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Superconductivity:

Serendipitous discovery Many instances

e ‘Conventional’: Hg, Pb, Nb3Sn, MgB?2...
Heike Kamerlingh-Onnes Unconventional -conventional: A3Ceo;
1911-12 LaHio

e Heavy fermion
e Organic: BEDT...
° e
e Copper-Oxide 2
LJ (3 g‘
e [Iron-pnictide :
e 3He
e Condensed atomic gasses
e Neutron Stars
e High density nuclear matter
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Superconductivity in practice

High field magnets Precision measurement

MRI Scanner Cutaway

Superconducting Qubits

Dreams: loss-free

o Powering cities with
power transmission

minimal thermal load
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Three needs

High Transition temperature

High Critical Current

MRI Scanner Cutaway

‘Protected’
Excitations

?What materials support these behaviors?
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Where are we?

a history of the increase in T,

H>S

2012 The longest silence
HgBa,Ca,Cu;0; ~164 K Hg1223
(high pressure) highest since 1993
e o already 19 years gap
y HgBa,Ca,Cu,0, ’
s | 1973 Nb,Ge (23 K)

® T1.Ba,Ch,Cu,0, 1986 La-Ba-Cu-O (30 K)

Q ‘Bieﬂzcaz Usl/, 13 years gap
— 100 YBa.Cu;0,.; @
= 2LUs07-5 | FeSe/STO

smFeAsO,
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Theory

Superconductivity is

based on pairin .
P 5 Pairing => order parameter

singlet r r
c C AR) = [dr D, (r) <ca <R + E) ¢ <R = E>>

e “Pair wave function” D encodes symmetry of
pairing state

e AR) =™ |A(R)| has magnitude, phase and
may depend on internal spin/orbital indices

e Order parameter non-classical: sc state is
coherent superposition of states of different
particle number. [0, N] £ (0

triplet

e Long ranged superconducting order implies non-zero ‘phase

stiffness’ pg: term in free energy F = E ps( VH)2 X~ FLATIRON
Columbia
Copyright A. J. Millis 2025 University



Theory: Status

e QQualitative properties understood
e Symmetries classified
¢ Elementary excitations determined

® Open questions
® Mechanism: “what causes that”
e Transition temperature: “how big can it be”
e Phase stiffness: “how tough is the superconductor?”

TTTTTTTTT
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superconductors:
BCS/Migdal-Eliashberg Theory

Where are we?

a history of the increase in T,

PUE T e e Pairing of electrons via exchange

HgBa;Ca};Cu;O; 1 ~164 K Hg1223
(high pressure) | highest since 1993

e ciianal Of lattice vibrations (“phonons”)

i 1973 Nbs6e (23 K)
® T1,Ba,Ch,Cu;0, 1986 La-Ba-Cu-0 (30 K)

iBa.Calu A 13 years gap

)CyO, .NdF AO F e ? I\ "

\
. b, (Al /// // ////// /"* rnf’n(;f'p
Vear aired Electrons \ 7/?//2/ \
— /

* I\| Py
|

|
Key fact: in conventional metals, phonons are much slower than electrons:

Typical phonon frequency g,y < typical electron energy Eg

=>

Controlled ‘Migdal-Eliashberg’ theory [@] FLATIRON
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BCS/Migdal-Eliashberg Theory

Scalapino, Schreiffer, Wilkins PR148 263 (1966)

q q

Electron-electron interaction m
Treated as an instantaneous repuls1

electron -phonon interaction.

Treated dynamically.
Z(p,iwn)=—~ Z 73G (' iwon )73
p’n’
X(E (030 "Dr(p—P), iwa— i)
/ +V(p—p')}
[@] FLATIRON

Defines electron-phonon coupling A
Columbia
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How do we know this is right?
McMillan and Rowell, PRL 14 108 1965

gap function A(w) has real and imaginary parts
with structure related to phonon frequencies

McMillan and Rowell
Scalapino, Schreiffer, Wilkins PRL 14 108 1965 Rowell, McMillan and Feldman
PR148 263 (1966) PR 178 897 1969

>
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Implications

Tc increase ‘self limited’:
increasing 4 increases

e ’S-wave’: A has point symmetry of material electron mass: cuts off Tc
e Transition temperature:

Tc = wDebyee ’

Fundamental limit:
Phonon frequency

200K
superconductivity in
H3S, LaH10,...

Small mass of H means
high frequency

Copyright A. J. Millis 2025
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Electron-electron
interaction bad

Increasing coupling increases Tc

125 150 175 200 225 250 275

b 260

250 -

240 =

Critical temperature (K)

210 -

200 -

190 |-

230 -

220 |-

C2/m Fm-3m

138 GPa
annealed at ~1500 K

[@] FLATIRON

125 150 175 200 225 250 275
Temperature (K)

— INSTITUTE
120 135 150 165 180

Pressure (GPa)

Columbia
University



Implications

e Electron mass <=> density of states
e Big mass => large coupling (good)
e But: big mass =>low p_ (bad)

O ne2 T

Normal state conductivity: o(w) =

BCS Model . m w?2+12
r=24 ;

0,.,#0,(w, T~T,) .

----- 0,,=0,(w, T€T,)

i ne’ (T
: Stiffness: pg = —f <X>
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Assumptions
From DFT
eigenstates v/ From dependen.ce of DFT
energy on atomic positions
e Electrons well described by \
(effectively non-interacting) = (p,iw,) = — 1 S 74G(p iwon)
density functional (DFT) theory: P, by TIIAD,Won )73
~ V2 + Vi [(n(r), R} v = Ew ) ,
X{E (830 "Dr(p—P), i i)

e Static approximation for electron-
electron interaction. Exact (up to

)
. Debye
corrections O ( )) and

By
neglect of anharmonicity for
phonon

Copyright A. J. Millis 2025

+V(p—p')}

“

From scattering amplitude
implied by 0 Vkg/0R,

Semiphenomenological
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I' NS TITUTE

Columbia
University



Extension: Materials Searches
High-T. hydrides at ambient pressure
(M. Marques, Super-C)

e Assumption: standard DFT+Migdal-Eliashberg works
e Database:
© ~10% band structures of compounds
o ~104detailed electron-phonon calculations
e =>train neural network to “predict” (identify) high Tc candidates
e Detailed study of candidate materials: verification of transition
temperature, material stability

. 100& High hydrogen DOS
<1 % 80 at fermi level
3. Q z e Good for high Tc
% ; 2 i e Bad for
0 10 20 30 40 50 % 01 02 03 04 thermodynamic
Te (K) E,. (eV/atom) stability

Adv Mat. 36, €2307085 2024 No room temperature-stable [@] FLATIRON

Adv. Funct. Mat. 342404043 (2024) ~ high Te compounds found
Columbia
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Relaxing the assumptions

Extending the conventional theory:

=>beyond the static Coulomb approximation; non-adiabatic phonons

Electrons not well described by (effectively
non-interacting) density functional (DFT)
theory:

Where are we?

a history of the increase in T,
The longest silence

=>Hubbard model; quantum critical pairing; | etsakrgizes
° ° ° : e ‘{ highest since 1993
dOp ed Spln llqulds : already 19 years gap

5 1973 NbsGe (23 K)
® TI.Ba.Ch.Cu,0, 1986 La-Ba-Cu-0 (30 K)
®BiBa,Cau;0, 13 Years gap
YBa,Cu;0;.; @ |

SmFeAsO, F>
.réddFeAso,_xF,

o |
MgBg LaFeAs0, 7, 30
LaFePO
1920 1940 1960 1980 2000 2026
Year
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- "‘A Dynamical Coulomb interaction in 2d materials
S L8R Yann in ’t Veldt; M. Roesner, M. Katsnelson, AJM.

e .
\ : 2D Materials 10, 045031 (2023) and to appear

* Low carrier density superconductivity (NbSe2,
MoTe2..). Can be fabricated in monolayer
form with controllable surroundings

* Soft tunable plasmon (variable ¢ and
layer number) mixes with longitudinal
phonons

Lo- Im(Wq(w)) Model system square lattice
tight binding kr=0.2, Er=2

1073 [‘] FLATIRON

I' NS TI TUTE
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One loop theory
k-dependent self energy

2D electrons, tight binding model, The physical (dynamically

approx 1/3 electron/site o screened) interaction.
. ve(q) + vp (ivn)
'(q’ zVﬂ) = LO/: . ’
102 1 — [ve(q) + vy (ivn) o (g, ivn)
Static screening
L10! S stat(, o\ _ ve(q) + vl (ivy)
f T ) = o e o (g, wn = 0)
"3‘ |
' s
-10° & Separate
: C+ph, . \ _ ve(q)
) = T o o(g, i)
10! N vk (ivy)
1 — v0 (ivn )Mlo(g, ivn)

102ty so to plasmon

0.1 0.2 0.1 0.2

Qxlks Qx/kr 'WO [‘] FL AT'RON
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Pairing strength as function of rs for different
interaction models

Here: show leading eigenvalue of gap operator at
because in 2023, getting to T=Tc is too expensive

——- No Coulomb
--+— Dynamic My, Not Mutual /,
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Dynamical Coulomb
interactions enhance Tc
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Double layers
(in preparation)
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Essential technical step: compact low rank representations

Ex: Discrete Lehmann representation
J. Kaye, O. Parcollet et. Al; CCQ/Flatiron

G(iv,) = / dw K (iv,,, w)p(w) *

K (ivn,w) "’ZK (ivm, wi)m(w).

G(ivy) ~ Z K (iVn,w1)Gi-
=1

Interpolative decomposition=> controllable accuracy
low rank representation of in terms of small number of
frequencies and basis functions.

Generalized to 3 point vertices

FLATIRON
Phys.ReV. B105, 235115 (2022) [.] INSTITUTE
Phys. Rev. B111, 035135 (2025) Columbia
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Beyond one loop approximation:
Diagrammatic Monte Carlo for extended systems

Van Houcke; Prokof’ev and Svistunov; Kozik; Rossi; Ferrero; Haule, Chen...

Evaluate Feynman Diagram
series stochastically

W
GO, q
TN g,‘“'r_"w;:‘"’ 2k AW A/(8r) (Br/(G2N))?
G,  8x/(q*h) VBN
——
- _$
=T+ §

ANANA
3 =Tr0+T;50+ g

+ § + :‘e;\:lr +
P O oF
Work in progress (Kun Chen): Coulomb

repulsion term in gap equation: standard
formula is a significant underestimate

20 02
8
5| T F B I0‘1
) y————l00
1o} —
_______ Faaa
0.5} S my ]
Copyright A. J. Millis 2025 0.0 5 1

Convergence w.r.t. order
(for uniform electron gas)

Fw 2

1.02 A
1.00 A
£ 0.98-
T 0.96
0.94 1
0.92 1

1.02 A
1.00 A
g
+ 0.98 1
g

0.96 -

Haule/Chen arXiv:20103146

[@) FLATIRON
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Beyond weak coupling:
Bipolarons revisited

-~
1 -
. ¢
] , Sous, Zhang, Berciu, Prokof’ev, Reichman, Svistunov

Polaron: self-trapped state of electron bound to lattice distortion

3 models:

Holstein: coupling to density

Peierls: coupling to hopping
via bond-length modulation

Bond-Peierls: coupling to
hopping via oscillator on-bond

Copyright A. J. Millis 2025

Z Cj- clO'Xl

gzcl JG(X X)

ijo

g ¢l X

ijo

Linearization
of te 2~ XX

From interference of
hopping pathways

[@] FLATIRON
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Sous, Chakraborty, Krems, Berciu:
"Peierls’ Bipolarons can be light

. f A N
° ° ° ;‘{9 _ _t - i o h. . 6 q g >
One dimensional Peierls model z; (cwc +1,0 1 c) * Z(S:U( )i 4Ty s,

gz (ciac,-“,a + h.c.) (b,f +b; — b, — b,-+1)

=
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4
)
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-
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[@] FLATIRON

I' NS TITUTE

Phys. Rev. Lett. 121, 247001 (2018)
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Diagrammatic Monte Carlo for Bipolaarons

Diag MC: evaluate terms in Feynman diagram series stochastically
o |7\
E —_ + i Y'\/ + 4 +

N. V. Prokof'ev and B. V. Svistunov, PRL (2007)

sample series stochastically (diagram
order, topology, internal integrals)

Zhang, Prokof’ev, Svistunov, Phys Rev B105 1.020501(2022):
for the special case of bipolarons (2 electrons +phonons) on a
lattice this can be simplified, extended, and done in a sign-
problem-free way. Can also do (with somewhat more

computational effort) Holstein bipolarons @ 274 reermore

Columbia
Copyright A. J. Millis 2025 University




For Bond-Peierls Polarons in 2D

Phys. Rev. X 13, 011010

a 12 [T L— T T T L—
F /0 = 10/3
Uft =10

osbE U/t=38 _'
L § U/t =12 ]

In 2D, up to In[In| corrections:

2n
T, ~ P Identify ngp with > FLATIRON
mgp 7Rgp [‘].NST.TUTE

Columbia
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Maximum Transition temperature

U/t =8
e 4 bP bipolaron
-+~ H bipolaron
0.15 ME, bP
T /52 ME, H
0.10
0.05
0.00
0.0
[@] FLATIRON
Columbia
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long ranged Coulomb interaction

Vij — _Va arXiv:2210.14236
|7:—7;5]
a 05 [ 1 | A b E_ 1 ||
L E 60 =
F # V=0 ] : t/Q =2
04F & v=us0 , 7 50 F
V =U/10 -
03F - c 40 F
® £ U/t =8
£ 02F {1 .&30F /i
g i '
0.1F - 2F
10 F
00F - [
S T B 0 Bt L
0.6 0.8 0.6 0.8
A A

Long ranged interaction increases the coupling threshold
[@) FLATIRON

I' NS TITUTE

Columbia
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Effect of long ranged interaction on
superconductivity

0.25
0.20

Te/S2
/ 0.15

0.10

0.05

TTTTTTTTT

Columbia
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Bipolaron phase diagram

At fixed density
EEEEE—SS————————————————.. e Controlled calculations can be done!
06 F t/Q =2 i * Bipolarons dont have to be heavy (at
C i Tp, pr reasonable couplings)
o5 U/t=8V=U/0 7] ¢ Long ranged part of Coulomb
04k Polaron gas P E interaction is important but not
| e {1 disastrous
0.3 F 2l -
; -~ _ ] .
: w bi N{’n =t { Open questions:
0.2 F -~ 1polaron gas - . cp o .
] s ] —identifying systems with
0.1F /,/' 7. 1 strongly phonon-mediated
r i  hopping
007081 082 083 084 085 086 —results beyond the dilute
A limit
(@] FLATIRON
Columbia
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Beyond DFT:
Superconductivity in strongly correlated
(““quantum”) materials

TTTTTTTTT

Columbia
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Families of superconductor

‘Conventional’: Hg, Pb, Nb3Sn, MgB2...
Unconventional -conventional: A3Ceo;
LaHjio

Heavy fermion

Organic: BEDT...

Copper-Oxide

Iron-pnictide

3He

Condensed atomic gasses —= FLATIRON
Neutron Stars \\

Quark matter Quantum Physics .
Columbia
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Where are we?

a history of the increase in T,
2012 The longest silence

g igBOZCOZCu3O3

~164 K Hg1223
(high pressure)

!
i highest since 1993
150 g already 19 years gap
| 1973 Nb,Ge (23 K)
® T1.Ba,Ch,Cu,0, 1986 La-Ba-Cu-O (30 K)
13 years gap

smFeAsO,

50 (La, Sr).d0. .'i
|
.................... Nin.Ge G T
: ("98B:
g N ‘1“::::;01-*'"*

a
0 L
2920

- X

«dFeAsO,_F,

2000

1940 1960 1980

Year




Matthias’ rules for finding superconductivity

1 Symmetric (pref. cubic) lattices

2 Avoid oxygen or similar elements
3 Avoid magnetism,

4 Avoid insulators,

5 Avoid theorists

‘Conventional’: Hg, Pb, Nb3Sn, MgB2...
Unconventional -conventional: A3Ceo;
LaH;o

Heavy fermion

Organic: BEDT... All except first one on
Copper-Oxide the list violate one or

Iron-pnictide

He more of Matthias’

Condensed atomic gasses 1™ FLATIRON
Neutron Stars rules \\

Quark matter

Center for Computational
Quantum Physics

Columbia
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‘Novel’ superconductivity

e Emerges in proximity to other (often
Where are we? magnetic, often non-‘fermi liquid’) phase

a history of the increase in T,

2012 The longest silence

AgBa;Cq;Cu;O; ) ~164 K Hg1223
(high pressure) | highest since 1993
—>|

ety 9 yersop e Apparently has unconventional (non s-

1973 NbyGe (23 K)

: s, B96LeB0C0 (01 wave) order parameter symmetry.

13 years gap

HgBa,Ca,Cu,0,
o

Sr ‘eAsO,_F>
' ~NdFeAsO, _F,
.|

e % esonis e Can have quite high transition
°  Ge) L‘:.aFePO
1920 1940 1960 1980 2000 temperature

Year

140
200 | @'
~ ' 120
3 T, J: 1 h
~ % o 100 S|
g & 80 1 ol IR
- Pseudogap 3 Ba, K Fe.As, T
ET 100 phu':t' g 60 - =t LLx
S vl g Sy | ¢ | ¥
E Vs 40 { KFe As,
- T 1
| " | l
O 4——F—T T — 71— T
0 < A ——— -05 -04 -0.3 -0.2 -0.1 0 0.1
0.0 Q.1 P, 02 p* p. 0.3

Extra electrons per Fe atom FLATIRON
Hole concentration, p ‘

I' NS TITUTE

Columbia
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Copper -oxide superconductors
Adapted from H. Hwang slide

006 — 0020
La2CUO4 - :
e —— I Ol 2
[ O— 005 |- \ .:"- 400 =
® O ! i !l . :;, — 0016
Cue Dl o i e
O o ¢ et ;
) R Sy — 0012 N 2 Strange metal
La ® @ .\ ® _ e L - <
L) x E .
] 5 003 |- “,f il S = 200 Pseudogap \
[ ] = o < g ,
- ° 300 3000 > -
¢ ': | o008 '§ TSC. onset -
002 X ° 0.25 A/cm? I TC, onset »~ 7 "~ .
@) ® ® X +050 Alem? £ ’ B
o x 0.50 A/cm? (5] <
Al | '!: —{ 0004 - Charge Iy
—es @. __._,\. 001 |8 x 100 R order
ox pin
.GL_. —:; 4 order ST
1 | L 1 L \\s, onset N \CDW .
i 100 T 200 300° - W Tl m [ I d :TSLT;
J. G. Bednorz & K. A. Miiller, o ‘T}Ixu Tm HT\
0.1 0.2
Z. Phys. B - Condensed Matter 64, 189 (1986) Prin'  Per Peo Prmax

Hole doping, p

B. Keimer, S. A. Kivelson, M. R. Norman, S.
Uchida & J. Zaanen, Nature 518, 179 (2015)

Superconductivity emerges in a material with a
complicated but basically layered crystal

structure, in proximity to a ‘pseudogap’ phase (or [@) FLATIRON

regime) with unusual properties NS TITUT

Columbia
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Is this specific to Cu-based materials
Adapted from H. Hwang slide

Question:
Can you make Re3+*Ni'*O, look like Ca*Cu?+*O,?

3IMA 4IVA 5/VA 6/NIA 7/VIIA 8 ——VIlIA .11) 12/11B

21 44 9559 22 4:387 3 50:..1'1152 24 51.332 25 5;1‘9‘&;03 26 aszs:; 27 58 92:3332 28 X 52334 29 63.:46 30 65 39
3108 3850 2945 2236 143 3005 | | 2840
1814 2163 2130 1518 768 1728 13566

Sc Til= V| Cr|iMn|z. Felz Col= Nil= Cul: Zn

(Ar I"K‘ 4s (Ar3d 24 [Arj3d *4s [Ar]3d *4s’ [Ar]3d*4s [Ar} ,a 4s? [Ar;sa‘.:s: [Ar]3d tas? Ar]3d"4s’ [Ar]3d™4s
Scandium Titanium Vanadium Chromium Manganese Caobalt Nickel Copper Zinc

PHYSICAL REVIEW B 70, 165109 (2004)

Infinite-layer LaNiO,: Ni'* is not Cu?*

K.-W. Lee and W. E. Pickett
Department of Physics, University of California, Davis, California 95616, USA

Large Ni d,,.» hole band,
2 Re 5d-derived
electron pockets [.] FLATIRON
— “self-doped” system nsTiTUTE
Columbia
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Answer: Yes
Kyuho Lee et al., Nature 619, 288 (2023)

1.5
o 1.0
Adapted from H. Hwang slide
0.5
optimally doped 2y
10——7— 0.6 — 0.0 3
X =0075: Nd_,Sr,NiO,: 3 3
wwsses 0N SFTIO; —— on LSAT, x=0.15 g =
0.8 |-L——cntsaT y s ro(r;ul.c')s/_\r. x=0.175 05 8
,.:-";,0.5 = x= 0.41'5 =
- 05H X0t 10
£ 06 s x=021
é x=022
E , X 15
U /) ( o
109 20
—_ 3 X
£
0.0 S D 300
12 R g o
on SrTiO, Q
1.0 f{on LsaT 0z 7.51 3 250+
e =
~ 08 = 200 I
. E = | |
3] Soeal LTl
g o8 L
= } =F= CaCuO2 AFM
T 04l 1001 -F- cacuo2 sc
=¥+ CaCu02 PMSC
50 —F— NdNiO2 AFM
0.2 —J— NdNiO2 SC
olver-dpped 1 0 -}~ NdNi02 PM SC
00— . L 0.0 p : y . . , !
0 100 200 300 0 100 200 300 0.00 0.02 0.04 0.06 0.08 0.10 0.12

chemical doping x
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J. Karp, A. Hampel, AJM FLATIRON
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Copper and Ni -oxide superconductors
Adapted from H. Hwang slide

Theoretical model: the Hubbard model

300 -
T+
> L
° 0 Xygen Ty Strange metal
<€
= 200 Pseudogap
O O :
o Copper 2 Tsc, onset
8 — TC, nset’a
£ .
O
i
100 [—
Spin
AF order

H=—t2(,o Ja+hc)+U2 "

<i,j>

After ~50 years, solution now in sight—Kkey has

been algorithm development and comparison of (@] FLATIRON

multiple methods. Cf A Georges talk Thursday
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Phase Diagram

T=0 Raise T above AF: ‘Mott’ insulator

Raise T above Stripe: ‘Pseudogap’
Raise T above SC/PG: ‘Strange metal’

U/t

F  ‘Stripe’AF  SC Normal metal

Wietek He White Georges Stoudenmire

p or dxy s.c.; v. Low Tc Phys. Rev. X 11,031007 (2021)
p=20

p=1/16
o 1 (®)
Carrier concentration x=1-n/site S ga. _ /\
Hu Chung Qin White Schollwoeck Zhang S
Scignce 384 adh769 2024 s DARR | | e
| & omre < 021 f/’—
- | —&— AFQMC =
. _ . ' > ' 0.1 1
: 1/16  1/12 1/8 1/6 1/4 0.04 0.0 (d)

1/Ly . T T T T T T T T
00 01 02 03 04 05 00 01 02 03 04 05

G 4}}}{ 34 P - T/t T/t
aom: gﬂ;‘/jjﬁ»ﬁ—{“*' 0.02- [‘] FLATIRON

] I NS TITUTE

0.00 0.02 0}2! 0.06 0.08 0.000- - C Olumbia
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What causes superconductivity in the
Hubbard Model

Xinyang Dong Nat. Phys. 18 1293 (2022) Emanuel Gull

Weak coupling: SC (low TC) Intermediate coupling, x=1/8

Deng et al EPL 2015 SC preempted by stripes
Chan et al Science 2017

0.02

I
%’1 L T
3 = - uniform
d-wave
—_ diagonal
. tL ® stripe
, 0.01} |
1} L T -
Q
l'/
o L2 ] ] ] 1 l 1

0 01 02 03 04 05 06 07 08 . .
vertical stripes
n 0.00F - - = — - - PPHST adl

DMET __ iPEPS [‘] FLATIRON
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Dynamical Mean Field Theorv

Yields an approximation to electron self energy by solving
auxiliary problem of cluster of impurity sites coupled to a bath.

Electron reservoir A

Broken symmetries treated as in usual mean field theory (ask—do
you want to break this sym?)=>can see if stable sc phase exists

Not enough resolution to see stripes=>cant tell if stripes preempt
s¢

"DCA: piecewise constant self energy

I(k,w) = ) Ok € a)Z,(o) N

Example: 8 patches=>8 site cluster

) ( [@] FLATIRON
Columbia
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DMFT superconducting phase diagram

T l, T
¢ ¢¢00/0o0nnm RN

te0000do o = -
0000,’000-----6.5 -

0 9«”0 o = -6

] =

® =N n n | m 5

"= = [ [ ] [ -14.5
P -

[ ] [ ] [ ] [ ] -4 FL
_t | X | : Deng et al EPL 2015
) 0.1 0.2

Parcollet, Gull, AJM PRL 2013

dx2-y2 s¢ near insulator but cut off by pseudogap
Tc Max: t/20~250K
[@] FLATIRON
Columbia
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Superconducting /Pseudogap properties

Raman spectra in normal and SC state

04

0.2

Copyright A. J. Millis 2025

Intensity (arb.units)

®
I L | |\ "] [
003 - - / x=0.102 -
x=0.032 154 / \ ,
N Y AN _
- | )2 A= \ —
— /7 *QE _____ —
- 7/ ——
— e | | | 0 | | | | | |
500 1000 1500 0 500 1000 1500
®
UD75 —sX | [p /\ ODE5 —s6K
; —ook | | ok Data
1 k| e o K
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DMFT finds a well defined SC state.
Is it from (low frequency) spin fluctuations?

Our approach:

e Independently compute spin fluctuation spectrum and normal and
anomalous self energies

e Partition normal self energy into spin fluctuation and Mott parts.
2= 2:SF + 2:rest

* Fix the electron-spin fluctuation coupling constant from SF part of
normal component of self energy

* Solve Eliashberg equation for SC. Compare to directly calculated result

R ~ o [@) FLATIRON

I' NS TI TUTE
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Normal State Analysis

i 1
Y W) = 0 g 2o xe@G oW - 9).
Q.0

| | e /—o—::r»l-'*"—“'l‘:i
31 - 1.4
0.2+ =
\ = : 1.2
| W) 1.0
'E —0.4 “.“".,,.-' g 3 ‘ il 3 .
.§ i I z: 0.8
%: —0.6F L o 47 £o6
E . 0.4
—0.8F — ¥
zSF;N 0.2
—1.0F e SN _ySEN 003510 —05 00 05 10 15
—— Fit @
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Now the superconducting part

0.30 . . "
1.0} —— g2xA —_— 2
0.25 e fit —— J5FA
e zSF;A
0.20F (n,m
= —— I
3 0.15} .. 0 |
E: 1/30.04
o 0.10F -
o
0.05 -
0.00’/‘_‘;::—:;:'21" e T
0050005 10 15 20 25 3.0
Wn

Spin fluctuations account for at most half of
the superconductivity
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Implications

 Spin fluctuation as "pairing glue’ is not the whole story—
higher energy processes are important

* the coulomb interaction is not just a pseudopotential (or
source of spin fluctuations)

[@] FLATIRON

Columbia
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Homobilayer + Twist

Copyright A. J. Millis 2025

‘Moire’ Materials

e Moire=>large unit cell

e Kinetic/Interaction energy ratio
controllable by twist angle, gates

e By adjusting top gate (TG) and bottom gate
(BG) voltages independently, can control
mean chemical potential and displacement
field (<=> inversion symmetry, band
structure, occupation of different layers)

e New feature: quantum geometry

Effect of displacement field

050, Bal chemical potential above
.~ thisline: layer polarized’
/*¥\ /xy\ Van Hove point appears
/ A\
0'. X ‘\“/-\
[/ e [@) FLATIRON
Columbia

University



TMD Moire Bands:

a plr)

Magic c) 1]

[

’/ 3::

< ¢) Transition

&
™\
— 40 4 . .
o Chern -
E (~1.-1.2) | 204 - 4
= 3077 ! . Cl=]-1
= — - 0 Cl=|-1 / R
E‘ b) m/3-Hoftsadter ( 1 -7 ] ﬁ 1Y)
\; \ v, -20- 7 | | N
S : Cl=|o Cl=lo \ [
- X =t B e U mhm -
. --1(1-”><\<\/ N W 13\|=[2 /
:/\ \ N, ,
T i = N
15 3.0 15 Kmoooyy kMmoo Yy kMmoo

Twist angle |

Topological bands; twist angle-tunable dispersion

a) _ orbital MX orbital MM orbital XM
| » | Three band tight binding model
| » - ] - reproduces dispersion and
top top top 3 topology of upper two bands
< “ : Relative roles of the orbitals
bottom bottom bottom depend on displacement ﬁ@ld
Interaction scales (project [.] FLATIRON
V. Crepel and AJM arXiv:2403.15546 screened Coulomb onto Wannier Columbia
Copyright A. J. Millis 2025 orbitals): ~50 meV—LARGE University




Superconductivity in Moire WSe2

Columbia and Cornell Experimental Groups

5S¢ twist (Columbia group)

f

Displacement field

D Vnm')

0.8

0.6

0.4

021

0

021

-04-

061

-08

— Superconducting
| — Metallic

-1

0

Filling fraction {nin_)

3o twist (Cornell group)

E(mVnnth)
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LY — ]

-14 -2

n (x10"m‘l’é)

-0 8 -6 4

Ak

:\>

N

64 20 2 4 686

100 200 300 400 500 600 700 B(T)
Superconductivity: at larger twist
angle, found at “random” point in
phase diagram. As twist angle
decreases, superconductivity moves

to commensurate filling.

SC always bounded by some Kkind of
more resistive state  [@] FLATIRON
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Consequences of nonzero quantum geometry: Il
Superfluid weight and quantum metric

Slide text from P. Torma
Isolated flat band: W < U < Ehand gap

Uniform pairing: A 1,it4] 4= A

2
= [D.];; = 4(6271-(;;/_(}]\7 I/)MiRj,min
orb A U m
ME = 2i d’k Re B;; (k) e
TIBz. ey = 72;12 UNOFIDJ\/I"RJ"rnin

quantum metric 9ij

Mean-field <: Peotta, Torma, Nat Comm 2015
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, Térma, PRB 2022

Exact manY'bOdy —* Herzog-Arbeitman, Chew, Huhtinen, Térma, Bernevig, arXiv 2022

Quantum geometry enhances superfluid stiffness

I' NS TI TUTE
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Theory: 1

Kohn-Luttinger mechanism: arXiv:2408.16075

DOS (a.u.)
| T

10°

* Interaction: screened Coulomb + form 0-
factors from projection onto top band.
Similar spatial structure from spin fluct

20

N =140 =12 =1.0

107!

Ac (MmeV)

chiral d/p-wave

Vag'(,iw) = [1 = Vo(q)TL(q, iw)]gg Vo(q + o)

10 T T T T
-2.00 -1.75 -1.50 -1.25 -1.00 -0.75 -0.50
n/ng

102

Hgg,(z'w’ q) — %Z f(fka) f(fk-kqa)Ak k+qu+q,

W + €pg — €ktqo il
k’p ° L °
° Aga expresses quantum geometry, inversion symmetry breaking

leading instability: 2D “E” irrep. Strong SOC + no inversion
means SC state is of mixed singlet/triplet character. Chiral
(d+id/p+ip, C=2 Altland-Zirnbauer A) over most of parameter
range; small region of non-topological nematic SC. Chiral state

is gapped, with Dirac edge modes [‘] FLATIRON

I' NS TITUTE
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Theory

FRG: arXiv:2412.14296 based on arXiv:2403.15546

3 orbital t.b. model (V. Crepel): reproduces bands and topology.
Wannierizable=>purely local interactions.
Functional Renormalization Group calculations

[ (c)

50 10°

45 i

40 A

50

— 351 -
> >
jE: 30 _? IVC-AFM 10-1 E 40 R

25 1 £ 30 =

20 - o 8

chiral d/p-wave 20
15 A =
O
192 00 —175 —150 —125 —100 —075 _050;;0 10-? li)2'.00 —1.75 —1.50 —125 —1.00 —0.75 —0.50
fping n/ng
3 Subtle relation of .
“o) . Complicated structure
phase diagram to van
an . of phase of SC
g 20 Hove points
95 90 -85 -80 95 90 -85 —8A0_ 92 -88 2)—8.4 [.] lFNL SATTIITR UOTNE
n (x10'2 cm?) n (x10"2 cm?) n (x10' cm’

Columbia
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Theory: evolution of AF phase with twist angle
D.Munoz Segovia arXiv:2503.11763

m IVC-AFM m VP-FM w  IVC-FM
m IVC-AFM + VP-FM m IVC-AFM + IVC-FM m VP-FM + IVC-FM
........ Van Hove - Layer polarization
40 t t i 30 + t : 20 t
0 =>5° i 0 =4.25° A 0 = 3.5°
30 { L e 15}
S 20 1 i T .
Q .
£ 207 I 101 .
10 1. ::. 1 :'.. 5 __.:,-.. |
0 Ly : 0 : = ‘ 0 ’ :
1.0 1.5 1.0 1.5 1.0 1.5
v [h/moiré] v [h/moiré] v [h/moiré]

At high twist angle, competing phase is associated with the van Hove
singularity; at lower twist angle, detaches from van Hove and locks to n=1
and exists only at nonzero displacement field. ??Implications for
superconductivity

[@] FLATIRON
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e
Twisted WSe2

5o twist angle: Superconductivity in
proximity to fermi surface reconstructed
phase at particular combination of
displacement field and carrier concentration

D(Vinm)
e o

3.65¢ twist angle: superconductivity at n=1
in proximity to insulating phase

Proposal: the superconductivity is
topological and is understandable from spin
fluctuations in proximity to magnetic phase

Role of quantum geometry to be determined

[@] FLATIRON
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Inducing superconductivity with optical drive
(A. Cavalleri and collaborators)

Images from A. Cavalleri

YBCO K3Ceo
100 i i
— T=2'TC T R KBEDTzBr

D Equil — 6005_ — Equilibrium E
E q . < c E Photoinduced

© | Trans. S 400t ~ o
= 0 s :

\\/— j ; % 200‘5— % 500 11 1T 1
5 oA 3
0 o L et
O OL_. 0 \ !
30 60 tl T 'T,_\ 2000 1 T 1F . _
600, £ 1t it ]

< 30 Tg % 1000F 1t it 3
' < 400 3 | 1k l: _
e S &

‘_o ’é\ - 05 6 2 Fase z_ 3 456 2 %
1 < 200 100 100 100 100
& 0 ° Frequency (cm™)

S—
bN o 1 I6I7 1|0

-30 Energy (meV)
30 60

Fundamentally new questions in non
equilibrium physics—see Demler talk

I' NS TI TUTE
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Superconductivity:
The gift that Keeps on giving

e Understanding where the superconductivity comes from and
using the knowledge to raise Tc: a continuing challenge in
quantum many-body physics.

® Progress in theory of conventional, nearly conventional and
unconventional superconductors comes from from new
methods (machine learning, DMRG, DMFT, Diag-MC, AF-
QMC..) working in tandem to cross compare results and
allow ‘handshake’ between methods

e New experimental platforms allow new classes of systematic
theory-experiment comparisons and raise new conceptual
challenges

[@] FLATIRON

Columbia
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Consequences of nonzero quantum geometry

Volkov/Pankratov
*If C # 0, ’Edge states’ at interface between topological

and vacuum or non-topological material

Kk
Marzari/Vanderbilt: if C=0 can choose M so w’s are

exponentially localized around sites R Zang/AJM
If C # 0, only power-law localization possible ©)

E
d
“Wannierization: w, p(r) = Z eif'ﬁMkwmk(r) /]/ -

0.008 {

0.006 210

j/

%0.004 ]|

—W
oooz\ ’”' ml)

0. 000

4

*Broken Galilean invariance, even in dilute limit=>
Enhancement of stiffness (Torma), polarizability
(Queiroz) e 180 o

10

*(FCI) Quantized-Hall like states at 0 field Bockrath

~ -1.47

-0.88

Xi, Xu,
Shen,

|
Nature

Copyright A. J. Millis 2020
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Consequences of nonzero quantum geometry: Il
Superfluid weight and quantum metric

Slide text from P. Torma
Isolated flat band: W < U < Ehand gap

Uniform pairing: A 1,it4] 4= A

2
= [D.];; = 4(6271-(;;/_(}]\7 I/)MiRj,min
orb A U m
ME = 2i d’k Re B;; (k) e
TIBz. ey = 72;12 UNOFIDJ\/I"RJ"rnin

quantum metric 9ij

Mean-field <: Peotta, Torma, Nat Comm 2015
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, Térma, PRB 2022

Exact manY'bOdy —* Herzog-Arbeitman, Chew, Huhtinen, Térma, Bernevig, arXiv 2022

Quantum geometry enhances superfluid stiffness

I' NS TI TUTE
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Theory II: Mott transition in an orbital field
S. Divic, V. Crepel, M. Zalatel, AJM arXiv:2406.15348
Tscheppe, Schaefer, AJM in preparation

See also Kuhlenkamp, Kadow, Imamoglu, and Knap,
Phys. Rev. X 14, 021013 (2024)

Triangular lattice Hubbard model Focus on ® » = r
. A
Flux ®  per unit cell 2
O
o | INC =]
3 O %ﬁﬁi - ( P )
Y ESER L | N\
. e C = +1
—6 g | I L ] l
(I)Aﬂ/ 2 T k,
v=2IQH 4, CSL , AF
SEIIT I U/t
Small U: integer quantized Hall effect
Very large U: conventional 120° antiferromagnet [@] FLATIRON

?1s there an intermediate topological Mott insulator phase? %~  Columbia
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Theory: DMRG on small
radius cylinders

Kuhlenkamp et al Phys. Rev. X 14, 021013 (2024):
measure charge-charge correlator (averaged over
cylinder circumference) (n(x)n(0))

141
.
.
.t
< i A
s’ * x *
5 o SRR R TR
—5 . ue x ot aadAAAaaaa
2 10 : . Cawarreees
g ¥ a * g at T w mmmmmmmmmames
‘ - -*
8 T e X =4000
¥ - X =6000
$ *an X =8000
. 5 «  x=10000
06k g x  x=12000
6 12 18

Interaction strength U/t

Weak maximum at U~10t
suggests transition to CSL

[@] FLATIRON
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Theory: DMRG on small
radius cylinders

Stefan’s idea:
(1) Gauge choice: commuting translations Tf; I, =>magnetic unit cell (2
segments)

(2) Gauss’law: @, = ©, — 2L, ® o =>for even radius cylinders: flux
invariant under 7, odd radius: 7, not a symmetry; P7. is a symm.

(3) Spontaneously breaking of P7’ at CSL transition

(a) LT : (b) Ly=5 (c) Ly=4 (d) L, =6
C).“ . 18 .EE ' o \—:'n‘u' i i o \—-zmx' N AN 10 "‘u TN 'o X = 4096 '
dHeis - — 4006 ! ll 11 — 4006 il Rt I 11 bl [ Bl =8192
I R 3RS | el L LR X L] Rt Di ¢ lation lensth
o r=2m 2m+1 2m+2 -~ x = 16384 ‘ \‘ -9 = 16334 -0 y=32768% lvergen corre a lOn eng
| o 1,3 x=181,0] o] ' o \ 1t . |
3 5= I=b oo ¢ w7 ‘a‘ 1'II o“ y Py ¢ ¥
E-z ----- L=16 § x — P - N
n-o—o—o—io—o—&f4 GRS 00,
3 0 12 R T i 12 10 L 12 10 i 2
Uyt Ut Uyt Uyt
(a) (n(x)n(0)) (b)  (S.(x)S.(0))
°
ol >0 oocommgn | | * %00, Power law charge
w01k L, =5 L= D correlations; exponentially
T — decaying spin correlations [‘] FLATIRON
0= x =409 INSTITUTE

1073 —@— 3 8192

- 16384
5

et b Columbia
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=>If proximal spin liquid phase, then
interesting SC
(a)

v=21QH , CSL , AF . U/t

Transition IQH->CSL: close and reopen a charge gap.
Transition CSL->120° AFM: close a spin gap

arXiv:2410.18175: Single particle gap
remains non-zero=>gapless mode is a
collective charge mode; in simple model,
Yang "eta-pairing” triplet. =>Doping
leads to novel superfluid

(see also arXiv:2308.10935 (Sahay, ...
Divic...Zalatel)
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Summary
Interactions and topology: new physics

Topological Mott Insulators Topological Kondo Insulators
b) Ait=-05 Ny=-1 At=00 At=03 Ny=1 A Lo
s ' ' 08
L

Superconductors: Possibly Topological

© JffC(k)  dRS(k) DOS (a.u.)
[ 50 10°
45 4 30 {8
354 5 -
E 30 RV 14 12 -10 10 1%
o 2 | <
20 1 Un
15 chiral d/p-wave t:é::
0 3 1072

1 T T T T T
-2.00 -1.75 -1.50 -1.25 -1.00 -0.75 -0.50
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