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“- Joes er- ahalnge. L.Lﬂa]er ok C.oofr:\-mﬂjfe -l-ranSFof‘ma-l‘lan The Je}ermmrrl-t{’ an N xn

N\CLJtPLx M oln be. meen ’orj usLng LQVL- C-N\{ﬂ s'-jmbo‘ al
(EK Ve.r\-fj Hhis fﬁ‘ ) 1»4-1-)

NI’l Pe. - MA IM["NI’*PL - Ha Mﬁ;‘«f MHZ MHR (2.5)
Now ip we set M 3/ 0 (1.5) and wse dre pact kB0 s Hhe tnverse

mactriX of M#’ we get Fhe {oﬂowmg
e At axfr o axbn (2.6
x| P B SR S e )

He.nca, e Lw’l-C'w'{Jm Sijo[ JrranS.ParMS i a sie lar wa:] JrD the 4%01' Mns.[:nfmcdﬂon
law (2.3) with the odditiond determinant cezﬁztdemlr.%jec{s transforming n s
vuot3 are caL 3c[ as -_r(E’_.n,S‘aI cl_mgd-'ias. More Precise Y, danar o[ensi{-g :;{3 wa:sbr{- w

J-r-atns{:or-ms umlcr Qa 3ene.ra1 coorclmdk-{-e -Pransf-‘or‘mwhon xh—axH s
oy Xy ...

f}*:#a 'ax'] wr axte P T]
= oW 2X . 2 .
Vt - ] CRAN 2 S wh e P (2 :D

M’ < M=

Exercise; For a 3©n©ra’ 3‘30!06 WT‘U/\ anrol“macLes z" qro( a m@'lrrc —)(%‘or .jW
‘HLQ [:1\6 e’emenl- (JSZ b 3;‘/‘@'\ as O’SZ':; 3I5yc])(ﬂelxv. SLOW ‘HI41L 'H’L@ /&ﬂ@ eémerr(
{9 is wvariont under genem coordinale ‘Huns{lor modion.

Meloic depsor transforms o5 G = ?;i 5}2:% 9o
taking Jeterminant of both sides we ge£
|91 = «;‘{ gl (23)

Thus, we shserve that mefric deferminant +ranstorns os a sedar Jex\sﬂf, of
weight ~2. Also  sgerding fo (2.L) Lavi- Civibn Syml:of is o (0,2) fensor Jaﬁr@
of weight +1. However, we generally prefler wocking with densets rodfer than
dovsities and it 15 Possd)le to tonvert densities o fensors [39 muH‘iPl\Lﬂ;\ﬁ lg?wz
Then we can write the Lovi-Civita Yensor as

B b= V19 By (L)
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For a -’-61\99( cJensﬂ-ﬂ -V of' we':gH W one can wri-!e-“lz ,lﬂo/Aw?vg

‘V using (2-?7
(@)W’T:Mz---rn it axh ™ NE’JT)

Whe Vi S BT o et g
(which obviusty rassgorms as a densor)

Diserential Topms

A p-form isa fokally skew-symmetric comsiant fensor of ravk .

Led A9 be te set op p-forms at X and Lod C7C/) e e space of Smath
p-porms. N (X is a veckor spoce and has a basis:

§Jx“‘u dx" ... ,\Jxm’% ) Ly L L

w vTIP{Pz....Pn
0}@ Tm

where olxm,‘ o\xmA .. AJXM';:_ Al sum o even permd:a-‘rions of ... @JK"‘?J
P'. = Sum o odd permal-ajrions of Jx'“b_, odd"?

itis called wedge produck. For example, deadym 4 dxody - dydk. (dendy adindd)
A 20~ Porm i O Qm@&:fon and 4 I-poren s covariont veelor (a5 merdioned eaplies)

Suppose € N oand e A and depine 1= <1‘7721“‘/1P) with i< <<
Te Citydn,e-rdq) with H<in € - < Jo. Maceover, indroduce = dxadi. adX®

Then we can wrike - .
i = »g—roci(fl... EP dx ‘AAxlzl\.-nl\AxtF: —:Ioﬁ 01?(1

= ’%T Bt g It it adx :.%[_EJ >

HEIICE_, (o(NP) c A?‘\'o\ cmA

(64 AB‘: —4——— oci(tl..- Ep %'1()1__,3({ clxt‘,\é')(‘it/\.-, A(:l')(l?l(clxj‘,\ész/\.-- /\A')('h

pl !

TR
LA @ = (“ﬂFq FAO( CCLQ_C& Il— ‘o‘j USTIQ the Siw,n cl,&fi(\i %?ol\s alowv,)

Com"arul: AKX =) 10 o ¢ O Dorm o M,[ floarpﬁ
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Ore can build Hi Qoﬂowing Lalle Lor the veckor Sflaces 6 Lotms Jéor a 3-dim ronigold.

vecky Space  p-Rocm _basis_ dimA
A e KR 1
I\ Wy e i d’ 3
N W Bixdd Jx’AJx’,e[xin‘g 3
/% Wa ﬂxﬂdxﬁ ngz {
Mere generaly, we hove dion A = (S):@;—;‘F‘ dim AT (nadinM).

PTOP osi‘\‘f%"’,. LC{' /\k = Aa@ /\4@ /\L@ o @Aﬂ !;e He S pace C!onSis{‘ing of Jormd of a((
Aegrees Tkﬁ\/\ dim /\*:Qn .
A* s c(osecl (L(\clex waclge 9?&1(&0\: ard tis a gl‘qq\@i Q[Sefu)fa o Oar'lﬂﬂ% Q)('(U\ior al %ra.
De{:ine an o?e\‘a{or J N ca“el exterior olec‘wa\-'we, which maps p-forms 4o

| - .
CP‘H)-%H\MSI J: AP — /\,P* . For o L“‘F‘OFM £=éj~ Fi‘fz.,.ikolxuh. ..CJK'k

de.—_L P dxin dxt, ' € /\M
k! gxl

Suppese o € r, pe R and ,be R Then d sebisgies the go lowing properties.

1, d (ac b [:) = o(de) <L (dp)

92.d (o( I\P.): (JD(AF.)—& ("’Ok (O(AAP) >>S\ww theose as an &Xercie.

3. 4 (do) =0 (nﬂfaoicen%)

We soy o Pform W is closed if dw=0, and exact i W= dx Por Saime.

(p~0- form ot. A vector space of closed p-forms on a mfou 5 denrted by 2
and veckoc space op eyact forws 1 denched by B'CM), Degine arcthes vechr space
corsisting of eemenks called cobomalogy classes, as the closed ot tvodulo 4he exack-fsvs.

HMM):M Two elosed Porms clqme He same co}vom[()gg ckiss
BP(M) LF 'H'lzﬂ Jje{?e,r bxj on ?_xac"{“ 906‘ M.
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EX: ws= 133 Ix +x~2614'o Check it w is closed and/or exack’
Recall Bt din A'=dim A0 There s indeed aolmh’ﬁj between these spaces,
o isomerphism  atven by HoJﬂe % ofexa{-\on such thod

ke A AT I acks on peporms i He pollcteg
Toke o= Loy diadi™a. ,\Ax“’

P iy -p :
- 'P"‘
" Pf(n—?)\ oy & et .. ln e -

V\)qﬂ({g/ g}" e it %‘P\i?

bt tn =9 ‘M)) (ra'nsa the ndices l"j Mi‘&)

» % X = (’DHP L ) 5 the aambes o'T" mnes S\Qns in -ume.
eiqenvalues of He mekric .

Eju--Jp ot~

Exmple-. Consider o(:o(xelx+¢343+o<£c\1 in B il ccordinakes (xy,2)
sl = oy dyadds + oy dzdx+ oy dxady
xl= dxadgads | x(drndyedz) =1, v (dxadyl da
lokerion product (or contrasted mulbiplicatton) is deginel as an epersdor activg
on poporms such ot iy 1 AP > A i« veddor el X € TOM) g £
ok %mkoa iy £=0, Fo«r o g@wem«{ p-forr we have
Ix W X Wyp g AXP X

For a (—.porm-. ixwszXFEw(X)
L-Lormn: ?xwziﬁ wps (K dx? =XV d o)
Applying spertor f)vocluo‘" futce o a 2-Lorm
ok we L gy By (s d0) L (7Y =77 XC)
= W X2 w(X,Y)

Lecture2 Page 6



1
Rl AN LU G@me-ﬁg

Depintion 31 Lot Mbe an mdim. smeoth menipold. For any open subsel <,

an no%«p[a of Vector {l‘ae!JS (X, Xo) over U is cdled a Lrave over U ip ond

oy 1 (X (p),.., Xnlp) is a basis op the dment space oM, pur euery

P el f{l U= M Hhen the X are globa( sections and ()(/,,_.,)(n> is calex/a

prame o Y.

_Qeg_?nfhom 32-. Given o smuoth ndinm, wmni{,’o{c[ M, a Riemannian medrie an M Cor TM]

is o pamily of tner products <<'}'>P)P€-M on eady tangent space ToM, such that

<, Japemls SﬂOOH‘l[ﬂ on p, which means dhat for every chart 2 Uy - , for
every prame (X,,...,Xpa) on Uy, Hhe maps p> <X;(p),)(5(f)2,t> e Ux
{£ij4n o smoth. A smestls wmi@u K with o Riewanian meksic is called

a Ki@m&um an w\m\z]u [cL

(A Riemannian metric is a family of smoothly varying inner products on the tangent spaces of a smooth manifold.)

A Riemanian webric 9 1s a tensor gield of -Lwe 02) on M with the subsequent
preperties at each ?o“m—& pEM (gr: fI;MxF(}M“*lR)

1) 9 (4, Y)= 9 (V,X)  (syrmedeic)

i) 9p (X,X) 2.0 equaltby only for X=O  (pusitive. definite)
it wstead b i) we have

(8 g (X, N=0 VXM = Y=0  (non-degenerale)

Then He medric %p s caled os Pseuclo— Riemannian medtic. For 4his
-que of wetric g (X, %) can be ?osl-\%ve, ueﬁo:(ﬁve of 2ero flor VOR-2r0 vectors,

Sﬁﬁnocl*u?@ 0,(1 o P;eucLJ—R‘.ewmm'ian Mb{‘r'[c s 373.4 (,7,<(> wlw,re P Is«lhenuwber
GF Vogﬁ—]va e/tgcnvqbkes ) aNl 9 R ‘!‘M NWCfof AC?‘Z{‘?V‘? ef{]e"'\/J‘@-
0[:0 = KI@MAI::GM S ) (f,lﬂza,ﬂ"ﬁOf[/l-//()—*—‘bLofelT[‘Zfaﬂ md-rfc
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The mebric 5 bilinear in its arquments. (recall 4he properties of Jenhs)

e o) o=, 0= q(X02, 12 ) 2g,, XY

The isomorphism between vecturs and forms is provided by the mebric
5? —-,)E,; = (3’“))(')2) Olk'& ) )( xﬂ 'g —(g’m >’6X”
5(%,Y)= S0Y) =X et Y x,4 S V=KL g XYF
Hoee , we taise and fowes Ho indices &{2 geaem)( tensors by using the metric
Lensor. Bor example , consider a mixed tensor T%) - 3/ "oy
TLua D i qul (or Le:\g-w\) o.Q Qv&Oth X GTP (s q!gla;‘,wﬁ Ly
”K ?(X-,X)- ﬂyX}‘X
A[So, H\a in@in‘r@egzw‘af J‘ stance sgual Cc;( (Zme eémemt) is oéala/mee’ by i‘nﬁem[mg
Yhe inpivitesinal displacement dxt 9/oxt o the metric
bt g(dea 42 o2, 24 dm g e
(aten Mis 35 called o mebpic, bk Hhat's cob corect!)
LeJr ( M ,37 loe d pwJo)R\emmman mamf‘olcl, the Jug(eommy\nbm {-";M—eM s an
isorvehg !F i F?eser\/es the medric - f"%{’m‘-‘-ﬂf which means
Py (2X, 5= 95X Y) for X, 1 €M
{n Cooréma{'(’_ tanguocbe X 1§ Yhe Coofdinate 01% P ond ol Q_(P) we have
Y (@Mu,,i_ Iy ).
[somet eies (—@rw\ Q group, cot\le,l H\e \somc+r3 3r°u@) pres ving the disfance befuen
FO“\‘\'S Fgr Qﬁaw\r ; we have “AL \SON\E&‘(‘% Q—Or (R . (ATA—]_)
03> Axsb with A €0(m) be R -

\SON\Q’kFQ 31‘0‘4? 0% fﬂ\ [y fe_fl‘e.SCr\JCeA b‘j ‘So(kn):OCﬂ)iQ%~J£& ?I\OJML-(-

\_( q\So oc\w"a{*wv\s o e PTQSQFV?A then lw(R) SO((I)D([Kh

(Check the last page for extra explanation)
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Let M be a smevin momieolcl. A connection an Mis a R-bilinear Map
V: XMy M = EM)
where we wyite VX)/ el V(X,y) such -“\ctjr the fol[owmﬁ conditions hold.
1) V\OXYZ {:Vx\/
0 V4 @) =X@)Y+ p V&Y,
por all XY € X(M) ol all p € C (M), Theeehr pield &Y s
called Y covariant decivative of Y wibh regpeck o X.
 et's ansider a local frame i%@"" ’%3‘} on Ue M,We Wﬂw relation

k L Xyp
Ty 2= T B o Verersl o (=%
-G\a( Sone un'wlue, Srvon/\ %\W\C‘l’ior\s F(.: Je,f-fr\ecl )\ u) CO(”CC( ‘H’w
U/wisscoged S‘QM\MS

ﬂ x C@MQC—H " Pgrwx'\{s 'lﬂwg)u\\’ wec. Fiﬁ[clS to be i\“#a@&idec‘
J asS ~LF H«zg] wese «(lMI‘C{";MS °n M awdh values %‘n(ecl
Vea(-ers .
¥ A Coaf:z'wm en A MQI\%’O(J c:[ogS‘ﬂO_{ assame ‘U\a‘/‘ #‘-@

lthni,ﬁ’o(a[ 1€ equz'opeal wf{ﬁh o Riemannian metric. /S(m/q/g)
'*H' iy an 0!4,/'6 a‘f en o SM/M")U' ""lfol wlﬁcln Cot\ﬂQC?Lf "lzarxf/wz

f_@,gggvug s oot mwmfou M prssesses 4 Cmnacjcion,yfa&
(Sea I M (e , Wdroduction o Suodin Mmi@tb)

ek s ke dwo vecke gk 4 Y € F(U) guen nlerms eLlocal

frme o X=X et , \/z\/‘i.e:\. ‘/AW“U?"

V¥= G Cfleg) (X1 s KV, 05 = XPepn X0 e,
= X Pe o XY F&J e, = (XY +X3‘/5F"67ek
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H’ \S roﬁsiu{ Jﬂs weile V,A ><"=3,AX"+F}/‘;\>@ comf«me({rs o{ Oov.olir}w(m
Talci a c(’u{‘-ue;\%o«l -(Le(‘lv\ w:u),*&(r p V,uwy ixy:.{?/* Wy + ﬁ;, qu)ol)(V
"12%0/: —l (Sl/l.oul ‘H\f? by uf’fﬂg V}A <0)AV;\) = 9,4<W4va) )
®VMQ - 9(‘€ s acts on scalors  as Facr%h( derivatives.
® U commeles wilh cndetions T p = (VT a0
COVQJ‘(OI&‘{' Jw’zm{tve acks on a j@naa( (k,ﬂ) Lensor in#e]ea((owing way

P Hye Pile .. Hie
/J( 2 2. M a ...
70“ 7 Vp-- Ve =90-‘-[ VYo .. Vg 'f‘rlm T F v(w,l,_.,_vl'f‘rlqﬁ—:\i TH’ "3:)4,:1)[4-...

el 2. Me 2 o Me
[:‘V, W A% - VY ‘[;”2 TW? V2. .Yy S
e
’E’)(_‘: Fo(‘ ' ({/“ {7(4\58( T v'u.[;();: QATI/P—-} r;:oq, TJ" [;y TU-(-)
TmaxS@o\rMA‘([&d\ (aw; V,‘,VWCM Zﬁ Vf“ \/0k

4 ]ﬂ kM 0 4412 |
Weite LHS "{"H\!L alpove =gn. L:j using il ?On, ’
Ty < G g1 g 383
) EX{’QAA LHS by WTNg Ql@fl‘f\?'f[@ﬂ

Everciie: S[fmw ‘H/\od' C\M\i?‘oﬁ&‘cl Symbd‘ﬁ G{:n’% +I‘o\n$farm o —Le«;or:;

o

X
far\/

S ei- disech Fi‘oluc{' O(n) < R” re,glet{s Hhe _ng— Hat taslatbions and Df"("myot\ﬂt
{-\—ansfama{-ior\s do not commute. Grouf elemenis ore ordesed pauies (A, b) where
A €0(n) and b eR". The qroup oiaera-\-'«on is aieJ‘l'meeLaS:

(Aq;l"l) 0 (A‘}_ 1L’2.) = (‘A‘IA‘“ l’d‘l‘Albz.)
For 023 : (50 (B dim lso( B)=(din 009+ (dim E) = 343

Apmchca[ (ofrwft'ﬂ for uol»ye 5‘{'&\( -
o axx= <o a>dVoly , dlbly: Volume forn,
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