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Mainly the contact interaction problems are the problems with mixed boundary conditions that lead to integral equations,

which require special solution methods.

Numerical solution of three-dimensional problems have difficulties through worsening convergence.

Aims: ¢ to work out solving methods for the problem about indentation of doubly-connected punch into
elastic half-space to define normal pressure distribution, indentation value and optimal punch
shape for opti
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From a mechanical point of view, the calculation of slab structures on an elastic foundation is a
contact problem of interacting bodies.
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FORMULATION OF THE PROBLEM

1-v X', y")dQ'

5~ Pox+ By~ y) = 2 fly P DEL |
276G 7 (x = x') + (y - y')

0,3 =03, =0, z=0,

(X 0)—{' p(x,y,0),6(x,y,0) € Q, (@)

=P 0, 6(x,¥.0) £ Q,

Q= HQ p(x,y)dQ, M, =H y- p(x, y)dQ, M, =HX’p(X’ y) dQ2. (3)

Q Q
2
Fig.1 Scheme of a plane doubly é(p(po,ﬁo))+1 Y _” p(p’e)dQ:
connected punch contact e O r (4)
= 0 — 399 COS G + P10 SIN Gy — 2(pp, G ),

Therefore, the contact problem reduced to the solution of the system of equilibrium equations and
equation containing integrals with weak singularity. Existence and uniqueness of the problem is proved
by Ya. Novitskiy

The analytic solution method based on small parameter expansion of simple layer potential type
integrals distributed on doubly-connected (and simply-connected) domain is developed. Unknown
contact domain is found out.
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SHAPE OPTIMIZATION IN 3D CONTACT PROBLEMS

The solution method was proposed by Banichuk and Ivanova.
The first problem boundary conditions

013 = 093 :O, o = C()(X), ifXEQ, and 033 =031 =093 :O, ifXEQO, (5)

P(X) = 033(X), X € Q2, can be written as P(w) = L @, where L is a linear operator.

The second problem boundary conditions
013 =093 = O, 033 = p(X), if X e Q, and 033 =031 =093 = O, X e Qo, (6)

the vertical displacement
X3 =0, (X,%2)€Q: (X, X2) =0 —LoXg + fiXo—T(X,%2). (V)

The boundary condition for the vertical displacement of the domain points is
reduced to a two-dimensional integral equation

(X, Xp) =

1-v)- 276V 2 [[ 0y’ %) (0 4% + (0 x2')?

the equilibrium conditions of the punch (3).
15
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Pg = Py (X) > 0 describes some given pressure distribution in the contact domain 2.

As a functional to be optimized, let us consider the integral
_ _ 2
J1 =3(p(F) =[] (g - P(E)?dQ. (9)

The following optimization problem 1s formulated, which describes the punch shape and
delivers a minimum to the mismatch functional

J s :J(p(f))—>mfin,

satisfying the equilibrium conditions

P(p(f))=P", Myu(p(f))=Mg, M,(p(f))=M,, and P(X) > 0

The feasible set of shapes and the optimization problem

fi(Laf)), =0, ”LfdQ p*,

N

Af =1

\”szLafdQ: My, ”QleafdQ: M:ZZ)

Jt =J3(p(fs)) > min I(p(f)).

EAf
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the feasible set and the following auxiliary problem are
p:(p), =0, ”Q pdQ =P,

Ap =+ N . (10)

l IIQXZ de: MXl’ jjgxlde: MXZ)

* . - 2
Jp=Jd(p«) > IOrg\nIO J(p)= anuAnp ”Q[pg — p] dQ. (11)

N

min J(p(f))= min J(p), J7=J,. (12)
feAs peA,

When searching for the optimal pressure distribution p«(X) based on the solution of
problem (10), (11), an auxiliary variable y(X) is introduced, satisfying the relation

p(x) -y *(x) = 0.
The solution method that we use here for contact pressure optimization is developed
Banichuk and Ivanova.
An extended Lagrange functional is given by

3t = [ (b= pg P P - 2xp— Agxop— (P -y 2
The extremum conditions ~ p=py +0.5- (A4 + X + 43X + ), wr =0, xeQ
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Simple Layer Potential Expansion for Annular Ring with

Nonsymmetrical Density Distribution

2
2
” 7102) iOS 2meo ds = 27 cosZmHoZ[( (n n)llzn} Coo Un (). 5

2n(2n—2)...(2n—-2m+2)(2n+1)(2n + 3)...(2n + 2m — 1)
™0 T 20+ 2)(2n+4)...(2n + 2m)(2n —1)(2n—3)...(2n— 2m +1)

2n+1 2N
Uon(p) = j: “ou(p)plpy)  dp+ Lﬁo a2(P)po! p) dp.
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The Problem Reduction to the Sequence of Problems for Annular Ring
Equations of bounder lines of contact domain: |I7: p = a(l+ fl(e, 0));

I,: p=b(l+ fy(e,0)), (7)
fy(e,6) = Ze fio(6); T,(e.0)= Ze fox (6), p(p,e)=_§gpi(p,e>e‘ B,-=_§Oajiai; j=12

S = 258 U= Hp(Pe)Pdpde %Uiai.
1=0

=0 r
normal pressure function p(P(R,(P, 8)1(P) — ZTO:O I:)i (R1(P)8i (8)

Simple layer potential expansion using new variables

gp(p(FR(PF’QE; (P)dQ Zs [ﬂ EF(Q R(Bds+d>k(P0,P1,...,Pk_l)], (9)

Dy (Ry) =0

P (R, ) Po (R, ¢)
Dy (Py) = (1— Roﬁ)” ‘()R Ro)f(l)(R,go)ds+” 0 f(z)(R,go)ds

19



KMPB-Ukraine Workshop Berlin, March 4-6, 2025
Considering the doubly connected triangular punch, the equations for the

boundary lines (7), using Fourier series contain the functions for ¢ = 0.1406:

f1(60) = —2.6295+0.039c0s 26,

f,(6€) =0.5584co0sd +8.9052c0s 36 + 0.4949c0s 46,
the functions have the form for ones close to a square:
f1(8) =0.8178—-cos40, f,(0)=1.2677cos86;

to a regular hexagon:
f1(8) =-0.6504+0.3758co0s64, f,(€)=0.7410c0s126;

to a regular octagon:
f;(8) =—0.5626+0.1556¢c0s460, f,(6)=1.5092c0s86.

to a rectangular: ¢ = 0.3583,
f;(8) =0,5c0s 26 +0,06170. f, (8) =—-0,4958c0s 260 — cos 46
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The contact under the triangular ring punch

D(p,0) =Py +¢&-P +&°P,, (8)
where P, =Q o, B =Q[5.25890, + (0.00180, —0.065207) 0526k,
P, =Q[20.61820, +0.00600; + (0.00140, —0.501507;) c0S 26

+(0.24030 +1.622707 +0.08515, —3.170103)- 0S40«
-+(1.62960( +0.46930 ) pr, / pCOs Ok +(5.15640

—4.98080; +2.309303,) pr, / pCOS36s 9)

2
+O.5584 06£p(a+b)_bp _a) 3bp

>~ —a)———0( |C0SOk
a+b Pr, prz Pr

2

, 2
| 8:90520y P(a+b)_b'[; —a)cos36k|.
a+b Pr, P,
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_TY N Pl 0 (i
‘ zzk“[ ] 2] G)

/a (0) ,B(O) 2k +3
where y =~ 22 |
V Zk,pzoz(bj 2k+2 2k+1(bj

the sum of discarded terms of the series does not exceed the following value:

Y 2n 2 2n
R < b .(ajm+£pj . PR .(a)”‘{pnj i
b—a | pf, —p® | \b) \pr,) | (p*-pf) [\D) p

The load-displacement dependence has the form:
S=1-v)-Q-(1+&+0.9818-£%)/(4by - G). (11)

ADVANTAGES OF THE METHOD:
> exact formulae in each approximation
> the formulae are acceptable for qualitative analysis

> the formulae are convenient for engineering practice
22
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The numerical analytic solution

B Is the coefficient characterizing the deformation properties of the surface

roughness of the elastic half-space

P 5—ﬁ2,00 COS@O +ﬂ1p0 Sin HO
1-a)-P(p,0)+ [[ -~ -dS = , 12
1-a) P(p.0)+ [, o (12)
Where P(p,0)=[-v2)i(zE)- p(p,0), B /(27)=1-a, O< x <1,

B, = BaE /([1-v2)-b).
the closer the value of the coefficient « Is to one, the smoother the surface we

consider. When « <1, this equation can be solved by the method of successive

approximations.
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Figure 2. Graphs of pressure distribution under doubly connected hexagonal

punches in section @ = 0 with different width a/b and roughness «
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Distribution of contact pressure under the punches with polygonal bases

0.5 20
15

()
N 10

0.5
5

04 02 0 02 04 06 08

6.5
0.5 K
5.5
S

0K
4.5
1 4
(.5 3.5
3

-0.5 -0.5

25



26

KMPB-Ukraine Workshop Berlin, March 4-6, 2025

L

4

o
N

wo

o
(N

4.8
4.6

14.4

4.2

3.8
3.6




KMPB-Ukraine Workshop Berlin, March 4-6, 2025

Conclusion

The problems of indentation of punches with a flat base bounded by doubly connected
close to polygonal contact domains was considered. A study was carried out and an
analytical solution was obtained for a three-dimensional contact problem for a non-
circular ring domain using the small parameter method, in particular, the problem of
Indentation of a cylindrical doubly connected punch bounded by similar lines close to
triangles in the plan. The method of representing the integrals of the type of the simple
layer potential for circular ring domains was used. Obviously, development of an
analytical method leads to an increase in the accuracy of the obtained solutions.

We also considered a numerical-analytical method that used the expansion of the
potential of a simple layer to reduce two-dimensional integral equations to one-
dimensional ones, which could be considered as a solution to problems taking into
account the roughness of an elastic half-space. The distribution functions of normal
pressures and the value of the punch settling were found.

This approach allows to obtain an approximate solution of the problem in an
analytical form and to simplify the scheme of numerical calculations as much as possible.
The resulted formulae are convenient for engineering calculations. The result of the
obtained analytical solution coincided with the result of the numerically analytical
solution up to the fourth decimal place.
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