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Fluctuations at CMB scales are Gaussian

Slow-roll inflation predicts inhomogeneities characterized by curvature perturbations R < C

k2 I3 B
2H2 ‘ ak O ‘ R = “ek’|2 ~ 10_9 kCMB ~ 0.05 MpC
a T

— Gaussian variable A 0% = /dlongR(k)

"+ (3+e—20)R, +
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Fluctuations at CMB scales are Gaussian

Slow-roll inflation predicts inhomogeneities characterized by curvature perturbations R < C

k 3 _
P+ (B+e—2n)R, + Sz Rk = 0 Pr = 55 |Ral* ~ 107 kemp = 0.05 Mpe ™

— Gaussian variable A 0% = /dlongR(k)

— Statistics fully determined by two-point function

(Ri) =0
(RiRwr) = (21)*6P (k + k)| Ry |
(R, Rk, Ri,) = 0
(Ri, Riey Rica Rics ) = (Riy R ) (Ris Ri, ) + perms.
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Fluctuations at CMB scales are Gaussian

Slow-roll inflation predicts inhomogeneities characterized by curvature perturbations R < C

L2 k3 B _
P+ (B+e—2n)R, + Sz Rk = 0 Pr = 55 |Ral* ~ 107 kemp = 0.05 Mpe ™

— Gaussian variable A 0% = /dlongR(k)

— Statistics fully determined by two-point function

(Ri) =0
(ReRyr) = (2m)63) (k + k)[R |
(R, Rk, Ri,) = 0
(Ri, Riey Rica Rics ) = (Riy R ) (Ris Ri, ) + perms.

— What about much smaller scales &£ > kcyp  ?
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A phase of Ultra-Slow Roll during inflation

3
| CR USR CR
0;
b2 S '. ) — "ICR
& €= 52107 :
107°
Inflexion point in inflaton potential leads to an
Ultra Slow-Roll (USR) phase 0T
—> affect scales k£ > kcoump
10—9 . . . . . . : : : s . . . s -
Consider Constant Roll (CR) 77 = constant -2 0 2 4
phases prior and posterior to USR N (e-folds)
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A phase of Ultra-Slow Roll during inflation

Threshold for

collapse

107° 107 107" 10! 10°
k/k,

— A large spectrum favors large overdensities

— Overdensities above critical threshold collapse

A

v
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A phase of Ultra-Slow Roll during inflation
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k/k,
Hubble-size overdensities can form Primordial Black Holes (PBH)
— can explain 100% of dark matter
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A phase of Ultra-Slow Roll during inflation
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107 10 107" 10" 10° [Domenech 2109.01398]

kf/k‘* —~ 10712¢

— can explain 100% of dark matter
Source stochastic Gravitational Wave (GW) background
— will be probed by LISA

Hubble-size overdensities can form Primordial Black Holes (PBH) = 0
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A phase of Ultra-Slow Roll during inflation

Challenge: PBH production is sensitive to the tail of the PDF

Goal: estimate the PDF of ( induced by USR phase
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A phase of Ultra-Slow Roll during inflation

Challenge: PBH production is sensitive to the tail of the PDF

Goal: estimate the PDF of ( induced by USR phase

Spoiler: it might not be a Gaussian

7~ N\
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Non-linearities & non-Gaussianities



Perturbations beyond leading order

— to go beyond linear order, consider ADM parametrization of the metric
ds® = — A2 dt? + hy; (da* + A7 dt) (da? + A7 dt),
Express the field as ®(t, ) = ¢(t) + ¢ (t, )
»2gauges  Oo(t,x) =0, hi = a’e?d;; ((t,z) =0, hi =a’d;
gaug y D 1] T 1] y ) (% 1]
Perform gradient expansion, on super-horizon scales one finds a non-linear relation [Lyth, Malik, Sasaki '05]

C = (SN — N[{gb(Nz) + 5¢77T(Nz) -+ 577} — ¢(Nend)] o N[{gb(Nz))ﬂ-(Nz)} — gb(Nend)} T = ¢/

— Compare e-folds of expansion between perturbed and unpertubed trajectories
— Can be computed by simply solving background EOM

Should be applied at IN; when relevant modes (at linear order) are frozen ¢ =0
— Perturbed quantities reduce to a single DOF §7 = (7' /7)|n,0¢
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Perturbations beyond leading order

Take IV; (Sﬁf) on the constant-roll (CR) attractor dﬂ/dg/) ~ —1CR
— During CR, EOM for the field becomes a linear ODE (b(N) ~ e MorN

/' (57T7 5¢)

1.0

1 5
IR R TN T
[ ] | N T T T T T M LA . a
3 | | | 1 1 \ 1 1 \ i SR
I | | | A
3 |

SO NI unperturbed trajectory

_ 2‘ ﬂ ,F.:-'_'. -:_-.““\:.“ A :"1.\'3. . .I."- ...-‘.-...L *, . I'; - Ll .I' n i
-2.5-20-1.5-1.0-0.5 0.0 0.5 1.0

(® - @llmx}/(ﬂbumx - (:bmiu\]
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Perturbations beyond leading order

Take IV; (Sﬁ() on the constant-roll (CR) attractor d7T/d¢ ~ —1CR
— During CR, EOM for the field becomes a linear ODE gb(N) ~ e MorN

— Deduce 0¢p = QS(NZ-)(G”CR(SN — 1)

Extract full non-linear relation
0¢p
ncrG = log (1 — nerH 5 )

ﬂ-/hl_minl

No information about statistics of d¢ !

— If one assumes )¢ Gaussian a§¢ = /P5¢(k)dlogk
dd ail
P(¢) = P(6¢) ‘d—f B, P(¢) ~ eICRC
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The stochastic approach

Consider backreaction of on background (large wavelengths) [Starobinsky '86]

¢ — =8
'+ (3 — 7T’2/2)(7T + log Vy)|= &

k<< oaH k> ocaH

— Gaussian with variance Var|{,(N)] = Pse(k = ca(N)H(N))

— Coarse graining parameter ¢ < 0.1: delay from horizon crossing ¢ ~ 0
classicalization — & = (W//W)quﬁ [Ballesteros et al. '20]

Use the § NV formalim with stochastic approach [Ezquiaga, Garcia-Bellido, Vennin "20]

— Solve stochastic EOMs, determine 0N until end of inflation

— Extract PDF for curvature perturbation ¢ <+ 0N

Mathias Pierre Non-Gaussianities in ultra slow-roll inflation 20/02/2025 9



The classical vs stochastic approaches

— Classical kick along (late-time) CR attractor — Stochastic kicks along local

attractor

7T/ | Tnin ’

(Qb T émax)/(émax - gbmin)

. : | .O. |
(QS _ gbmax)/(qbn'lax - Gbmin)

— Equivalence garanteed by CR attractor

Mathias Pierre

— Equivalence a priori not garanteed
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The classical vs stochastic approaches

10 // — C(lassical — C(lassical
Stochastic Stochastic
1071 1071
5 3
= 1072 = 10°*
Ry A
103 1073 R s
1074 - 1071 -
—1 0 1 2 0 2 4 6
(=0N (=0N
—> Both approaches agree to an excellent degree
— Tails are non-Gaussian as a consequence of non-linearities
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Intrinsic non-Gaussianities




The bispectrum

Expand C:¢—%—R¢2+UC—R¢3+---

o= —(H/$)d¢

Deviations to Gaussianity appear in the bispectrum:

<§péqék¢>c — B(p, q, k)(ZW)Bé(:B)(p +q -+ k)

= [z(p.q. k)

Intrinsic
<<70p90q(70k>c
— vanishes in absence of interactions

e.g. for Gaussian ¥

N (p, g, k)] (27)356@®) (p + q + k).

1CR e
Ty (27)3 (Pr—ePePqPp)c + perm.

— gauge transformation, local type

— in absence of interactions, non-vanishing N (p,q,k) = —UCR<\90q|2\90k\2 + lop | or]? + !goq|2!g0p\2)

— decomposition not so obvious at higher order in interaction Hamiltonian
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Computing intrinsic contribution to bispectrum

In cosmology we are interested in the time-evolution of correlation functions: the in-in formalism

S

(Ot)) = (0| F~Y(t, —004)Or () F(t, —oc0_) |0) E(t, to) = T exp (—z / t dt’ﬁf(t’))

(O(1)) = (0] Oy (1) |0) + 21m { /

— o0

dt’ (0| Or(t)H(t) o>} +0 (H%) .

To compute (PpPqPk)c , expand the action at cubic order in Y = —(H/¢)5¢
[Maldacena ‘02]

. . i fa—9 . _a. d
,ng) = —Cg a3H2g03 — C1 a3g0 g02 — Co CLBQO 8290(9 (a 280) —C3ay (8’1}90)2 — ag‘P (81'83' (a 290))2 + dt (C5 a’gH('OB) ’

. 1 .
Most relevant termis ¢y = —enesz(e+2n —€e3 — €4 — 3) ~ 82‘/ €n = Gn—l/(HEn—l)
[Ballesteros, Gambin 2404.07196] 3
t

Intrinsic piece is thus  Z(p,q, k) = 3!/ dt'a(t") co(t')H (¢')? 2Im SOp(t)SOZ(t')SOq(t)SOZ(t/)wk(t)SOZ(t/)} :

— OO

LN 2
solution to the free mode-equation ©) + (3 + € — 2n)y}, + (E) or =0,
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Intrinsic and non-linear contributions to bispectrum

CR-USR-CR transitions:

—— sharp

intermediate

------- -- smooth
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Intrinsic and non-linear contributions to bispectrum

[ CR-USR-CR transitions: O sharp intermediate A smooth }
o o 0.
o o [
5 c o
5 5 WY 0.5
s < E—1.0
15

1.8 2.0 2.2

I—2.0
“duration”

— Intrinsic non-Gaussianities comparable to non-linear contribution except for § ~ 0.4
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Non-Gaussianities on the lattice



The lattice idea

— Goal: extract PDF of a stochastic variable, built on the lattice, that reproduce
the statistical properties from in-in evaluated at the end of inflation

(Pher Py = * " Phen e = (PhyPhs " Pl )

stochastic variable on the lattice quantum field, input from in-in
Dk = 5 ion | 5(n) —(n—1) n—1
Assume Qg P~ : expansion in powers of @ ~ Gnlol ~ (H/Mp)
n
1 [ Bk APk ) )
95;) — LI LG (k,—k1, - 7_kn—1)'¢k1 . M(QW)35(3)(_k+k1+...+kn_1).

n! (277')3 (27"')3 |90k1 ’ |907€n—1 ’

Determine G,, order by order Sample random variable (z) ~ A/(0,1) ERE

B3 Use non-linear relation ¢ — ¢ B} Extract PDF for f
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The lattice idea

Generalize intrinsic correlators at higher orders

(Pky * Php)e = Tn(kr, - k) (2m)°0° (kg + - + Ky .
Use matching condition to get
o Go(k,p) = 2|0k||pp] o Gs(k,p,q) =I3(k,p,q), = {

4 I k, k.p)I;(q,—€ — q,2
* g4(k,p,q,€) I4(I{3 p’q’e _ 3( —P — p) 3<2q q )
Plp+kll

RV N
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The lattice pipeline

~

¢() (07 1)
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The lattice pipeline

1p() (07 1)

Real space

JFourier transform F1

a9
. L <
.
-
-
.
[}
® ad

Fourier space

x|k

%
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The lattice pipeline

Y(z) (0, 1)

(@) | ——

|

p(x)

o l
b (0], } por
P(¢)

()
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The lattice pipeline

Y(z) (0, 1)

@) | + | p¥(z) | —

- |

p(x)

R C(x)
() [UF(8)?], — Ak(t) [‘if‘(t)2}k} l
PDF
() = 20 g, Me(t) = (L)l (1) P(¢)
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The lattice pipeline

1p() (07 1)

Real space

Fouri ~ ~ ~(3 gl
ourle,; space 'Qbk \I!z(t) 90,(4 ) C(w)
x|k
By
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The lattice results

~

¢() (07 1)

x ¢ 4 33

intermediate

1077¢

1074 =

---------------------
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Take home message

Large perturbations generated during USR inflation are relevant for PBH and GW

Non-Gaussian tails in the PDF of curvature perturbations are a consequence of
non-linearities and intrinsic inflaton-fluctuations non-Gaussianities

Thank you for your attention
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Back up slides



Consistency check

Maldacena’s consistency relation

Z(k,p) + N(k,p)  dlogP¢(p)

or(te)[ep(te)?  dlogp
X Left-hand side — Right-hand side
smooth intermediate sharp

103 102 100t 1 10t 10210 102 100 1 10! 10%210 102 100 1 10t 102
k/k:p k/kp k’/kp
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The reconstructed potential

1{]'.)(1/ - I/lllill}/l/lllill

0.8 090 095 1.00 1.05

(i’/(ﬁ'min

Figure 2: Left panel: Potentials obtained by varying § between 0.1 (green) and 0.9 (blue), for AN = 2.
Right panel: Potentials obtained by varying AN between 1.1 (green) and 2 (blue), for 6 = 0.5. We have

set nusg = 4 and ncr = —1 for both panels.
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