4

H’ \S roﬁsiu{ Jﬂs weile V,A ><"=3,AX"+F}/‘;\>@ comf«me({rs o{ cov.olir}w(;hc

Talci a gﬁf‘-ue;\%o«l -(Le(‘lv\ w:u),*&('\ p V,uwy ixy:.{?/* Wy + ﬁ;{, «h%lx’/
"12}“)/: —l (Sl/l.oul ‘H\f? by uf’fﬂj V}A <0)AV;\) = 9,4<W4va) 7

®VPF - 9(‘€ s acts on scalors  as {?ar‘l:h(cleriw4‘{ves.

@ N commeles wilh cordmetios T T p = (VT 50

Cova“'a.c‘ Jw’zm{tve acks on a j@naa( (k,ﬁ) Lensor h\#e]@o((Oang way

|

P Hy Pibe.... Hie
T V... Vg .-:-_90-'[ ViV Vg +I"m T F v(%,_yl—{‘rl:—} TH’ "'1*/:)4,.11[—1'...

<1 2 Me

[:v, W A% - VY ‘[—;32 Tf’ff‘i’ w\g);’z\....w"( ———
E’)(_‘: FoC Q ({,’U 1[7(1\58( T v'(! -l; PE‘___ g}ﬂj—t r;:oq, TJ" [;K: TU{)
TmaxS@o\rMA‘([ad\ (a.w; V,‘,VWCM ?.5;11 V/‘* \/0k
Weite LHS of the above =4N. Lj using JA%(A;{‘FW\, , »
) Uy V=2 P [l YN n apply 0V = e 2 Y

) EX{’GAA LHS by wing Ql&fl‘f\?'f[@ﬂ
Everciie: S[/mw» ‘\‘lm,{l‘ C/\M\m“oﬁc‘cl 37/%0[‘5 q{pn’% +ro\n$(’arm o ’/‘64\:0!3

Qg%l A‘t_lklon: W< M dhe vector fle LL Cle\l ined by XY-YX wid
CXYY, dhak is DX (= XOUR) = YOG and <ol it Hhe
Lie Lrowkcjr a{ X Mc[ Y L{e ﬂ)f&(&!?} iceft\es o maf
[, 1. C(TH), C°(TH)—C (TH)
Tabe o chart coordirade  and X=XJ‘9,4 - Y=Y Ahen we have
[XYT= OF = ¥E9.XC )3, = X9 Y74 - ¥F9,X79,

~,

N
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_Deﬁ]m‘\oa Fof‘ eacl c»n&ec)r(Om VOh M we Je.(me. '(L.& ﬂgv‘.ﬁom
44340401{-91 ‘{'D Vs e Jensi 7 € C(TM@/\ TKM) (2,1) {ensor log

TUGY) = G V- X=X, 1]
Al’ eacly OtML f€ U T(X/Y) 15 a bilinear ]ﬁuna‘wn 7,3 x']}M'* M
T, v) (Y 4T Ve =Y (X 4Ty X e,
- (7( 9 Yo - \/« gqxc)ec
XS e VXIS e = XQYL(F:L V“;)ec
/Lm [V C‘jd H/\L 'l’\‘WSIOn 1Lu\for (n lom( Coorchm‘le_s
T /Tag, dx @ dx"® ) = (Fab ’qu><lxq®rix & dc
A corw\ec‘{zon V [ squtnc iof is J(orslm Vansshes TJ\?A"I‘(CQ( 4
V X-V, Y=LX, Y (orston-free cml?%?om?
Mo sy taak ¥ 15 compabble withmekrie 4 1f
FMAAGW%M Thesem of Liemannian Geametry
ek (M,OJ) he a Rienamian manipell. There exls a unique finear connection
Ve U J“vi- % CM{)«féWe with 9 ard —-l-urs’to(\e-{’f&e.
*_P;@%_ We |ave Awe conditions 81\,@(1 1) mettic @MfNLrbl/I{‘J/ ) Torstan-free.
Let's use {hem. v‘o G =0 < X(q (Yﬁ))aa(vx‘/,Z)Jfg(‘f/VxZ)
Take X% , Y23, 229 % g()=q (T3, 39)4 4 (%, Ty 35)
= % Qo= Cere o+ Ffi/ Ir = 9 Gpv - F{’l Dy~ rfl Jen=0

Up gy =0

) _ £ I

G) X(Gs (Yﬂ))— ! (VX \/7 2)+3 (\I/ VXZ) Use +w§ on {.‘r% Ooﬂlu‘\or\
Y(q(2)0)=q @z X)+3(2, %X) U Xm BY=TK, 1], also 918

@ 2 (q (%)= q (WX, )+ 4 (€, T,Y) imacksic

X(3(%2))+ Y(g (2,)-2 (1(x,v)) 29 (%4, 2)+ 9 (Lt 2)- 5 (V21K (2] A)

(e
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q (W% 2)=q(1,11,2)-4 (€Y,21X)+q([2,X3,1)-X(3(%72)) =Y (9 (2,X) + Z(4(Y) .
i equa“\"\ov\ $ yalid f.o( oL\l V\QCJW[ @MS X /Y/Z ‘ ©
(Vx‘f 2)= (040 - 4 (T2 )+ q (2 X0Y)-X (3 (%2)) ~Y(g(2,X))+ Z(q(¢Y)
NOW MS qssume j"’“* Hore's anolner conection  sakisfying this epsion,
Subteact (2) frofv\ ()
24 (V-1Y,2)-0 = V- Y-0 = V= V m.
Exerciser Oblain Ckﬁsjtb{f&( symlool in feens of mettic. lse \pGy=0
Vp Jwv= 96’ ch rgw fm r'(’v 9/4) 0 (C‘;jdk_ the Incflczs )9-9/4*9)/""[3)

FN . (gﬂ e+ 9pr— 9 ‘M)

Dqgmhon LaJc (M,Q) be a Riemanaian /kufa[c/, and Jet U le any conection
on M. Fo“owf,mj eclud-fion oLQ,(ZIM/S a ma(f) K: ¥(M>x %(M)* XW)—;X(M)
R(X,¥)Z= vﬂv 7 -\ Z- ’Vmﬂz foe al XN,Z € X(M).

index nedation R A,“ =% l"m -3 l—d+ ﬂ:; Fﬁm ?'[';n
|dea JV’ov derivation of Riemaan cur\ralcure 4605or
| Paealled +rms?or+ avechr V als path A-B-C

cwu/#uan aLOAg '0“#1 A D-C Tk&'\ "ﬂh
{he diprerence of Hese two transpe red vectors.

Co A-lovx l
UN= g v vro o (Condbonfr ekl
= ,\_/_-— FN
" atda

[kegradiog i+ fomn A b B: VU(B)- V()= f‘*“gv 44-.f Vi !

Compzﬁf& 4"/\1, O'H,w,r b?m%5 and wrile SV =V (C)‘,M—\/"((C
Sy SqSL[l—Cff_— _[;,_ A I | V¥
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R A X V A YV A
Krlu:l[:fﬂ—- %“ + F}M sz, "r}n R,,,

N
We. COAX{JU@A Oﬂ\‘(j X/'/ )(z‘ owrcI.S L«:" —(—tﬂj can be ?/M&Mﬂ%d
o XF X ?m\u‘o/{ coords and olfaia Y gnem £rem o

R A x V YV A
Rpop = L - 2 Uy T =T T3

Some. }oro'mrjries of Riemann tensor
{ Aot symmetrey in the last dwo indices Ry =-REy,
2, Anh-fgmwjrrj i the {f\rsjr fwo ndices ({’0\' the f«“g covariant ]Oorm)
P\p(rw-—— - Ro'fw
3. Keo‘ﬂverppvq‘ -tvav‘p:O (45{ B{cmcki lelem@
b WReep + Vp Reapw + U Rpppo =0 (2nd Biarchi Uentity)
5. Gortractions:  PRicci tensor 1¢ oblained by comtracvlfry the. fivst and Hhied
indices of the Biemonn Lensor RW: Rﬂ oW = j"Pg < KO;A,W

i) Nicei scalac (scalar curvalure) is the trace of the Kici Yensor.

R = g"v Ry

6 l\ﬂ Riemann densor i&mjcicaug vanishes e—vezfgwkue (Kﬂ,—r\):())
on the Mﬂl\ifou , the vv\am‘%ou s {:Lal" (Euelidean or Minkowsk s?ace).
&‘N:O cond ion alone doespt 1MV[3 {?Hness of the ﬂmi{ﬁolcl.

le R unsishes the momigold Vs called Ricei~plat
7. On on n-dimensiondl Manigou, e Riemann fensor has n=(F-1)
irdet)enien{ Comlf)onurls due to s Sgtmmd—rfes. 12
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d, GeoJCS[a c[ovia—f-lom e‘lM‘l"Ton: TLA K[cmqan ‘anSDF Joverns H'LC 3cacl<§ic
Jeviation eo[ua%ion, w[a(cl« Je,scribcs how nearby 360468503 (fm%s of freeij
JY‘au‘u\g) ?«C‘kicles) an%e_ of” «:livet'gs cluz ‘{'o aqrvmlure,

T

W\/\Me« ‘;f ES M S”?,Pmra'HOI\ vec%or be-\-q\)llem 3&0&25'1'05 Tis 'H'" Prqua ‘\-tme
and U= 2 75 dhe fous-velocty of the object.
2T

{st Bianch: '&A-I—TB:
R(X)\//)Z t+ K(Y,Z) X + R (Z,X)\/_:O
Recall the Riemann curvatuce definiton,
ROGNZ =YW Z -KWW2-VuyZ  opply Wis do dhe above equation

Vi Vy 2 'V‘/ Va2 + Ny % X - Vo Vy X+, Y - 7=V 2 “Vorg*~ Vi Y

LY, 2] (23 (%]
= VX (V\/Z ~vzy)"vf_y’z__]x + V\/(sz _V)(Z)'VEZ’XI\/+V2(V)(Y'VYX)"VD<I)IJZ

- 9 0921 - VX + B L0 -W Yt o =S Z,
7 £ —
= 00,2 0, 02Xl (2,00, 7020 (Jaceki identily)
[V, 0V, 200 = X (f2-2.Y)-(V.2-2.Y).X

surh X 2 =X =Y K« 2K

W 1Y (2,0) Yo 2K =Y XaZ — 2 XY 1 X2TT

[Z, CX,YJ] = ZeXoy—M'_M‘FM ]
o> Lz + Ly texy + 12,16Y1) =0 identily
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E\(\S‘t‘&(\ F'e‘i {;qm%\ons wa#\ CQTMOZO‘?TCQI 00/]3461/!" s 9!06!1
R,«V—J—wa +N\gpy = 151,;— T (RHS=0 {or vacuum Soldions )

Eiastein teasof is Jaf“\(\ecl as Quy= va -i—ﬁg,w

\Q You use contracked serond Biancl lcb—(\l-f“j You wil ﬁell’

VF Gp=0
This guomr\{e&s the Locad Gof\seﬂm%wn of energy and momentum.
Voctium EFE s cun be wsed o Aﬁgf\e Einslein man; fo c/S (fm/VLn)

>/ Rp-LRgu g =0  (appy 9) 'af‘ v=r |
R——&Y\-\-/\nr—o@ RGQA) =M= R=Z0 A

RI“”' - /\%‘N*/\%’N D =2 R'N"‘ nz 3"\/'\[9\3“\)
(Obvinasly X is constont).
Deginitions An Einshein wwnL(loH s a (pseudo) Riemannion manifo 4 (N,g}
whose Ricei curvadue Jensor s Propor%’onco( +o s medric tensor
Ric:‘?\a of szﬁﬁr\y 2 ER
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