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Mainly the contact interaction problems are the problems with mixed boundary conditions that lead to integral equations, 
which require special solution methods.  
Numerical solution of three-dimensional problems have difficulties through worsening convergence. 

AAiimmss::    to work out solving methods for the problem about indentation of doubly-connected punch into 
elastic half-space to define normal pressure distribution, indentation value and optimal punch 
shape for optimal pressure distribution. 
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From a mechanical point of view, the calculation of slab structures on an elastic foundation is a 

contact problem of interacting bodies. 
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Fig.1 Scheme of a plane doubly 
connected punch contact  

FFOORRMMUULLAATTIIOONN  OOFF  TTHHEE  PPRROOBBLLEEMM  
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TThheerreeffoorree,,  tthhee  ccoonnttaacctt  pprroobblleemm  rreedduucceedd  ttoo  tthhee  ssoolluuttiioonn  ooff  tthhee  ssyysstteemm  ooff  eeqquuiilliibbrriiuumm  eeqquuaattiioonnss  aanndd  

eeqquuaattiioonn  ccoonnttaaiinniinngg  iinntteeggrraallss  wwiitthh  wweeaakk  ssiinngguullaarriittyy..  EExxiisstteennccee  aanndd  uunniiqquueenneessss  ooff  tthhee  pprroobblleemm  iiss  pprroovveedd  

bbyy  YYaa..  NNoovviittsskkiiyy  

TThhee  aannaallyyttiicc  ssoolluuttiioonn  mmeetthhoodd  bbaasseedd  oonn  ssmmaallll  ppaarraammeetteerr  eexxppaannssiioonn  ooff  ssiimmppllee  llaayyeerr  ppootteennttiiaall  ttyyppee  

iinntteeggrraallss  ddiissttrriibbuutteedd  oonn  ddoouubbllyy--ccoonnnneecctteedd  ((aanndd  ssiimmppllyy--ccoonnnneecctteedd))  ddoommaaiinn  iiss  ddeevveellooppeedd..  UUnnkknnoowwnn  

ccoonnttaacctt  ddoommaaiinn  iiss  ffoouunndd  oouutt..  
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SSHHAAPPEE  OOPPTTIIMMIIZZAATTIIOONN  IINN  33DD  CCOONNTTAACCTT  PPRROOBBLLEEMMSS 
The solution method was proposed by Banichuk and Ivanova.  

The first problem boundary conditions  

,02313   )(x  , if x ,  and 0233133   , if 0x , (5) 

)()( 33 xxp  , x , can be written as  aLp )( , where aL  is a linear operator.  
 

The second problem boundary conditions 
  

,02313   )(33 xp , if x , and 0233133   , 0x , (6) 

 

the vertical displacement  

),(),(   : ),(    ,0 21211221213 xxfxxxxxxx   .  (7) 

The boundary condition for the vertical displacement of the domain points is 

reduced to a two-dimensional integral equation 

     






' d ' d)'()'()','(21

),(

21

2/12
22

2
1121

2/1

21

xxxxxxxxpG

xx





,  (8) 

the equilibrium conditions of the punch (3). 
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0)(  xpp gg  describes some given pressure distribution in the contact domain .  

As a functional to be optimized, let us consider the integral  
 

   dgppfpJJ gf
2))(())(( .      (9)  

 

The following optimization problem is formulated, which describes the punch shape and 

delivers a minimum to the mismatch functional  
 

f
f fpJJ min))((  , 

satisfying the equilibrium conditions 

 *))(( PfpP  ,  *
11 ))(( xx MfpM  ,  *

22 ))(( xx MfpM  ,    and 0)( xp .  

The feasible set of shapes and the optimization problem  
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the feasible set and the following auxiliary problem are 
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 )(min))((min pJfpJ
pf pf 

 ,      **
pf JJ  .     (12) 

When searching for the optimal pressure distribution )(* xp  based on the solution of 

problem (10), (11), an auxiliary variable )(x  is introduced, satisfying the relation 

0)()( 2  xxp  . 

The solution method that we use here for contact pressure optimization is developed 

Banichuk and Ivanova.  

An extended Lagrange functional is given by 

     dppxpxpppJ g
L )( 2

23121
2  ,  

The extremum conditions  )(5.0 23121   xxpp g ,  0 , x  
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Simple Layer Potential Expansion for Annular Ring with 

Nonsymmetrical Density Distribution  
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The Problem Reduction to the Sequence of Problems for Annular Ring  

Equations of bounder lines of contact domain: 1 :  )),(1( 1  fa ; 

                                                                 2 : )),(1( 2  fb ,          (7) 
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normal pressure function 

  0 ),()),,,(( i
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i RPRp                                              (8) 

 

Simple layer potential expansion using new variables 
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Considering the doubly connected triangular punch, the equations for the 

boundary lines (7), using Fourier series contain   the functions for 1406.0 :  

 2cos039.06295.2)(1 f , 

 4cos4949.03cos9052.8cos5584.0)(2 f ; 

the functions have the form for ones close to a square: 

 4cos8178.0)(1 f ,  8cos2677.1)(2 f ; 

                                          to a regular hexagon: 

 6cos3758.06504.0)(1 f ,  12cos7410.0)(2 f ; 

                                          to a regular octagon: 

 4cos1556.05626.0)(1 f ,    8cos5092.1)(2 f . 

                                          to a rectangular: 3583.0 ,  

06170,02cos5,0)(1  f ;  4cos2cos4958,0)(2 f . 
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The contact under the triangular ring punch 

       2
2

10),( PPPp   ,       (8) 

where 00  
~
QP  ,   *1001 2cos)0652.00018.0(2589.5 

~
 QP ,  

 0102 0014.0(0060.06182.20 
~

 QP *1 2cos)5015.0   

)1701.30851.06227.12403.0( 3210   *4cos   

0*10 1564.5(cos/ )4693.06296.1(
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*21 3cos/  )3093.29808.4
1
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where 
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the sum of discarded terms of the series does not exceed the following value: 
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The load-displacement dependence has the form: 

)4/()9818.01()1( 2 GbQ   .     (11) 

ADVANTAGES  OF  THE  METHOD: 
  exact formulae in each approximation  
  the formulae are acceptable for qualitative analysis  
  the formulae are convenient  for engineering practice 
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The numerical analytic solution 

 B  is the coefficient characterizing the deformation properties of the surface 

roughness of the elastic half-space 
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Where                 ,)/(1, 2 pEP  ,    12/1B , 10   , 

  bEBB  2
1 1/  . 

the closer the value of the coefficient   is to one, the smoother the surface we 

consider. When 1 , this equation can be solved by the method of successive 

approximations. 

 



KMPB-Ukraine Workshop Berlin, March 4–6, 2025 

24 

 

 

Figure 2. Graphs of pressure distribution under doubly connected hexagonal 

punches in section 0  with different width ba /  and roughness   
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Distribution of contact pressure under the punches with polygonal bases 
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Conclusion 
The problems of indentation of punches with a flat base bounded by doubly connected 

close to polygonal contact domains was considered. A study was carried out and an 

analytical solution was obtained for a three-dimensional contact problem for a non-

circular ring domain using the small parameter method, in particular, the problem of 

indentation of a cylindrical doubly connected punch bounded by similar lines close to 

triangles in the plan. The method of representing the integrals of the type of the simple 

layer potential for circular ring domains was used. Obviously, development of an 

analytical method leads to an increase in the accuracy of the obtained solutions. 

We also considered a numerical-analytical method that used the expansion of the 

potential of a simple layer to reduce two-dimensional integral equations to one-

dimensional ones, which could be considered as a solution to problems taking into 

account the roughness of an elastic half-space. The distribution functions of normal 

pressures and the value of the punch settling were found. 

This approach allows to obtain an approximate solution of the problem in an 

analytical form and to simplify the scheme of numerical calculations as much as possible. 

The resulted formulae are convenient for engineering calculations. The result of the 

obtained analytical solution coincided with the result of the numerically analytical 

solution up to the fourth decimal place.  
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