the generalized tangent bundle
E =TM & T*M, we can combine the non-zero NS fields g and By into one
geometrical object which is the generalized metric

Gy — ~g !By g\
g—Byg 'By Bog !

We can write the 3-form field strength H3 = dBs as the class of the Courant
algebroid structure which appear in the twisted Courant bracket

(X, Vu = [X, V] —ixiy Hs.

In that way, we can write the field equations and supersymmetry conditions in
terms of generalized geometry objects for type II supergravity theories. This
was one of the motivations to construct generalized geometry for describing su-
pergravity theories in a full geometrical framework. In fact, full content of type
II supergravity theoires can also be described in terms of generalized geometry
[ref].
For the case of 11-dimensional supergravity, the bosonic field content is sim-

ply described as

g metric

As  3-form potential

and the action is given by

1

Sy = ——
M= 192

1 1
/<Rab/\*eab_§F4/\*F4_6A3/\F4/\F4>

where Fy = dAjz is the 4-form field strength. Note that the first term is the
gravity action, the second term is the Maxwell-like term and the third term is
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the Chern-Simons term. The field equations of the theory are given by

1 1
Rie(X,Y) %1 = ZixF AsiyF = <g(X,Y)F AF (3.1)
dxF = %F/\F (3.2)

where X,Y € T'M and Ric is the Ricci tensor. The Killing spinor condition is
given by

1 /~ ~
Vxv+ 5 (X.F4 - 3F4.X) .
Moreover, we can rename the Hodge dual of the field strength as the 7-form

field strength as F; = xF,; and we can define a 6-form potential Ag to write the
7-form field as

1
Fr, =dAg — §A3 A dAs.
However, the field content of 11-dimensional supergravity cannot fix into the
framework of ordinary generalized geometry. To describe it in a full geometrical
framework, we need to define a new kind of object.

The new object is called as exceptional generalized geometry and we define
the the exceptional generalized tangent bundle as follows

E=TM® AN’M e A°M.

Hence, we have the direct sum of tangent bundle, 2-form bundle and 5-form
bundles. Then, we define an exceptional generalized vector X as a sum of a
vector X, a 2-form «s and a 5-form as

X=X+a2+a5.

Remember that in the ordinary generalized geometry case, we add the cotangent
bundle (1-form bundle) to the tangent bundle and we have a 2-form B-field
transform of generalized vectors. In a similar sense, we can define 3-form Bs-
field and 6-form Bg-field transforms of exceptional generalized vectors as follows

633(X+a2+a5):X+oz2+ix33+0¢5—33/\a2

GBS(X+()[2+O(5) :X+a2+0z5 *Z'XB(}

Generalization of the Lie bracket similar to the Courant bracket [, |z in excep-
tional generalized geometry is defined as

X+ar+05Y+ B2+ 065g = [X, Y]+ Lxf2—ivdas
+LxfB5 —iydas + das A B

and can be twisted with 4-form Fj; and 7-form F; as

(X +ar+a5Y + 8+ Bs5lr,r, = [X,Y]4+ LxB2 —iydas + Lxfs —iydas
+dao A B +ixiy Fu +ixFy A Ba
+ixiy Fr — iy(F4 N CYQ).

12



Hence, the field content of 11-dimensional supergravity is in correspondence
with exceptional generalized geometry and can be described in a full geomet-
rical framework in terms of it. Namely, the field equations and Killing spinor
equations can be written in terms of generalized objects.
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