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1. Feynman integrals in planar N = 4 SYM theory
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1. Feynman integrals in planar N = 4 SYM theory

One-loop amplitudes reduce to linear combinations of boxes, with coefficients fixed by unitarity
techniques.

[Bern, Dixon, Dunbar, Kosower ‘94]
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1. Feynman integrals in planar N = 4 SYM theory

One-loop amplitudes reduce to linear combinations of boxes, with coefficients fixed by unitarity
techniques.

[Bern, Dixon, Dunbar, Kosower ‘94]

Two-loop amplitudes reduce to linear combinations of double boxes, pentaboxes and double
pentagons, again the coefficients can be fixed via unitarity methods.

[Bourijaily, Trnka ‘17]
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2. Mathematical structures in planar Feynman integrals
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2. Mathematical structures in planar Feynman integrals

- Momenta p; € R*

P1 D2

P4 P3
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2. Mathematical structures in planar Feynman integrals

« Momenta p; € R* and dual momenta T; € R* , with p; = Tit+1l — X5 = Tiq14

2 .2 2 .2
: _ Tiox . x4
2 degrees of freedom parametrised by 2z = 5232 (1 —2)(1 — 2) = —5*—=2°
T13T5, L1324
L1
D1 I p2
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2. Mathematical structures in planar Feynman integrals

« Momenta p; € R* and dual momenta T; € R* , with p; = Tit+1l — X5 = Tiq14

2 .2 2 .2

: _ Tiox T
2 degrees of freedom parametrised by 2z = 5232 (1 —2)(1 — 2) = —5*—=2°
T334 L13%24

| - Single-box integral

I[¥t] = L (Lig(z) ~ Lig(3) + %log(zZ) log G - ; ))

z— 2z
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2. Mathematical structures in planar Feynman integrals

« Momenta p; € R* and dual momenta T; € R* , with p;, = x;,11 —x; =: Tit1,i

' 1925 274733

2 degrees of freedom parametrised by 2z = 57—, (1 —2)(1 —2) = 5—;

L13724 !

L1
: - Single-box integral
1 1 Il =z
I = Li — Lis(2) + = log(z2)1
Hl == ( ip(2) — Lia(2) + ; log(2z) log (1 — 2))

: - Polylogarithms form a graded Hopf algebra A= -, A,
T3 Ay =Q, Ay ={log(x),n,...}, Ay = {Liz(x),log(x)log(y), (s, ...},

-’43 — {L13($)3 log3(:1:), C3a }a

with coproduct structure and associated symbol S: A4, > 4, 4 ® ... ® A;
[Goncharov ‘05] [Brown ‘11]
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2. Mathematical structures in planar Feynman integrals

Momenta p; € R* and dual momenta T; € R* , with p;, = x;,11 —x; =: Tit1,i

: Ty T34 143
2 degrees of freedom parametrised by 2z = 57—, (1 —2)(1 —2) = 5—;
L13224 L13%24
Single-box integral
1 1 Il =z
I = Li — Lis(2 1 1
3] = - (Lia(e) ~ L) + 5 log(e2) o (1= )

Polylogarithms form a graded Hopf algebra A =@ -, A,

Ao =Q, Ay ={log(x),,...}, Az = {Lis(x),log(x)log(y), (s, ...},
— {Li3($),10g3($),C3, o

with coproduct structure and associated symbol S: A4, > 4, 4 ® ... ® A;
[Goncharov ‘05] [Brown ‘11]

1 1-—
Box symbol.: S(ID:G) = (log(l —2)(1-2)® log — —log zz ® log = Z)
Z—z A
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2. Mathematical structures in planar Feynman integrals
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2. Mathematical structures in planar Feynman integrals

2 .2
L3

« 9 degrees of freedom, among them u = ;3 36
i,

14736

« Double-box integral is related to the 6d hexagon integral:

ot~ [
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2. Mathematical structures in planar Feynman integrals

2 .2
L3

« 9 degrees of freedom, among them u = ;3 36
i,

14736

« Double-box integral is related to the 6d hexagon integral:

o= [

xweight—S polylogarithm
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2. Mathematical structures in planar Feynman integrals

2 .2
L3

« 9 degrees of freedom, among them u = ;3 3‘6
i,

14736

« Double-box integral is related to the 6d hexagon integral:

)= [ S| '

oo Y()

y*(x) cubic in xj &weight—S polylogarithm

double box is elliptic! | |
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2. Mathematical structures in planar Feynman integrals

2 .2
i3

« 9 degrees of freedom, among them u = é?’ ‘216
i,

14736

« Double-box integral is related to the 6d hexagon integral:

ID:X:C] /u dx I[j;éd(tad) .

) cubic in xj &welght 3 polylogarithm

double box is elliptic! : :

« From an elliptic symbol bootstrap:

faa(10HH]) = 3 1T o0 @ [ g Ry (o) — (u o0)

1<J [Morales, AS, Wilhelm, Yang, Zhang ‘22]
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2. Mathematical structures in planar Feynman integrals
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« 13 degrees of freedom

2. Mathematical structures in planar Feynman integrals

« 17 degrees of freedom
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« 13 degrees of freedom

« Relation to hexagon integral: [As, Wilhelm, Zhang 24]

2. Mathematical structures in planar Feynman integrals

« 17 degrees of freedom

IR H] = ZO“Z [ G

U—xT
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« 13 degrees of freedom

« Relation to hexagon integral: [As, Wilhelm, Zhang 24]

2. Mathematical structures in planar Feynman integrals

« 17 degrees of freedom

T[] - z:cvz: oo A,

U—xT
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« 13 degrees of freedom

« Relation to hexagon integral: [As, Wilhelm, Zhang 24]

2. Mathematical structures in planar Feynman integrals

« 17 degrees of freedom

IR H] = ZO“Z [ G

U—xT
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« 13 degrees of freedom

« Relation to hexagon integral: [As, Wilhelm, Zhang 24]

2. Mathematical structures in planar Feynman integrals

« 17 degrees of freedom

T[] - chz: oo A,

U—xT
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2. Mathematical structures in planar Feynman integrals

« 13 degrees of freedom « 17 degrees of freedom

« Relation to hexagon integral: [As, Wilhelm, Zhang 24]

T[] - chz: oo A,

U—xT

« 4 elliptic curves
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2. Mathematical structures in planar Feynman integrals

« 13 degrees of freedom « 17 degrees of freedom

« Relation to hexagon integral: [As, Wilhelm, Zhang 24]

IR H] = ZO“Z [ G

U—xT

« 4 elliptic curves
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2. Mathematical structures in planar Feynman integrals

« 13 degrees of freedom « 17 degrees of freedom

« Relation to hexagon integral: [As, wilhelm, Zhang ‘24]
o dx yz (6a)
IR =Y C Z/ B 1.

« 4 elliptic curves

. Relation to hexagon integral: [as, wilhelm, Zhang 24]

elliptic/algebraic 6a)

I Zl f (mtegration kerne]),j‘_r [jéq {i.j}e
i, z
1< J

« 16 elliptic curves

U—xT U—T
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2. Mathematical structures in planar Feynman integrals

« 13 degrees of freedom « 17 degrees of freedom

« Relation to hexagon integral' [AS, Wilhelm, Zhang ‘24]
ag dCU y'l/ (Gd)
IRH] =3¢ z [ R

« 4 elliptic curves

. Relation to hexagon integral: [as, wilhelm, Zhang 24]

elliptic/algebraic 6a)

I Zl / (mtegration kerne]),f [jéq {i.j}e
0] z
’L<J

« 16 elliptic curves

U—xT U—T

- Elliptic symbol: | A, (I [%:td (c)) 2. ZID:G (ikye® [(—1)’%1{j — Z)y(af;) log Rfj (.58)—|—(i<—>j<—>k)]—(u — 00)

[AS, Wilhelm, Zhang 24]
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3. Conclusions & open questions

1
a
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3. Conclusions & open questions

one-fold elliptic
integrals over
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3. Conclusions & open questions

integrals over integral over

| |
1-loop I 2-loop I 3-loop
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
: one-fold elliptic : two-fold
| |
| |
| |
| |
| |
| |
1 1
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3. Conclusions & open questions

two-fold
integral over

one-fold elliptic
integrals over
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3. Conclusions & open questions

1-loop : 2-loop : 3-loop n-loop
| |
| | |
| | | jiit
I I .
' ' | | ' I I ‘ :
I I l
: : eo0e0 :
| | |
I I I
| | \ I
' one-fold elliptic | two-fold ?
I integrals over | integral over I
I I I
| l |
| I |
I I l
I I |
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3. Conclusions & open questions

What is the n-loop perturbative structure of Feynman integrals in planar \' = 4 SYM theory?

1-loop I 2-loop : 3-loop n-loop
| |
| I |
| | | jiit
| | :
| l |
: : XX : XX
| I |
| I |
! ! \ ! T
' one-fold elliptic | two-fold ? ?
I integrals over | integral over I
| I |
| | !
| I |
| l |
I I |
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3. Conclusions & open questions

What is the n-loop perturbative structure of Feynman integrals in planar \' = 4 SYM theory?
1-loop 2- loop 3-loop n-loop

H mmmﬁtﬁﬁ

- n-gon integrals as building blocks?

« connection to hyperbolic geometry?
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What is the n-loop perturbative structure of Feynman integrals in planar \' = 4 SYM theory?
1-loop 2- loop 3-loop n-loop

H mmmﬁ@tﬁﬁ

- n-gon integrals as building blocks?
« connection to hyperbolic geometry?

 signature of integrability of the underlying theory?
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3. Conclusions & open questions

What is the n-loop perturbative structure of Feynman integrals in planar \' = 4 SYM theory?
1-loop 2- loop 3-loop n-loop

H mmmﬁi@iﬁﬁ

- n-gon integrals as building blocks? « insights from symbol structure?
« connection to hyperbolic geometry? « connection to enumerative geometry?

 signature of integrability of the underlying theory?
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3. Conclusions & open questions

What is the n-loop perturbative structure of Feynman integrals in planar \' = 4 SYM theory?
1-loop 2- loop 3-loop n-loop

H mmmﬁi@iﬁﬁ

- n-gon integrals as building blocks? « insights from symbol structure?

« connection to hyperbolic geometry? « connection to enumerative geometry?

- signature of integrability of the underlying theory? Thank
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