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QCD Matrix Elements

Fun:event 7830: 82328 Ctrk{N= 52 Sump=101.1) Ecal({N- 80 SumE= 82 Al
Ebeam 85.181 Tix {-0.07. 0.06, 2.38) Heal({N=21 SumE= 35.4) Mucn(N= n} I'.____,_ZI 5

-QCD matrix elements
are an important
part of calculating _ |
the QCD background T TN T T s
for processes at LHC | N ?

-NLO calculations (at
least!) are needed
for precision

________________________________________________________________________

- apply to 2g > (n- T |

2
_this3Ik about one-loor

n-gluon scattering
n>5

-using analytic unltarltymethods

2/28
D Dunbar, Loops



Passarino-Veltman reduction of 1-
loop

L [FM(D)] = Y eI}, [F™H(D)]

Decomposes a n-point integral into a sum of (n-1)
integral functions obtained by collapsing a
propagator

Al—loop _

n

Seilh + Y diIh 4+ 3 61

-coefficients are rational functions of |ki®
using spinor helicity
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Organisation: Supersymmetric
Decomposition

Supersymmetric gluon scattering amplitudes are the linear
combination of QCD ones+scalar loop

AN=4 = Al 4 aa/? 4 340

Aé\le vector _ A?[ll] + A?[zl/Q]
ATJL\/':l chiral — Af,[ll/Q] 4 Afz[z()]

-this can be inverted

AlL2l — AN=1chiral _ Al0]
1—
Ay~ loop lZ(:ZI4 |—|— > s d; I3 -+ ZZGZIQ + R
|
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One-Loop QCD Amplitudes

One Loop Gluon Scattering Amplitudes in QCD

-Four Point : Ellis+Sexton, Feynman Diagram
methods

-Five Point : Bern, Dixon,Kosower, String based rules

-Six-Point and beyond--- present problem
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The Six Gluon one-loop amplitudgy|ar

N=4N=1 C R

A(- )| - | - | - |93

A(— ) o- | - - 193

A(— — )1 94 |94 | 94 | 06

A(—+ - ) 194 94 | 05|06 |~14 papers
A(-++—-++)[94 94| 05|06

A(— — — A )94 | 05| 05|06
A(-—+—-++)|94|05| 06|06 | 81% B
A(—+—-—4+—-4+)194 | 05| 06 | 06

Bern, Dixon, Dunbar, Kosowel?erger' Bern, Dixon, Forde, Kosower

idder, Bjerrum-Bohr,
edford, Brandhuber, Travaglini, Spence

Bern, Bjerrum-Bohr, Dunbar, Ita
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Britto, Buchbinder, Cachazo, Feng

Dixon, Dunbar _
Bern, Chalmers, Dixon, Kosower

Xiao,Yang, Zhu Forde, Kosower

Britto, Feng, Mastriolia Mahlon o/28



Unitarity Methods

Ch = /dLIPS(llaZQ)M(lla“‘712)><M(_127---7_ll)

-look at the two-particle
cuts

= Cilzldz’sc + > dilgdisc = 2 eilé‘disc

-use this technique to identify the coefficient
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Topology of Cuts

-look when K is
timelike, in frame

where
K=(K,,0,0,0)

|, and |, are back to
back on surface of

Imposing an%%}grceondition
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Generalised Unitarity
use info beyond two-particle cuts

Cs = /dLIPS M(lq,- -, 1p) X
M(—=lg,--,13) x M(—=l3,--+,—l1)

= )_C; Z‘disc + di1%|dz'sc
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BOX-COefﬂCientS Britto,Cachazo,Feng
Z(Atree(gla 115w -5 22, 22) X Atree(€27 13- - - 5 14, €3>
S

XAtree(ﬁzg, i5,...,16,04) X Atree(€4, i7,...,18,£1))

1
2

cC =

-works for massless corners (complex momentajoszs
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Canonical Basis of Terms in Cut

-expand cut as a sum of simple forms whose effect is

Alree s ptree — Zz c; F;

-look at quad cuts for boxes,triple cut for
triangles, double cut for bubbles

Atree o Alree o Atree — Zz c; F;

relate to four dimensional covariant integrals

can also use two-dimensional fermionic integration
Britto, Buchbinder Cachazo

_can relate to real 1+2 dimensional integratioffitto, Feh§N¥astrolia
Forde

-see also talk by Papadopoulos
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Canonical Basis of Terms for Bubble
Coefficients

Hy = (@) in the two-particle cut

(b )

Bl )
H1 = (4,2

-linear triangle
| — | + kpa1 + Pas

[6|Pla)

H — [b|P|a)I3[as] — B P|bY

I
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Extend the canonical form

an

aql
= ;Ci <(b:l>> — ;CiHl(bia al)

[j<n <Bj Ai> S tly<n <Bj Ai> (Bn|P|A;]
> i 1L <Aj Ai> (Ai|P|A]
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Fermionic Unitarity

[dALIPSF = [(\,d\[X, dNF(\, )

Cachazo, Svecek, Witten
Britto,Feng,Mastrolia,Yang

-try to use analytic structure to identify
terms within two-particle cuts

[ AN [N, dA] [)\1|LIP(|);\>)2 —» bubbles

-gives same result although we are trying to work
using loop momenta
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more canonical forms

_ Al la)
Go = (g2

Use identity,
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-better to recombine and rationalise

(aly) (bly) _ (al(PQ—QP)|b)
(11| PQ|l1) 2A3

1 [A]i1]b) (I1 o)

G1(A4;b,c,d; Qi 11) = (1 +Q)2  (l1d)

[A| PP, Q]| D)(B|[P, Q]|C)

AIPLD) (B D) (CIPID] + B < C)
4A3(D|PQ|D)

T2(p|PQID) (D|P|D]
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Canonical Basis of Terms for Triple
Cut

w=fl

__ [b] |a)
( +kp)?

-Linear box

need formulae to generate triangle coefficient
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Canonical Basis of Terms:

{al)
(bl

al

(K3l
(La) (Lh)

[ | F 1_3 F ‘L_l | [
(La)y (b (le)

(K3 |1) (1 d)
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—triangle

triangle

triangle

triangle

Triple Cut

lal{ KiKs — K3l )|b)

(b Ky =0
2(b K1 K3]b) bl -

(a| Ky| K3

(K| Kq| W]
lal( K1 Ky — Kl )|b)

24,
-::I!'.I|I:I{]_I‘L_3 — I‘s._gﬂ._lﬂﬂrjl' 'l:f‘||:ff-_|.ﬁ._3 — .Irfgﬂ._l”ﬁ::' + 113 E} l.“J_'T -::l:" ft::-

205 (d| Ky K |d)
(db) (de) (al( K1 K — Wal(y)|d)
(d| K3 Ky |d)?
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Example:use this to obtain three Mass
triangle for n-point NMHV, N=1

] ! v I v Vo Y
—1 Z f.tj'n.%z 1 U”? ) f.\m.gl Wy lma i) f.‘i'n.gl i)
*

ff% ]._.[é;ir,s__f r:-g' t+ 1:'\ ]._.[:-E't:g.:;iy r:.;- 1"’::'
(my |[Ky, 1G] |y) (X |[K, K]l X)) (y X)) (ymg) (X
203 (y| K1 Kay) 2{y| K1 Ko

ucYs

[/y, Ko]|y)
y)? '

]

T['FE. = {j"L T -I— J_ ,':'332: f"'- + 1)32: fgl: [f + 1)31-} lf'ii‘j:? — I‘Lrj .lE-'i._i|t'I-::'.
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Six Point Example, N=1, NMHV

A== —++H) A(=—+—++) | A=+-+-1)
Britto,BuchbinderCachazo,Feng

1—
Ap 1P = S oI+ did Y eI

quadruple cuts nassless:R _~ ~ .
massive: triple cuts two-particle cut

A=Y Gl ™ e I3 A d I d I A I3 e T

e3 =e¢e1(3,4,5,6,1,2) ex=¢€1(2,3,4,5,6,1)
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S AT 2 ) < AR, 37,4 5 6% 1)

h
—h ae i+ - ot Ik [l2| Pase|5)%[11| Pass|5)° 12| Pass|5) )"
;“Llr-z ,-3 ,'—]: ,5 :.El' ,lr-l:l: p ; " TE O \ :
tase [I1 2] [l23] (45) (56) [l1| Pise|4) [3| Pase|6) \ [I1| Pase|5)
L [61Pyu[3)((23) [6L))? | ( 6] Posa3) )
n [4| Paas|l1)?[4| Pags|la)? ([4|P345|51f})h
taas (611) (I3 15) [34]) [45] [3]| Paas|6)[5|Pass|la) \ [4] Paas|la)
(113) 2| Pyss|5) (11| Pass |5) (12)7 [2| Pass|5)2
".,]- 2}" 'I»Q EZ,." "\lr-g E]_J" f.45|:_; [lr] fg] [fg 3] "N—l 5}" '155' E",." [lr] |P45|3|—_1:;' [3|P455|E|-3
L (k) } (6] Py54]3) [6 14] ( Xoq I)
(12)(21s) (Ioly) ~ tiyaq (34) [56] [611] [5] Paslla) [1] Pse|4)
(1) y (4| Pays |1y ) [4] Paas|l2) [4] Paas|2)? (1 ly)?

[2|.P45|3|5.'?2 = | ) §
— . Ha(1.3, Pgld): 2, Pie|5), Pigl5)
12] 15) (56) [3|P45.3|6_}t45.3 x Ha(1,3, Psg|4): 2, Pyg|5), Pys|5))

+- > ;.1 ) % (a(2, P34|5], P12P55|"-1j}:_ 6: 1,3, Xog, ,Yga;Qg_ij -go m pa Ct
e e rational form

[4| Pays|1)?

19 =[

% H3(2,6, Pay|5]; 1, Pays|4], Pays|4])

21/28
DL o) e




Seven-Point NMHV amplitudes,
N=1

A(-—+-+++) A(-——++++)

A(-—++-++) A=+ —+-++)

A(17273T475T6T7T) = colp(s23)+cala(s3a+cala(sas)+erla(s71)

+ > x5 e lo(tii41i42)

“+boxes + triangles
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A(TT,17,1o,11) X A7(l1,15,27,3T,4=,5T 6T)

-need seven point tree...A(l,l,,3-,4+,5,6%,7%)..

o PRI (B
1a 56) 'ﬁ T' 'T 1) [2 3] [ ]f234[‘}|1n234|3 [—1|P:-34|1 [—]:|P234|5'
TB _ — (23) (13)*[4| Pe;]1)* (-:;fl:ﬂj:-)if
P GT) (T1) (12) [45][5| Par | )[4 Paa|1) (1| Pgy Pys|3) (6| Pys Pag|1) — \(23)
e — r571[2|Pﬁﬂ|1._..- (35)° (—[9|Pﬂ?1|1:3')2""
¢ 'G T 'T 1' ':;E'r —1 [‘?|FL1|U [‘}|Pg4j|r 1|pﬁ,p4d|J Ta4n Tam1
i 7P a7 (25" (T
- [1 2] 3 —1 —l- q r_:' [‘:'|p712|ﬁ [ |p-;r]_-3|.'3::"|!t71-2 [1 T]
B _ (13)%(23)?[7| Ppas|5)* s (.;;;1.-3;1;.)%
3 12 'E E'n' '—15 r:r [ |P123|3 [ |p-_|23|'—'l-::- -1:1|p23p45|ﬁ:llf-_|ggf45|3 '2 E'r
v 2 4 2 -13 i1 DY . 0
.TE _ — 1 ‘} E'l r {J [Fl 1'] . (':-.1 .E'pl_,l)uh
4 12 'E -EII' '.3 —1 20y [ |P5|j|—1 [_ |P557|1f5|37'}5|3 '2 -EII'
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-this gives us the coefficient

1
(56) (67)(12)[34]

G_rglll T, P12P34|5' -Plﬁl'?"] Pg.j'rl-l] 4:2, 5,5, _.Eu.rlﬂ. _.Es.rlﬂ. P]__g|—1] (,_)5.57}

19 GT [_1 ﬁ] g HGLL]. 7, P57|r_:l] P557|—1-] PG'TPaiE.l'?" . P45571r?45|ﬁ2 3. Jr':j'rl—i] . Pg',v|—1] P|37|—1] Pﬂ’;l—l] :I

(35) r ._ -. ) | | N
194 /(3 —l- /4 rj 67 ¢ Z [-!'!- EJ] H5Lg a, b p|37p345|2;-. pﬁ*;pg_iglglj': 1.7, p13p345|ﬁ ij-"gid!‘j._;. . Pﬁ?p45|lg;:,J
L2y iad) I".. . I.II I". Vi ."I 245

Y oas{1,2}
be 6.7}

(35)* [T1]* (12)
(34) (45) (56) (12) s12[T|Pr12]3) 1712
[7| Pyas|5)4 (23)2
(12) (45) (56) [T| Pi2a|3)[7| Piaz|4) t123t 456
| .

X Hgllg plgp'r]_-_g“j;': 1, P13|T]}

* H_}‘Ilg p123P45|G:3Z 1. .3}

']

67)° (23)°

T * Hgll]. P57|r_:l] 2.3)

he other coefficients follow analogously giving
e complete N=1 amplitude
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Spurious Singularities

-spurious singularities are singularities which occur
N

Coefficients but not in full amplitude
-need to understand these to do recursion

-link coefficients together
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Example of Spurious

singularities
AF=L chiral(1= 5= 3= 4% 51 61) = a1 Kglse1] + aoKols34]
[b1L0[8345/ 561] n b2L0[8234/ 834] n b3Lo[8234/ 561] n b4L0[8345/ 334]]
S61 $34 S61 S$34

Lo(r) = "0 Ko(r) =L 4 In(r)

_ [6IPI3)2I61@PP - F2P)I3Y)
T 2IPI5) [6 1] [12] (34) (45) P2 345

by = [6P]3)2[6](BPP — PBP)13T) I
CIPIENIE L (iT@<34> (a5 P27

- olline
Sﬁ:r?gi?,lllaa? gu|ar??§84 — éUk%a{-t %%658

b1
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Spurious singularities link
different coefficients

VAR V4
1
2| K34/5)2 7/\‘\1 7\ >©<12
2" 2 1

2 1

=0 at singularity

hese singularities link different coefficients togetl

use a basis where these cancel automatically

Campbell Glover, Miller

Bern, Dixon Kosower 27/28
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Conclusions

Unitarity looking competitive for NLO processes, 7pt N=1
example

-for pure gluon, massless QCD works very well
. . . Anastasiou, Britto,Feng,Kunszt,
-important extensions to rational term , Mastrolia
_ . Britto, Feng, Yang; Badger
massive particles,
re there better basis of functions?
ion?
JgeiEIdete alrel?edr)(m,E]el'rlggr,%"iggﬁéosssower, Febres Cordero,Forde, Ita, Mai

Ellis,Giele, Kunszt: Maitre Mastrolia

an use a variety of techniques : possible simultaneously
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