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Starting from ~MAP Parameters
εT = 300 um
εL = 1.5 mm
Ekin ~ 120 MeV

εT = 22.5 um
εL = 65 mm
Ekin ~ 5 MeV

Aiming for ~MAP Targets, with room to
improve, without impacting transmission
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Goals of the Final Cooling Lattice

This talk

Ruihu’s talk
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Distance Z [m]

Previous Final Cooling Lattices
2015 - H. Sayed et al.

55 um and 76 mm ~45% transmission

2011 - B. Palmer

25 um and 72 mm ~67% transmission

2024 - E. Fol

(With 50 T solenoids)
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Distance Z [m]

Need stable final cooling lattice to design pre-accelerator to
know beam parameters given to low-energy acceleration.

Previous Final Cooling Lattices
2015 - H. Sayed et al.

55 um and 76 mm ~45% transmission

2011 - B. Palmer

25 um and 72 mm ~67% transmission

2024 - E. Fol

(With 50 T solenoids)



Why is Final Cooling challenging?
Longitudinal emittance increase (See Slide 19)

Not in relativistic regime. Drifts are non-linear transformations.
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Lack of analytical modelling (See Slide 8)
Highly dependent on monte-carlo scattering models for estimates

High inter-dependence of previous cells
And non-periodic optics

Highly unstable in final few cells
Maximum performance requires low energy = high losses

Large angular momentum dependence (See Bernd Slide 9)
Requires regular flips, causing forces between magnets

High amplitude-momentum correlations
Introduces non-linearities when tracking

And of course performance requires small beta/strong focus/high T solenoids
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How to optimise final cooling

Absorber Length

Initial Kinetic Energy

Initial Energy Spread

Modelling as length for constant density of liquid hydrogen.
(In reality it depends on hydrogen pressure.)

RF Cavities accelerates to required energy prior to absorber.
Lower energies provides faster cooling reduction, but more
losses.

RF rotation converts bunch length to energy spread.
Larger energy spread at low KE gives larger losses

If beam kinetic energy < 5 MeV, beam is lost inside absorber.

Range: [0.01m,1 m]

Range: [5 MeV, 200 MeV]

Range: [0.5 MeV, 7 MeV]

Breaking down the parameters
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Beam is lost in the absorber here



Analytical Models
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Semi-gaussian scattering through Liquid Hydrogen
material. Heating and cooling terms.

Longitudinal straggling of energy distribution

Longitudinal rotation due to drift

Steps of Bernd’s analytical model:

“SEARCHING FOR THE BEST INITIAL BEAM
PARAMETERS FOR EFFICIENT MUON

IONIZATION COOLING” B. Stechauner 2024

Right-side of parabola is having too high energy for decent cooling power.
Left-side of parabola is due to the equilibrium emittance (i.e. if emittance
is too low, heating effect dominates)



Analytical Models
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Semi-gaussian scattering through Liquid Hydrogen
material. Heating and cooling terms.

Longitudinal straggling of energy distribution

Longitudinal rotation due to drift

Steps of Bernd’s analytical model:

“SEARCHING FOR THE BEST INITIAL BEAM
PARAMETERS FOR EFFICIENT MUON

IONIZATION COOLING” B. Stechauner 2024

Right-side of parabola is having too high energy for decent cooling power.
Left-side of parabola is due to the equilibrium emittance (i.e. if emittance
is too low, heating effect dominates)

Clear minimum,
easy to optimise

Asymptote due to
equilibrium emittance.

High eL errors compared
to simulations

First Cell Last Cell

For constant absorber length and a given energy
spread, find a parabolic distribution between initial
kinetic energy and cooling ratio.



Global Optimisations
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Optimising cell-by-cell may not guarantee a global minimum.
Often find that for a ~20% improvement in transverse
emittance, longitudinal emittance increases by ~40-50%.

Small changes in early cells can have an exponential
impact on the resulting longitudinal emittance.

Highly recommend a global optimiser to improve the
parameters of the whole lattice, rather than optimising
cell-by-cell.

For this exercise, used a Genetic Algorithm, but any will
do.



Optimising schematic
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Cell 1 = 300 um
 = 1.5 mm Cell N Cell 10

Not quite multi-objective optimisation as each cell has 5 inputs, and three outputs.
30 parameters to optimise:                              for all 10 cells.

Must define a loss function that the optimiser will minimize:

Where W is a chosen weight

e.g. if weighting is 48000



Optimising with Genetic Algorithms
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Start by picking random population of 100. Works best
if a few existing solutions are included.
Mutates for more successful results according to a
given loss function. Repeat for ~100 generations.

100

Loss value

Smallest loss

Next generation
of 100

100 generations

Random set
(mostly null)

Found
mutation

Exploiting
mutation

Improving

70 generations of
100 population



Optimising with Genetic Algorithms
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Each point is a parameters set with a final (eT, eL). Higher loss value means Energy < 5 MeV, so beam lost in absorber.

Pareto front: The solution in which one of the objectives
cannot be improved without worsening another objective.
Flaw of the algorithm to find further solutions, or hard-limit

of physics?

Solution chosen after 500 iterations

How to verify simulation has the same?
Using Geant4 based code, “G4Beamline”



Optimising with Genetic Algorithms
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G4Beamline simulations performed cell-by-cell, constant 40 T, starting with re-initalised beam each time.
Results in small jumps between cells.

Transverse

Error on
Transverse

Longitudinal

Error on
Longitudinal

(goes up to 400 mm)



Optimising with Genetic Algorithms
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1.Can the analytic model predict the general trend of the cooling?

2.Can the analytical model filter parameter sets which are null?

3.Can the analytical model accurately predict the final set of ɛT, ɛL?

✓   - only in transverse emittance

✓ - yes, and can see 1-sigma energy ~below 5 MeV

x - error of +-8 um transverse and +-100 mm longitudinal

Now that general solutions have been identified,
can rely on just the G4Beamline simulations as

the process within the Genetic Algorithm.
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Optimising with Genetic Algorithms
Used the same pyMOO code, now with a G4BL simulation as the back-end, rather than the analytic model.

Can now develop a start-to-end G4Beamline simulation, with constant 40 T
using RF Cavities to reach the target Kinetic Energy and Energy Spread.

Limitations:
Initial conditions are extremely similar. Exploring local minima.
Transmission is only from losses in the absorber, not due to decays
Beam is regenerated after each absorber, losing correlations.
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Final Cooling Lattice with RF Cavities
Simple RF cavities and LH in constant 40 T field.

1 acceleration cavity at 180° with 0 Hz frequency
1 rotation cavity at 0° with arbitrarily low frequency

Absorbers in grey

Easy to meet the kinetic energy requirement:

Difficult to meet the energy spread
requirements as εL gets higher.

More RF gymnastics required for final
few cells.

(Goes higher at the end to avoid complete beam loss...)
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Final Cooling Lattice with RF Cavities

Blue = after absorber   red = after RF cavities
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Final Cooling Lattice emittances
Because Energy Spread targets are not met, emittance targets are not met either.

Especially as there is no field flip, so angular-momentum correlation builds and cooling power lessens.

However with the start-to end simulation we can incorporate the effect of the drift!
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Final Cooling Lattice - drift effects
Beam matching to
the 40 T is good!

Transverse emittance
has linear increase
of ~0.3 um / meter 

Longitudinal Emittance
with non-linear increase.

Has significant effects
over large drifts.

Longitudinal emittance is not preserved in a drift.

Need to regularly rotate
to counter this

correlation.
Occurs faster for larger

energy spreads.



Conclusions & Next Steps
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Conclusions:
Final cooling can be simplified to three parameters.

Absorber Length, Initial Energy, Energy Spread, 
Genetic Algorithms are beneficial when paired with analytic functions

Slower but more accurate with G4Beamline simulations
Uncertainties in longitudinal emittance dominate
RF Cavities can meet the required average energy

Effort required to meet required energy spread

Next Steps:
40T Field-flips required to help reduce correlations+

-

Matching solenoids between field flips are crucial to prevent emittance mismatches
Examples in Bernd’s slides

Continued theoretical understanding of the beam optics



Analytical Models
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deT / deL is non-optimal figure of
merit as it does not consider
absolute improvements.
Instead plot as 2D contour plot.
Find that KE and L(absorber) are
coupled.
(Light red = lower emittance)

First Cell Last Cell

But smaller absorber lengths are
preferred for reduced longitudinal
emittance increase

(Dark blue = lower emittance)

For constant energy spread


