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Introduction : 
random lozenge tilings



3 types of tiles



A domain



A tiling



A large tiling
Simulation by L. Petrov



Trapezoid <latexit sha1_base64="AtVJh4iBhAnWI7ol6JwZ0a737yA="></latexit>

�1 2 Z

<latexit sha1_base64="bIAlhVPvQQeoi8JuelmKBzFDCZw="></latexit>

�2

<latexit sha1_base64="jOp906lw7Nmo5hYXpbpdoayQTHw="></latexit>

�3

<latexit sha1_base64="zSoZl5m+uivISnWzKGy2kizYu6U="></latexit>

�4

<latexit sha1_base64="Nm7iQf+cAaKABqDlVUa2BTYtxpM="></latexit>

�5



Tiling of a 
trapezoid

<latexit sha1_base64="AtVJh4iBhAnWI7ol6JwZ0a737yA="></latexit>

�1 2 Z

<latexit sha1_base64="bIAlhVPvQQeoi8JuelmKBzFDCZw="></latexit>

�2

<latexit sha1_base64="jOp906lw7Nmo5hYXpbpdoayQTHw="></latexit>

�3

<latexit sha1_base64="zSoZl5m+uivISnWzKGy2kizYu6U="></latexit>

�4

<latexit sha1_base64="Nm7iQf+cAaKABqDlVUa2BTYtxpM="></latexit>

�5



A trapezoid of width w must have
w “horizontal” lozenges sticking out of its (large) base

Given their position 
<latexit sha1_base64="dl27XnPTpFBpdjWFEbS1ZaoET2s="></latexit>

`1 < . . . < `w

there are
<latexit sha1_base64="Btkh+ymgsxxGyPte2swiWmWBNhs="></latexit>Y

i<j

`j - `i
j- i

ways to complete into a tiling of the trapezoid

(Gelfand-Tsetlin patterns)

Enumeration of tilings in trapezoids
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The statistical mechanics
models



II - Statistical mechanics models: setting

<latexit sha1_base64="8/Hbe33BrBNImlhi0l8tI9+gUsg="></latexit>

h(i) 2 {1, . . . ,H}

<latexit sha1_base64="CQoQK6aJJvWp4IrdpqbHY29wBwg="></latexit>

✓
symmetric nonnegative HxH matrix
positive diagonal

<latexit sha1_base64="Erm2GPjbkGrVlj4aQdRichh/W5I="></latexit>

Vh analytic function near <latexit sha1_base64="YyteT7BbwN43vm1Ag6sc7Ctu/Po="></latexit>

A ✓ C (e.g. polynomial)

<latexit sha1_base64="m1cfUyysOhGEdQWlXlXyAtwgfF0="></latexit>

dP /
NY

i=1

d�ie-NVh(i)(�i)
Y

i<j

|�i - �j|
2✓h(i),h(j)

N particles , split in H groups 
<latexit sha1_base64="/noI+j1ye1nysuMCRXiazjsDOTY="></latexit>

�1, . . . , �N

<latexit sha1_base64="WuUqEMF/VHYy8MazBrs1G1pQmqM="></latexit>

�i 2 Ah(i) ✓ R

# particles in h-group, fixed
<latexit sha1_base64="glhG7tJmCobyf0DNztxOP1h9yxc="></latexit>

Nh =



We will be interested in the large N behavior of

<latexit sha1_base64="YXNXlSDBV4Yltw6HX/OgLpEE/r0="></latexit>

ZN =

Z

AN

NY

i=1

�ie
-NVh(i)(�h(i))

Y

16i<j6n

|�i - �j|
2✓h(i),h(j)

- the partition function

- the k-point correlation functions
<latexit sha1_base64="To3hi7lWb5c9r+RiB34CS6LG1TI="></latexit>

Wk

� x1 ··· xk
h1 ··· hk

�
= EN

 X

16i16N
h(i1)=h1

1
x1 - �i1

· · ·
X

16ik6N
h(ik)=hk

1
xk - �ik

�

II - Statistical mechanics models: setting

<latexit sha1_base64="u6b3QznPNYUa+3sJRsMcoCp1atU="></latexit>c



II - Statistical mechanics models: examples

<latexit sha1_base64="Erm2GPjbkGrVlj4aQdRichh/W5I="></latexit>

Vh

<latexit sha1_base64="2zJ/3LUxPyfZygo3yFgtm0F6h3Q="></latexit>

✓ =

0

@
1 1/2 1/2

1/2 1 1/2
1/2 1/2 1

1

A

<latexit sha1_base64="qJ4f8gLE7+q3SJ44Ddg/D50F92g="></latexit>

P(�) /
NY

i=1

e-NVh(i)(�i)
Y

i<j

|�i - �j|
2✓h(i),h(j)

<latexit sha1_base64="cj4YMyJK7f/VS5bZsYQGIvXO2l4="></latexit>

2✓h,h0 = # trapezoids common to h and h’

determined by the geometry of the domain

Tiling models N particles
<latexit sha1_base64="aTg3fXiLXuQon6TRF4z5lj+5KY4="></latexit>

�1, . . . , �N 2 Z

<latexit sha1_base64="zbUtp6kdhAjyd/MlayM+RSDEBmI="></latexit>

H = 3

Kenyon, Okounkov, …

Borodin, Guionnet, Gorin, …



<latexit sha1_base64="BK9bYDeR1vhLkqNCZ+z61/wSN4M="></latexit>

dPN /
NY

i=1

d�ie-NV(�i)
Y

16i<j6N

|�i - �j|
2✓

is the eigenvalue distribution of a random matrix
<latexit sha1_base64="ASTstHwdc8leGIQdoiULvR4SmYM="></latexit>

d⇤e-NTrV(⇤)

  symmetric

hermitian

quaternionic self-dual

<latexit sha1_base64="ddDYxhFUuQh69jMI+HgU6V8Ad1k="></latexit>

✓ = 1/2
<latexit sha1_base64="9P15fRPZZ4LuF22VFve/KSImJ5o="></latexit>

✓ = 1
<latexit sha1_base64="bO8DV8yHjsG3XfhtQzC0fSJZuC0="></latexit>

✓ = 2

<latexit sha1_base64="rgVTT8kQkhcw9xN0QkADiZxQHD4="></latexit>

H = 1   group

<latexit sha1_base64="4Qm/DrnFc0E4olvl5x9rnTmudfU="></latexit>

⇤
<latexit sha1_base64="4Qm/DrnFc0E4olvl5x9rnTmudfU="></latexit>

⇤
<latexit sha1_base64="4Qm/DrnFc0E4olvl5x9rnTmudfU="></latexit>

⇤

Random matrix theory

II - Statistical mechanics models: examples

Wigner, Dyson, …

Mehta, Pastur, …

(50s - …)

(70s - …)



v
v

  groups

<latexit sha1_base64="ZFOdtWwFJobYadkbVpJD9yk/csQ="></latexit>

dPN =
NY

i=1

d�ie-NV(�i)
Y

i<j

����
(�i - �j)2

(�i + �j)n

����

<latexit sha1_base64="3gWsB2P1/4ToZ/YSaF2Wntx3+Kc="></latexit>

H = 2
<latexit sha1_base64="lK+4wIz95cjsWp1u8ZOpbaID3bw="></latexit>

�i = -�N+i
<latexit sha1_base64="Ti4EU9Hp/HX1am7QiMuoywTiymI="></latexit>

{1, . . . ,N}, {N+ 1, . . . , 2N}

  with symmetry
<latexit sha1_base64="kdX3ehC9JTLwW7S/ylFBRyjyqgs="></latexit>

✓ =

✓
1 -n/2

-n/2 1

◆

O(n) loop model on random surfaces

<latexit sha1_base64="yux45ufzMx3XBFE6yDGEP0nU4Co="></latexit>

lnZN ⇡
X

g,p>0

N2-2gnp ·
�

generating series of maps of genus g
carrying p self-avoiding loops

�

II - Statistical mechanics models: examples

Gaudin, Kostov, Eynard, Staudacher, … (90s)



<latexit sha1_base64="k4l0XCZtLSlAIrKIXUYdj4DVjX4="></latexit>

dPN =
NY

i=1

d�ie-NV(�i)
Y

i<j

"

|�i - �j|
2-r

rY

m=1

���a/am

i - �
a/am

j

��
#

H = a  groups 

<latexit sha1_base64="uC30nNrYsq0ki6kjUMdt0IyDiCQ="></latexit>

(a1, . . . ,ar)   order of exceptional fibers, 
<latexit sha1_base64="akDTOJaoGLPmv9XHVYy/nMkLT54="></latexit>

a = lcm

of N particles
<latexit sha1_base64="NzxNyN8SUOhs7a4ZxKrnb/dTk1s="></latexit>

�Nq+i = e2i⇡q/a�iwith symmetries

Chern-Simons theory on Seifert fibered spaces
<latexit sha1_base64="QRJHkGoM837a85e2Li1O8O/gAuA="></latexit>

S(a1, . . . ,ar)

<latexit sha1_base64="gm8wgD/AZhAMn1H61e8Tl8l8jio="></latexit>

S(2, 3, 5)
= lens spaces
= Poincare homology sphere

e.g.
<latexit sha1_base64="Ir7+cukFkRVPGwNJ4F6qqj4YIrA="></latexit>

S(a1,a2)

(perturbative contribution of trivial connection)

II - Statistical mechanics models: examples

Mariño
Blau, Thompson, …

 (00s)
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The large N limit



III - The large N limit: leading order

The large N limit is governed by energy-minimizing configurations

<latexit sha1_base64="zpnEva7PWfeN9NHM3TKfk3gXZ4U="></latexit>

µ
(�)
h =

1
N

X

16i6N
h(i)=h

��i

empirical measure

energy functional

<latexit sha1_base64="v+YvfOurC2hYfZaxhtnICFI+3Fo="></latexit>

dP / exp
�
-N2E[µ(�)]

� NY

i=1

d�i

<latexit sha1_base64="Vj/2F2Q/Lv1ZwPJHOS8xJfog3F0="></latexit>

E[µ] = -
X

16h,h06H

ZZ

x 6=y

✓h,h0 ln |x- y|dµh(x)dµh0(y) +
HX

h=1

Z
Vh(x)dµh(x)

in the h-th group



<latexit sha1_base64="byUtFgFnDHDUjt/KPScI15xBq6E="></latexit>

E is strictly convex and admits a unique minimiser
among  positive measures        on         with mass   

1. 

2.    in probability (against nice test functions)

3. 

Potential theory + large deviation theory shows

<latexit sha1_base64="GaZGlreN1uOqdAxvR4sZb5tmCkc="></latexit>

Ah pairwise disjoint, 

<latexit sha1_base64="y04JhivMBWSxb7w3Hl15YiEGfe8="></latexit>

µeq

<latexit sha1_base64="LzhD+q6mCZFpAdcgbMYwma3SIwM="></latexit>

✏h = Nh/N fixedAssume

<latexit sha1_base64="wznCEdvYzwVGfs76b0AS/aicDdw="></latexit>µh
<latexit sha1_base64="/sbgrRGIMwwExuzhCmqjXvzySCY="></latexit>✏h

<latexit sha1_base64="/8f5r+zDbgRrHgf5j0fOdjp3aiw="></latexit>

Ah

<latexit sha1_base64="q7rGUvCtRO1j2g4Kaqjh+pv/Jro="></latexit>

µ
(�)
h �!

N!1
µ

eq
h

<latexit sha1_base64="2p+lqTnSSCofNuSASuYHhVWuGD4="></latexit>

lnZN = -N
2E[µeq] +O(N lnN)

III - The large N limit: leading order



Characterisation of the minimiser
<latexit sha1_base64="Mr7/VJNs57izB5a0BX2p0RHTjZ4="></latexit>

wh(x) = lim
N!1

EN


1
N

X

16i6N
h(i)=h

1
x- �i

�
=

Z

Ah

dµeq
h (y)

x- y

<latexit sha1_base64="xEx8yXnPFPgX9TZy84d8hjaAXJ8="></latexit>

✓h,h
�
wh(x+ i0) +wh(x- i0)

�
+

X

h0 6=h

✓h,h0wh0(x) = @xVh(x)

<latexit sha1_base64="3obFtz7IUYT6nD+p7yTeb17+R3E="></latexit>

wh(x) ⇠
x!1

✏h
x

1. is holomorphic in 
<latexit sha1_base64="jWn8T00LS7M2Fcek61B24AjdAMA="></latexit>

C \ supp(µeq
h )

2. satisfies at infinity

3. satisfies on the support

III - The large N limit: leading order

2



III - The large N limit: support

<latexit sha1_base64="RBbyctDKz7RLhrQYkNTQd/efnxM="></latexit>=)
<latexit sha1_base64="fCUpVa22VhQr6Q1jqjI+4VASIoo="></latexit>

supp(µeq
h ) = finite union of segments

<latexit sha1_base64="A4LPC7fPZfIqPVvL2imspgEf/mM="></latexit>

Vh analytic
(proof via Dyson-Schwinger equations)

1-cut regime

µ
eq
/d

x

x

multi-cut regime

µ
eq
/d

x

transition
through

critical points
x

varying <latexit sha1_base64="gaGksKIVNi+Lbv+JviqG+iPcXd8="></latexit>

✏h = Nh/N
<latexit sha1_base64="3AoVqvtBtUOuAcogiy9l9cx1Yl0="></latexit>

Vh or

Multi-cut regime : oscillatory asymptotics from particle jumping
understood in terms of theta functions Bonnet, David, Eynard (heuristics)

Shcherbina 12, B., Guionnet 13 (rigorous)



Albeverio, Pastur, Shcherbina 01
B., Guionnet, Kozlowski 13-15

Assume the model is off-critical and 

1. We have asymptotic expansions

pairwise disjoint, 
<latexit sha1_base64="LzhD+q6mCZFpAdcgbMYwma3SIwM="></latexit>

✏h = Nh/N fixedAssume
<latexit sha1_base64="GaZGlreN1uOqdAxvR4sZb5tmCkc="></latexit>

Ah

<latexit sha1_base64="ARgkV/dVsnF8lObsXH+6EjDR6J4="></latexit>

supp(µeq
h ) = [↵h,�h]

<latexit sha1_base64="m4t1RJ1kNt5mpAeijkaY7FuP7zM="></latexit>

Wk =
X

g>0

N
2-2g-k

Wk;g +O(N-1)

<latexit sha1_base64="R8vGW54DVUbDl9Fx1BpDjFH8MBI="></latexit>

lnZN = (c1N+ c0) lnN+
X

g>0

N
2-2g

Fg +O(N-1)

2.            are computed by topological recursion Chekhov, Eynard, Orantin,
B., Marchal (05 - …) 

<latexit sha1_base64="qJGhEolMMwrv78kf5hzhYpWree0="></latexit>

Wk;g

III - The large N limit: finite-size corrections



III - The large N limit: finite-size corrections

Leading
covariance

<latexit sha1_base64="wgObWrvG5qFh9LIbtJHfOPlgngI="></latexit>

✓h1,h1

⇣
B
�
x1+i0 x2
h1 h2

�
+ B

�
x1-i0 x2
h1 h2

�⌘
+

X

h0
1 6=h1

✓h1,h0
1
B
� x1 x2
h0

1 h2

�
= -

�h1,h2

(x1 - x2)2

<latexit sha1_base64="nsgEQ3TtoG7WPimZUL8ghEmydO8="></latexit>

B
� x1 x2
h1 h2

�
= W2;0

� x1 x2
h1 h2

�
= lim

N!1
EN

 X

16i16N
h(i)=h1

1
x1 - �i1

·
X

16i26N
h(i2)=h2

1
x2 - �i2

�

c

1. is holomorphic in 
<latexit sha1_base64="j5jkwnacNIJRe0c9Ny9Q5nGzc58="></latexit>

xa 2 C \ supp(µeq
ha

)

2. is 
<latexit sha1_base64="i/sEtfE+kxznTXH8090xPSxyrgw="></latexit>

O(x-2
1 ) ·O(x-2

2 ) at infinity

3. satisfies for 
<latexit sha1_base64="En3/J+zX7NZCrTdrDNLuDl2gbVo="></latexit>

x1 2 supp(µeq
h1
)

2



III - The large N limit: finite-size corrections

Once 

TR reconstructs by a universal procedure

<latexit sha1_base64="o5hxIaY0vUDGtiB7Myk/PMolQBY="></latexit>

w := W1;0 and 
<latexit sha1_base64="V6fhhy4T91dRkUqlooFEtUZJJNw="></latexit>

B := W2;0 have been found,

functions 
<latexit sha1_base64="qJGhEolMMwrv78kf5hzhYpWree0="></latexit>

Wk;g , inductively on <latexit sha1_base64="8TAvjCINrYWgmQlFGQ8hm2pJ6X4="></latexit>

2g- 2 + k > 0

<latexit sha1_base64="m4t1RJ1kNt5mpAeijkaY7FuP7zM="></latexit>

Wk =
X

g>0

N
2-2g-k

Wk;g +O(N-1)

They give the coefficients in the asymptotic expansion of
k-point correlators

Chekhov, Eynard, Orantin,
B., Marchal (05 - …) 

using analytic properties, residue formulae, …

Topological recursion (=TR)
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The Riemann-Hilbert problem



IV - The RHP: setting

Data
symmetric HxH matrix,        , diagonal > 0

<latexit sha1_base64="LBpz4KEeZV8Gv2KIcoom0RV7d/w="></latexit>

↵1 < �1 < · · · < ↵H < �H

<latexit sha1_base64="y04RKsR7LG8rruMvZZMkX07mcnY="></latexit>

✓

rational functions

<latexit sha1_base64="O+s+1Gz0ClqpGLejF6Cyg6eH4+Q="></latexit>> 0

Problem Find functions
<latexit sha1_base64="qonAlYzgo8mY4uGqe034OEDBnTc="></latexit>

fh holomorphic on 
<latexit sha1_base64="/7jrT7cxSbrbwnPGaWIutZZ85dI="></latexit>

C \ [↵h,�h]
<latexit sha1_base64="ZkKXDVFztM0rMNFtIXFgFetgyqA="></latexit>

h 2 {1, . . . ,H}

<latexit sha1_base64="/JBfJSsiGPX5DNvEz5QLdmdFMr8="></latexit>

✓h,h
�
fh(x+ i0) + fh(x- i0)

�
+

X

h0 6=h

2✓h,h0fh0(x) = �h(x)

<latexit sha1_base64="0watUo+MbtqwTwG/6mborUoJpN8="></latexit>

�1, . . . ,�H

<latexit sha1_base64="4w4KOMyT8yRtYgOuaYsyxWWaXBo="></latexit>

8x 2 (↵h,�h)

- subjected to growth conditions at  

- obeying

- admitting continous boundary values on  

<latexit sha1_base64="v4eK6bvnCRc9j+nBK3O0oQBxIjI="></latexit>

1,↵1, . . . ,�H

<latexit sha1_base64="v7qTC6pnpbpR3q5g1zSlgVDAITk="></latexit>

(↵h,�h)± i0



IV - The RHP: solutions

Theorem (vague formulation)

1. The solution always exist and is unique

(uses positivity, and the matrix model as a controlled approximation)

2. There exists a unique solution with sources 

<latexit sha1_base64="3lVKd0/Mz3nVVbPqZxw0NxTh2iw="></latexit>

B
� x1 x2
h1 h2

�
= B

� x2 x1
h2 h1

�
3.  We have

in progress

<latexit sha1_base64="RqbXuGbG2T41jMhBpYY4IP+MkqU="></latexit>

�h(x) = -
�h,h2

(x- x2)2

(considering       and        fixed)  <latexit sha1_base64="Z+mxwHKtvjhgQd+ExpA3Ol+iJ0Q="></latexit>x2
<latexit sha1_base64="iSKrBgjUbuhNJ9jAsLZ+nDElnZQ="></latexit>

h2 denoted 
<latexit sha1_base64="9A5IGywQuNudrNuEFDB6W6FCaHc="></latexit>

B
� x x2
h h2

�

4.  All solutions can be constructed from B

But does not give formulae …



IV - The RHP: reflection group

Reformulation (homogeneous case)
<latexit sha1_base64="SH0qh5OnZvgwvRXZ/+hwYOJCcpI="></latexit>

v · f(x) =
HX

h=1

vhfh(x)

<latexit sha1_base64="65F/RsJtMrRlhewiLJNrlSk2N3Q="></latexit>

v · f(x+ i0) = T (h)(v) · f(x- i0)
<latexit sha1_base64="4w4KOMyT8yRtYgOuaYsyxWWaXBo="></latexit>

8x 2 (↵h,�h)

<latexit sha1_base64="3h/+46Ud2yGYQ2OK7iH/8ITeYKg="></latexit>

G = hT (1), . . . , T (H)i ⇢ GL(RH)- Introduce the group
-  continues analytically to a meromorphic function

on the Riemann surface

<latexit sha1_base64="SAuZezIaJ6i9rYs3DydJBM76BbU="></latexit>

T (h)(v) = v-
2vh
✓h,h

HX

g=1

✓g,he
(g)with 

<latexit sha1_base64="25nmlDXQ//Q0CctfazWqiqnLETI="></latexit>

⌃v =
G

v02G.v

bC/ ⇠

<latexit sha1_base64="u5NfXLc65emoZtwY9tWQV/wotNw="></latexit>

v · f(x)

pseudoreflections



IV - The RHP: reflection group

<latexit sha1_base64="KSahBghwUpjeXwIxLPUcSEKaIGg="></latexit>

v · f(x)

<latexit sha1_base64="KWbke+1oxOps/tOznZ6PVzY9i/0="></latexit>

T (2)(v) · f(x)

<latexit sha1_base64="FcUmlAXVSIoteiG5LI9GuG1f8zM="></latexit>

T (1) � T (2)(v) · f(x)

etc. 

<latexit sha1_base64="p34RnBOi8lNf1LHNfVU5p2zcnsM="></latexit>

T (3) � T (2)(v) · f(x)

<latexit sha1_base64="25nmlDXQ//Q0CctfazWqiqnLETI="></latexit>

⌃v =
G

v02G.v

bC/ ⇠Construction of the spectral curve



IV - The RHP: reflection group

<latexit sha1_base64="3h/+46Ud2yGYQ2OK7iH/8ITeYKg="></latexit>

G = hT (1), . . . , T (H)i ⇢ GL(RH)- We are interested in orbits of

algebraic 
<latexit sha1_base64="3VlpHL2gXqJ9z2ZS3ipBuV1etEw="></latexit>

G.v finite <latexit sha1_base64="RBbyctDKz7RLhrQYkNTQd/efnxM="></latexit>=)
<latexit sha1_base64="aMhvORKJyF2JYr7XBELce7hBHfA="></latexit>

v · f(x)
determined by its singularities + period conditions

-

Observations
<latexit sha1_base64="U7YUsrWFVEWG6oMRfCQ1gLo4V3Y="></latexit>

RH = Ker(✓)
?
� Im(✓)1. and 

<latexit sha1_base64="bDtQpvxFUAPk2XlDbPcX3Hd99+0="></latexit>

E = Im(✓) is stable under G

2. The action of G on E is conjugate to action of a reflection group
<latexit sha1_base64="na5XoZ/7S8Pv5O2pM/Je0o5T/JI="></latexit>

ĜE ✓ O(E,q)
<latexit sha1_base64="ZS1vkjwDxRiPSvQ6F6A0tlSTECo="></latexit>

q(v) = v · ✓(v)

3. <latexit sha1_base64="4v9NbnPpJNKWEWNDiHgzj246ebU="></latexit>()     finite irreducible factor in 
<latexit sha1_base64="R74DaqIgNGf+xZ0jQR7LIyJiR3Q="></latexit>

ĜE
<latexit sha1_base64="gKrCiiL8+Eyw7fr021I/Ld3Uhbc="></latexit>

9
<latexit sha1_base64="BcSLblIfBLaKvOySmaUqWUimR08="></latexit>

6= {0}finite orbit
<latexit sha1_base64="gKrCiiL8+Eyw7fr021I/Ld3Uhbc="></latexit>

9



IV - The RHP: algebraic examples

Finite irreducible reflection groups are known (= Coxeter)

- (H-cut) random matrix theory :

In the algebraic case one can use this to compute explicitly a spectral curve

<latexit sha1_base64="6RuxYOiXsqrchrDi7K68KsXI47s="></latexit>

✓h,h = � > 0
= hyperelliptic branched cover of 

<latexit sha1_base64="jRNza36SJaOf/nGtirP/BAibxLA="></latexit>

⌃(1,...,1)

<latexit sha1_base64="POwgbHaIgPf6QKItw8SBkPz3IGg="></latexit>

bC

- Chern-Simons theory on 
<latexit sha1_base64="QRJHkGoM837a85e2Li1O8O/gAuA="></latexit>

S(a1, . . . ,ar)
<latexit sha1_base64="KqqGPVUCE3GnEzsu7m/wQWXQ5lY="></latexit>

✓ > 0 <latexit sha1_base64="oRr5G72JqaguGWXc7R+Pf/EEDpI="></latexit>, finite reflection group
<latexit sha1_base64="dlEODyx+KS2kiP6nhtULjInFBx8="></latexit>

2 - r+
rX

m=1

1
am

> 0 <latexit sha1_base64="oRr5G72JqaguGWXc7R+Pf/EEDpI="></latexit>,
<latexit sha1_base64="QFeP8KhpR+4/UUFK42njfOCjsHI="></latexit>

ĜE

Classification: ADE+three affine A cases

One finds (for simple V) spectral curves of the relativistic Toda chain of type ADE

B., Brini, Eynard 15-17



IV - The RHP: algebraic examples

Not much difference between discrete and continuous case for the RHP

Tiling model

<latexit sha1_base64="2zJ/3LUxPyfZygo3yFgtm0F6h3Q="></latexit>

✓ =

0

@
1 1/2 1/2

1/2 1 1/2
1/2 1/2 1

1

A

 = Coxeter group of type A (bipartite) or D (non-bipartite)
<latexit sha1_base64="QFeP8KhpR+4/UUFK42njfOCjsHI="></latexit>

ĜE

- For good <latexit sha1_base64="qO6TdTjqzI5/poVh7d8fCeJMido="></latexit>

⌃v, is a doubling (along blue segments)
of the tiled domain

<latexit sha1_base64="8xS/4y8BHgEUjguK6PWmIRwOfLM="></latexit>v

- 
(fluctuations ~ Gaussian free field)
B can be related to the Green function of the tiled domain

B., Guionnet, Gorin - in progress



IV - The RHP: non-algebraic examples

O(n) model on random surfaces

is essentially the only case
<latexit sha1_base64="kdX3ehC9JTLwW7S/ylFBRyjyqgs="></latexit>

✓ =

✓
1 -n/2

-n/2 1

◆
with infinite 

<latexit sha1_base64="QFeP8KhpR+4/UUFK42njfOCjsHI="></latexit>

ĜE

for which the explicit solution is known <latexit sha1_base64="zvlmRv1K1Dy1arX8nXp6mptUXqI="></latexit>

✓ > 0 , |n| 6 2

<latexit sha1_base64="UtZ4HVVmZgW03TZrys6i5fcJhE4="></latexit>�
f(u+ 2⌧) + nf(u- ⌧) + f(u) = �(x(u))
f(u+ 1) = f(u)

solution in terms of elliptic theta functions



Open problems

1. Find other (non-algebraic) solvable cases !

2. Complex geometry : 

without              : existence / uniqueness of solutions of RHP ?
<latexit sha1_base64="KqqGPVUCE3GnEzsu7m/wQWXQ5lY="></latexit>

✓ > 0

3. Asymptotic analysis : leading order + asymptotics without 
<latexit sha1_base64="KqqGPVUCE3GnEzsu7m/wQWXQ5lY="></latexit>

✓ > 0

4. Are Chern-Simons matrix model on spherical Seifert spaces (ADE)
integrable ?

- with             : direct proof of symmetry of B ?
<latexit sha1_base64="KqqGPVUCE3GnEzsu7m/wQWXQ5lY="></latexit>

✓ > 0

- 


