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Steps of setting up a subtraction scheme (Outline)
1 IR structure

Universal structure of explicit ǫ poles in loop corrections
Universal structure of kinematical singularities in real radiation

2 Disentangle singularities
traditional approach

...among doubly-unresolved limits
Pure-soft factorization in Coulomb gauge

between doubly- and singly-unresolved limits

3 Phase-space factorization
Collinear mapping

Soft mapping

4 Numerical integrations

5 Integration of singular factors

6 Cancel ǫ poles

7 Summary

8 Extra slides

Traditional steps, but all revisited
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Identify the structure of infrared singularities
(⇒ factorization formulae): well-known

ǫ poles of one-loop amplitudes

|M(1)
m ({p})〉 = −

1

2
I
(0)(ǫ; {p})|M(0)

m ({p})〉 + O(ε0)

I(ǫ) =
αs
2π

∑

i


1

ǫ
γi −

1

ǫ2

∑

k 6=i

Ti · Tk

(
4πµ2

sik

)ǫ



Z. Kunszt, Z. T. 1994, S. Catani, M. H. Seymour 1996
S. Catani, S. Dittmaier, Z. T. 2000

ǫ poles of two-loop amplitudes

|M(2)
m ({p})〉 =

−
1

2

(
I
(0)(ǫ; {p})|M(1)

m ({p})〉 + I(1)(ǫ; {p})|M(0)
m ({p})〉

)
+ O(ε0)

S. Catani 1998, G. Sterman, M. E. Tejeda-Yeomans 2003
S. Moch, M. Mitov 2007
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Identify the structure of infrared singularities
(⇒ factorization formulae): well-known
universal soft and collinear factorization of QCD (squared) matrix
elements at NLO:

Cir is a symbolic operator that takes the collinear limit

Cir|M
(0)
m+1(pi, pr, . . .)|

2 ∝
1

sir
〈M(0)

m (pir, . . .)|P̂
(0)
ir |M(0)

m (pir, . . .)〉

P̂
(0)
ir :

Sr is a symbolic operator that takes the soft limit

Sr|M
(0)
m+1(pr, . . .)|

2 ∝
X

i,k
i 6=k

sik

sirskr
〈M(0)

m (. . .)|TiTk|M
(0)
m (. . .)〉
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Identify the structure of infrared singularities
(⇒ factorization formulae): well-known
universal soft- and collinear factorization of QCD (squared)
matrix elements at NNLO involves the

tree level 3-parton splitting functions and double soft gg and qq̄

currents

J. M. Campbell, E. W. N. Glover 1997, S. Catani, M. Grazzini 1998
V. Del Duca, A. Frizzo, F. Maltoni, 1999, D. Kosower, 2002

one-loop 2-parton splitting functions and soft gluon current

Z. Bern, L. J. Dixon, D. C. Dunbar, D. A. Kosower 1994
Z. Bern, V. Del Duca, W. B. Kilgore, C. R. Schmidt 1998-9
D. A. Kosower, P. Uwer 1999, S. Catani, M. Grazzini 2000
D. A. Kosower 2003



IR structure Disentangle singularities Phase-space factorization Numerical integrations Integration of singular factors Cancel ǫ poles Summary Extra slides

Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Simple at NLO:

Cir Sr
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Simple at NLO:

Cir Sr

The candidate subtraction term. . .

A1|M
(0)
m+1|

2 ?
=
∑

r

[
∑

i6=r

1

2
Cir

]
|M

(0)
m+1|

2
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Simple at NLO:

Cir Sr

−CirSr

or

−SrCir?

The candidate subtraction term. . .

A1|M
(0)
m+1|

2 ?
=
∑

r

[
∑

i6=r

1

2
Cir + Sr

]
|M

(0)
m+1|

2

. . . has the correct singularity structure but performs double

subtraction in the regions of phase space where the limits overlap
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Simple at NLO:

Cir Sr−CirSr

The candidate subtraction term. . .

A1|M
(0)
m+1|

2 =
∑

r

[
∑

i6=r

1

2
Cir +

(
Sr −

∑

i6=r

CirSr

)]
|M

(0)
m+1|

2

. . . is now free of double subtractions

. . . but only defined in the strict collinear and/or soft limits
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Becomes rather involved at NNLO:

Cirs Cir;js

Srs

CSir;s

possible (G. Somogyi, V. Del Duca, Z. T. 2006)
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Becomes rather involved at NNLO:

Cirs Cir;js
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Becomes rather involved at NNLO:
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Becomes rather involved at NNLO:

Cirs Cir;js
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Becomes rather involved at NNLO:

Cirs Cir;js

Srs

CSir;s

possible (G. Somogyi, V. Del Duca, Z. T. 2006)
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Disentangle overlapping singularities in real radiation (to
avoid multiple subtraction)

Becomes rather involved at NNLO:

Cirs Cir;js

Srs

CSir;s

possible (G. Somogyi, V. Del Duca, Z. T. 2006)

but try to do better!
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Pure soft limit of the squared matrix element

Using the soft insertion rules one obtains

Sr|M
(0)
m+1(pr, . . . )|

2 ∝
m∑

i=1

m∑

k=1

∑

hel.

εµ(pr)ε
∗
ν(pr)

2p
µ
i p

ν
k

sirskr
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

dµν(pr, n) =
∑

hel.

εµ(pr)ε
∗
ν(pr) = −gµν +

pµr n
ν + pνr n

µ

pr ·n
.
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Pure soft limit of the squared matrix element
Using the soft insertion rules one obtains

Sr|M
(0)
m+1(pr, . . . )|

2 ∝
m∑

i=1

m∑

k=1

∑

hel.

εµ(pr)ε
∗
ν(pr)

2p
µ
i p

ν
k

sirskr
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

dµν(pr, n) =
∑

hel.

εµ(pr)ε
∗
ν(pr) = −gµν +

pµr n
ν + pνr n

µ

pr ·n
.

Soft-collinear contributions are given by the
colour-diagonal terms,

Sr|M
(0)
m+1(pr, . . . )|

2 ∝

m∑

i=1

[
1

2

m∑

k 6=i

(
sik

sirsrk
−
2sin

srnsir
−
2skn

srnskr

)
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

− T2i
2

sir

sin

srn
|M(0)

m (. . . )|2

]
sin = 2pi ·n
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Pure soft limit of the squared matrix element

Using the soft insertion rules one obtains

Sr|M
(0)
m+1(pr, . . . )|

2 ∝
m∑

i=1

m∑

k=1

∑

hel.

εµ(pr)ε
∗
ν(pr)

2p
µ
i p

ν
k

sirskr
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

dµν(pr, n) =
∑

hel.

εµ(pr)ε
∗
ν(pr) = −gµν +

pµr n
ν + pνr n

µ

pr ·n
.

choose Coulomb gauge and keep the pure soft only

Sr|M
(0)
m+1(pr, . . . )|

2 −→

m∑

i=1

[
1

2

m∑

k 6=i

(
sik

sirsrk
−
2siQ

srQsir
−
2skQ

srQskr

)
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

]

with nµ = Qµ − pµr Q
2/srQ and colour− conservation
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Collinear and soft limits are automatically disjoint

at NLO: Cir Sr
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at NLO: Cir Sr
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Collinear and soft limits are automatically disjoint

at NLO: Cir Sr

and works at any order in PT, e.g. at NNLO:

Cirs Cir;js

Srs

CSir;s
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Collinear and soft limits are automatically disjoint

at NLO: Cir Sr

and works at any order in PT, e.g. at NNLO:
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Collinear and soft limits are automatically disjoint

at NLO: Cir Sr

and works at any order in PT, e.g. at NNLO:

Cirs Cir;js

Srs
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Collinear and soft limits are automatically disjoint

at NLO: Cir Sr

and works at any order in PT, e.g. at NNLO:

Cirs Cir;js

Srs

CSir;s
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The perturbative expansion at NNLO accuracy

σ = σLO + σNLO + σNNLO + . . .
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The perturbative expansion at NNLO accuracy

σ = σLO + σNLO + σNNLO + . . .

Consider e+e− → m jet production

LO
b

b

b

m m

σLO =
R
m
dσBm =

R
dφm|M

(0)
m |2Jm
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The perturbative expansion at NNLO accuracy

σ = σLO + σNLO + σNNLO + . . .

Consider e+e− → m jet production

LO
b

b

b

m m

σLO =
R
m
dσBm =

R
dφm|M

(0)
m |2Jm

NLO
b

b

b

b

b

b

r
m+1 m+1

b

b

b

mm m

σNLO =
R
m+1
dσRm+1 +

R
m
dσVm

=
R
dφm+1|M

(0)
m+1|

2Jm+1 +
R
dφm2Re〈M

(1)
m |M

(0)
m 〉Jm
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The perturbative expansion at NNLO accuracy

σ = σLO + σNLO + σNNLO + . . .

Consider e+e− → m jet production

LO
b

b

b

m m

σLO =
R
m
dσBm =

R
dφm|M

(0)
m |2Jm

NLO
b

b

b

b

b

b

r
m+1 m+1

b

b

b

mm m

σNLO =
R
m+1
dσRm+1 +

R
m
dσVm

=
R
dφm+1|M

(0)
m+1|

2Jm+1 +
R
dφm2Re〈M

(1)
m |M

(0)
m 〉Jm

NNLO
b

b

b

b

b

b

m+2 m+2

r

s

b

b

b

b

b

b

r
m+1m+1 m+1

b

b

b

mm mm
b

b

b

m m

σNNLO =
R
m+2
dσRRm+2 +

R
m+1
dσRVm+1 +

R
m
dσVVm =

=
R
dφm+2|M

(0)
m+2

|2Jm+2 +
R
dφm+12Re〈M

(1)
m+1

|M
(0)
m+1

〉Jm+1 +

+
R
dφm

h
|M

(1)
m |2 + 2Re〈M

(2)
m |M

(0)
m 〉

i
Jm
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The perturbative expansion at NNLO accuracy

σ = σLO + σNLO + σNNLO + . . .

Consider e+e− → m jet production

LO
b

b

b

m m

σLO =
R
m
dσBm =

R
dφm|M

(0)
m |2Jm

NLO
b

b

b

b

b

b

r
m+1 m+1

b

b

b

mm m

σNLO =
R
m+1
dσRm+1 +

R
m
dσVm

=
R
dφm+1|M

(0)
m+1|

2Jm+1 +
R
dφm2Re〈M

(1)
m |M

(0)
m 〉Jm

NNLO
b

b

b

b

b

b

m+2 m+2

r

s

b

b

b

b

b

b

r
m+1m+1 m+1

b

b

b

mm mm
b

b

b

m m

σNNLO =
R
dσRRm+2 +

R
dσRVm+1 +

R
dσVVm =

=
R
dφm+2|M

(0)
m+2

|2Jm+2 +
R
dφm+12Re〈M

(1)
m+1

|M
(0)
m+1

〉Jm+1 +

+
R
dφm

h
|M

(1)
m |2 + 2Re〈M

(2)
m |M

(0)
m 〉

i
Jm
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Structure of subtraction is governed by the jet function
σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm
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Structure of subtraction is governed by the jet function
σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm

The approximate cross section dσ
RR,A2
m+2 regularizes the

doubly-unresolved limits of dσRRm+2
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Structure of subtraction is governed by the jet function
σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm

The approximate cross section dσ
RR,A2
m+2 regularizes the

doubly-unresolved limits of dσRRm+2
The approximate cross section dσ

RR,A1
m+2 regularizes the

singly-unresolved limits of dσRRm+2
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Structure of subtraction is governed by the jet function
σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm

The approximate cross section dσ
RR,A2
m+2 regularizes the

doubly-unresolved limits of dσRRm+2
The approximate cross section dσ

RR,A1
m+2 regularizes the

singly-unresolved limits of dσRRm+2
The approximate cross section dσ

RR,A12
m+2 regularizes the

singly-unresolved limits of dσ
RR,A2
m+2 and the doubly-unresolved

limits of dσ
RR,A1
m+2
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Structure of subtraction is governed by the jet function
σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm

The approximate cross section dσ
RR,A2
m+2 regularizes the

doubly-unresolved limits of dσRRm+2
The approximate cross section dσ

RR,A1
m+2 regularizes the

singly-unresolved limits of dσRRm+2
The approximate cross section dσ

RR,A12
m+2 regularizes the

singly-unresolved limits of dσ
RR,A2
m+2 and the doubly-unresolved

limits of dσ
RR,A1
m+2

The approximate cross sections dσ
RV,A1
m+1 and

( ∫
1
dσ
RR,A1
m+2

)
A1

regularize the singly-unresolved limits of dσRVm+1 and
∫
1
dσ
RR,A1
m+2
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Phase-space factorization

Approximate cross sections are constructed from the
factorization formulae extended over the whole phase
space
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Phase-space factorization

Approximate cross sections are constructed from the
factorization formulae extended over the whole phase
space

This extension requires momentum
mappings,{p}n+s → {p̃}n that

implement exact momentum conservation
lead to exact phase-space factorization
can be generalized to any number s of unresolved
partons
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Phase-space factorization

Approximate cross sections are constructed from the
factorization formulae extended over the whole phase
space

This extension requires momentum
mappings,{p}n+s → {p̃}n that

implement exact momentum conservation
lead to exact phase-space factorization
can be generalized to any number s of unresolved
partons

We use separate phase space mappings for the
collinear and soft limits
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Collinear mapping (for s = 1)

p̃
µ
ir =

1

1− αir
(pµi + pµr − αirQ

µ) , p̃µn =
1

1− αir
pµn , n 6= i, r

αir =
1

2

[
y(ir)Q −

√
y2(ir)Q − 4yir

]

Q

1

b

b

b

i

r

b

b

b

m + 1

m + 1
Cir

Q

1̃

b

b

b

ĩr

b

b

b

m̃ + 1

m ⊗ 2
(ir)

i

r



IR structure Disentangle singularities Phase-space factorization Numerical integrations Integration of singular factors Cancel ǫ poles Summary Extra slides

Collinear mapping (for s = 1)

p̃
µ
ir =

1

1− αir
(pµi + pµr − αirQ

µ) , p̃µn =
1

1− αir
pµn , n 6= i, r

αir =
1

2

[
y(ir)Q −

√
y2(ir)Q − 4yir

]

Q

1

b

b

b

i

r

b

b

b

m + 1

m + 1
Cir

Q

1̃

b

b

b

ĩr

b

b

b

m̃ + 1

m ⊗ 2
(ir)

i

r

momentum is conserved p̃
µ
ir +

∑
n p̃

µ
n = pµi + pµr +

∑
n p

µ
n

phase-space factorization is exact

dφm+1(p1, . . . ;Q) = dφm(p̃1, . . . ;Q) ⊗ dφ2(pi, pr; p(ir))
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Collinear mapping (for s = 1)

p̃
µ
ir =

1

1− αir
(pµi + pµr − αirQ

µ) , p̃µn =
1

1− αir
pµn , n 6= i, r

αir =
1

2

[
y(ir)Q −

√
y2(ir)Q − 4yir

]

Q

1

b

b

b

i

r

b

b

b

m + 1

m + 1
Cir

Q

1̃

b

b

b

ĩr

b

b

b

m̃ + 1

m ⊗ 2
(ir)

i

r

momentum is conserved p̃
µ
ir +

∑
n p̃

µ
n = pµi + pµr +

∑
n p

µ
n

phase-space factorization is exact

dφm+1(p1, . . . ;Q) = dφm(p̃1, . . . ;Q) ⊗ dφ2(pi, pr; p(ir))

integral over convolution can be constrained to improve

numerical efficiency
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Soft mapping (for s = 1)

p̃µn = Λµ
ν [Q, (Q− pr)/λr](p

ν
n /λr) , n 6= r , λr =

√
1− yrQ ,

Λµ
ν [K, K̃] = gµν −

2(K + K̃)µ(K + K̃)ν

(K + K̃)2
+
2KµK̃ν

K2

Q

1

b

b

b

r

b

b

b

m + 1

m + 1
Sr

Q

r

⊗
Q

2

1̃

b

b

b

r

b

b

b

b

b

b

m̃ + 1

m
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Soft mapping (for s = 1)

p̃µn = Λµ
ν [Q, (Q− pr)/λr](p

ν
n /λr) , n 6= r , λr =

√
1− yrQ ,

Λµ
ν [K, K̃] = gµν −

2(K + K̃)µ(K + K̃)ν

(K + K̃)2
+
2KµK̃ν

K2

Q

1

b

b

b

r

b

b

b

m + 1

m + 1
Sr

Q

r

⊗
Q

2

1̃

b

b

b

r

b

b

b

b

b

b

m̃ + 1

m

momentum is conserved
∑
n p̃

µ
n = pµr +

∑
n p

µ
n

phase-space factorization is exact

dφm+1(p1, . . . ;Q) = dφm(p̃1, . . . ;Q) ⊗ dφ2(pr,K;Q)

integral over convolution can be constrained to improve

numerical efficiency
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Compute finite integrals numerically using Monte Carlo
integration

σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm

Each integral on the r.h.s. is finite in d = 4 provided J is IR safe

Subtraction terms are fully local:
important for numerical stability and reduction of CPU time
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Event shape distributions (still unphysical at NNLO, VV missing)
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Event shape distributions (still unphysical at NNLO, VV missing)
C-parameter
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Pricetag: one desktop pc in 50 hours
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Integrate the singular factors over the factorized
unresolved phase-space measures

σNNLO = σNNLOm+2 + σNNLOm+1 + σNNLOm =

=
∫
m+2

{
dσRRm+2Jm+2 − dσ

RR,A2
m+2 Jm −

(
dσ
RR,A1
m+2 Jm+1 − dσ

RR,A12
m+2 Jm

)}

+
∫
m+1

{(
dσRVm+1 +

∫
1
dσ
RR,A1
m+2

)
Jm+1 −

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]
Jm

}

+
∫
m

{
dσVVm +

∫
2

(
dσ
RR,A2
m+2 −dσ

RR,A12
m+2

)
+
∫
1

[
dσ
RV,A1
m+1 +

( ∫
1
dσ
RR,A1
m+2

)
A1

]}
Jm
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Collinear integrals
∫ α0

0

dα (1−α)2d0−1
seirQ
2π

∫
dφ2(pi, pr; p(ir))

1

s1+κǫ
ir

P
(κ)
fifr

(zi, zr; ǫ) , κ = 0, 1

dφ2(pi, pr; p(ir)) =
s−ǫ
ir

8π

(4π)ǫ

Γ(1− ǫ)
dsir dv δ

(
sir − Q

2α
(
α + (1− α)x

))

× [v (1− v)]−ǫ Θ(1− v)Θ(v) ,
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Collinear integrals
∫ α0

0

dα (1−α)2d0−1
seirQ
2π

∫
dφ2(pi, pr; p(ir))

1

s1+κǫ
ir

P
(κ)
fifr

(zi, zr; ǫ) , κ = 0, 1

zk+δǫ
r

s1+κǫ
ir

g
(±)
I (zr) , zr =

αQ2 + (1− α)vseirQ
2αQ2 + (1 − α)seirQ
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Collinear integrals
∫ α0

0

dα (1−α)2d0−1
seirQ
2π

∫
dφ2(pi, pr; p(ir))

1

s1+κǫ
ir

P
(κ)
fifr

(zi, zr; ǫ) , κ = 0, 1

zk+δǫ
r

s1+κǫ
ir

g
(±)
I (zr) , zr =

αQ2 + (1− α)vseirQ
2αQ2 + (1 − α)seirQ

δ Function g
(±)
I (z)

0 gA 1

∓1 g
(±)
B (1− z)±ǫ

0 g
(±)
C (1− z)±ǫ

2F1(±ǫ,±ǫ, 1± ǫ, z)

±1 g
(±)
D 2F1(±ǫ,±ǫ, 1± ǫ, 1− z)

I ∝ x

∫ α0

0

dα α−1−(1+κ)ǫ (1− α)2d0−1 [α + (1 − α)x]−1−(1+κ)ǫ

×

∫ 1

0

dv[v (1− v)]−ǫ

(
α + (1− α)xv

2α + (1− α)x

)k+δǫ

g

(
α + (1− α)xv

2α + (1− α)x

)
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Soft-type integrals

Soft integrals

J ∝ −

∫ y0

0

dy (1− y)d
′

0−1
Q2

2π

∫
dφ2(pr,K;Q)

(
sik

sirskr

)1+κǫ

Collinear-soft integrals

K ∝

∫ y0

0

dy (1− y)d
′

0−1
Q2

2π

∫
dφ2(pr,K;Q)2

(
1

sir

zi

zr

)1+κǫ

dφ2(pr,K;Q) =
(Q2)−ǫ

16π2
(4π)ǫ

Γ(1− ǫ)

Γ2(1− ǫ)

Γ(1− 2ǫ)
dεr ε

1−2ǫ
r δ(y− εr)

×d(cosϑ) d(cosϕ)(sin ϑ)−2ǫ(sinϕ)−1−2ǫ
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Soft-type integrals

Soft integrals

J ∝ −

∫ y0

0

dy (1− y)d
′

0−1
Q2

2π

∫
dφ2(pr,K;Q)

(
sik

sirskr

)1+κǫ

Collinear-soft integrals

K ∝

∫ y0

0

dy (1− y)d
′

0−1
Q2

2π

∫
dφ2(pr,K;Q)2

(
1

sir

zi

zr

)1+κǫ

dφ2(pr,K;Q) =
(Q2)−ǫ

16π2
(4π)ǫ

Γ(1− ǫ)

Γ2(1− ǫ)

Γ(1− 2ǫ)
dεr ε

1−2ǫ
r δ(y− εr)

×d(cosϑ) d(cosϕ)(sin ϑ)−2ǫ(sinϕ)−1−2ǫ

and iterated integrals of the above, like I∗I, J∗J, J∗I, K∗I etc.
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Three methods of computing the integrals

Iterated sector decomposition and residuum subtraction to find

Laurent expansion, compute expansion coefficients numerically

G. Somogyi, Z. T. 2008

Algebraic reduction, reduction to master integrals using IBP and

computation of MI using differential equations
U. Aglietti, V. Del Duca, C. Duhr, G. Somogyi, Z. T. 2008

Expand MB representation of integrals in ǫ, and compute
harmonic sum representation of the expansion coefficients

P. Bolzoni, S. Moch, G. Somogyi, Z. T. 2008
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]

C(0)
q (x; ǫ) =

1

ǫ2
+
1

ǫ

(
3

2
− 2 ln x

)
+ O(ε0) ,

C(0)
g (x; ǫ) =

1

ǫ2
+
1

ǫ

(
11

6
−
2

3
nf
TR

CA
− 2 ln x

)
+ O(ε0) ,

S̃
(0)
ik (Y; ǫ) =

1

ǫ
lnY + O(ε0) .
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]
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Figure: Expansion coefficients of the function eS(0)ik (Y ; ε)
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]

∫

1

dσ
RV,A1
m+1 = dσVm ⊗ I(0)({p}m; ǫ) + dσBm ⊗ I

(1)({p}m; ǫ)
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Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]

∫

1

dσ
RV,A1
m+1 = dσVm ⊗ I(0)({p}m; ǫ) + dσBm ⊗ I

(1)({p}m; ǫ)

∫

1

( ∫

1

dσ
RR,A1
m+2

)
A1

= dσBm⊗

[
1

2

{
I
(0)({p}m; ǫ), I

(0)({p}m; ǫ)
}

+ IR×(0)({p}m; ǫ)

]



IR structure Disentangle singularities Phase-space factorization Numerical integrations Integration of singular factors Cancel ǫ poles Summary Extra slides

Combine integrated subtraction terms with loop
corrections to cancel ǫ poles
Write the final result of integrations in the forms:

∫

1

dσ
RR,A1
m+2 = dσRm+1 ⊗ I

(0)({p}m+1; ǫ)

I
(0)({p}m+1; ǫ) ∝

∑

i

[
C

(0)
i (yiQ; ǫ)T

2
i +

∑

k 6=i

S̃
(0)
ik (Yik,Q; ǫ)Ti ·Tk

]

∫

1

dσ
RV,A1
m+1 = dσVm ⊗ I(0)({p}m; ǫ) + dσBm ⊗ I

(1)({p}m; ǫ)

∫

1

( ∫

1

dσ
RR,A1
m+2

)
A1

= dσBm⊗

[
1

2

{
I
(0)({p}m; ǫ), I

(0)({p}m; ǫ)
}

+ IR×(0)({p}m; ǫ)

]

∫

2

(
dσ
RR,A2
m+2 − dσ

RR,A12
m+2

)
= dσBm ⊗ [??]
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Summary

Usual steps of subtraction methods followed, but
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Usual steps of subtraction methods followed, but

used new, pure-soft factorization to avoid overlapping

singularities
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Summary

Usual steps of subtraction methods followed, but

used new, pure-soft factorization to avoid overlapping

singularities

proposed new phase-space factorizations for defining subtraction

terms
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Summary

Usual steps of subtraction methods followed, but

used new, pure-soft factorization to avoid overlapping

singularities

proposed new phase-space factorizations for defining subtraction

terms

existing techniques (iterated sector decomposition, IBP, MB) can
be extended to compute integrals over the unresolved phase

spaces
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Summary

Usual steps of subtraction methods followed, but

used new, pure-soft factorization to avoid overlapping

singularities

proposed new phase-space factorizations for defining subtraction

terms

existing techniques (iterated sector decomposition, IBP, MB) can
be extended to compute integrals over the unresolved phase

spaces

Complete scheme for NNLO computations is worked out
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Summary

Usual steps of subtraction methods followed, but

used new, pure-soft factorization to avoid overlapping

singularities

proposed new phase-space factorizations for defining subtraction

terms

existing techniques (iterated sector decomposition, IBP, MB) can
be extended to compute integrals over the unresolved phase

spaces

Complete scheme for NNLO computations is worked out

Only partially completed: integrations over the unresolved phase
spaces



IR structure Disentangle singularities Phase-space factorization Numerical integrations Integration of singular factors Cancel ǫ poles Summary Extra slides

Summary

Usual steps of subtraction methods followed, but

used new, pure-soft factorization to avoid overlapping

singularities

proposed new phase-space factorizations for defining subtraction

terms

existing techniques (iterated sector decomposition, IBP, MB) can
be extended to compute integrals over the unresolved phase

spaces

Complete scheme for NNLO computations is worked out

Only partially completed: integrations over the unresolved phase
spaces

Thanks for your attention!
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The standard integrated approximate cross sections do not obey

universal IR collinear factorization

Due to coherent soft-gluon emission from unresolved partons

only the sum 〈M
(0)
m+1|(Tj ·Tk + Tr ·Tk)|M

(0)
m+1〉 factorizes in the

collinear limit (Tjr = Tj + Tr)

Cjr〈M
(0)
m+1|(Tj ·Tk + Tr ·Tk)|M

(0)
m+1〉 ∝

1

sjr
〈M(0)

m |Tjr ·Tk P̂
(0)
jr |M(0)

m 〉
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The standard integrated approximate cross sections do not obey

universal IR collinear factorization

Due to coherent soft-gluon emission from unresolved partons

only the sum 〈M
(0)
m+1|(Tj ·Tk + Tr ·Tk)|M

(0)
m+1〉 factorizes in the

collinear limit (Tjr = Tj + Tr)

Cjr〈M
(0)
m+1|(Tj ·Tk + Tr ·Tk)|M

(0)
m+1〉 ∝

1

sjr
〈M(0)

m |Tjr ·Tk P̂
(0)
jr |M(0)

m 〉

This factorization is violated by the factors s−ǫ
ik /ǫ2

Cjr
1

ǫ2
〈M

(0)
m+1|(Tj ·Tk s

−ǫ
jk + Tr ·Tk s

−ǫ
rk )|M

(0)
m+1〉 ∝

×
1

sjr

[
〈M(0)

m |Tjr ·Tk P̂
(0)
jr

(
1

ǫ2
−
1

ǫ
ln s(jr)k

)
|M(0)

m 〉

−
1

ǫ
〈M(0)

m |Tj ·Tk ln zj + Tr ·Tk ln zr |M
(0)
m 〉

]
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The standard integrated approximate cross sections do not obey

universal IR collinear factorization

Due to coherent soft-gluon emission from unresolved partons

only the sum 〈M
(0)
m+1|(Tj ·Tk + Tr ·Tk)|M

(0)
m+1〉 factorizes in the

collinear limit (Tjr = Tj + Tr)

Cjr〈M
(0)
m+1|(Tj ·Tk + Tr ·Tk)|M

(0)
m+1〉 ∝

1

sjr
〈M(0)

m |Tjr ·Tk P̂
(0)
jr |M(0)

m 〉

This factorization is violated by the factors s−ǫ
ik /ǫ2

Cjr
1

ǫ2
〈M

(0)
m+1|(Tj ·Tk s

−ǫ
jk + Tr ·Tk s

−ǫ
rk )|M

(0)
m+1〉 ∝

×
1

sjr

[
〈M(0)

m |Tjr ·Tk P̂
(0)
jr

(
1

ǫ2
−
1

ǫ
ln s(jr)k

)
|M(0)

m 〉

−
1

ǫ
〈M(0)

m |Tj ·Tk ln zj + Tr ·Tk ln zr |M
(0)
m 〉

]

⇒ local subtraction requires properly defined new approximate
cross sections
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Collinear limit of color-connected SME

Due to color coherence only the sum

|M
(0)
m+1;(i,l)|

2 + |M
(0)
m+1;(r,l)|

2

has a universal collinear limit as pi||pr, not |M
(0)
m+1;(i,l)|

2 or

|M
(0)
m+1;(r,l)|

2 separately

Generally we have

I = Vil|M
(0)
m+1;(i,l)({p̃}

(il)
m+1)|

2 + Vrl|M
(0)
m+1;(r,l)({p̃}

(rl)
m+1)|

2 + . . .

CirI exists iff

CirVil = CirVrl ≡ V(ir)l

{p̃}
(il)
m+1

i||r
−→ {p̃}

[(ir)l]
m , {p̃}

(rl)
m+1

i||r
−→ {p̃}

[(ir)l]
m

Then CirI ∝
1
sir
V(ir)l〈M

(0)
m ({p̃}

[(ir)l]
m )|TirTlP̂ir|M

(0)
m ({p̃}

[(ir)l]
m )〉
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Monte Carlo summation over helicity in NLO computations

proved to be useful to gain speed in multileg computations at
Born level

P. Draggiotis, R. H. P. Kleiss, C. G. Papadopoulos 1998, 2002

Gaining speed is even more important in computing real radiation
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Monte Carlo summation over helicity in NLO computations

proved to be useful to gain speed in multileg computations at
Born level

P. Draggiotis, R. H. P. Kleiss, C. G. Papadopoulos 1998, 2002

Gaining speed is even more important in computing real radiation

The pure-soft factorization is independent of the soft-gluon

helicity

Sr|M
(0)
m+1(p

λ
r , . . . )|

2 ∝

1

2

m∑

i=1

[
1

2

m∑

k 6=i

(
sik

sirsrk
−
2siQ

srQsir
−
2skQ

srQskr

)
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

−T2i
2

sir

sin

srn
|M(0)

m (. . . )|2

]
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Monte Carlo summation over helicity in NLO computations

proved to be useful to gain speed in multileg computations at
Born level

P. Draggiotis, R. H. P. Kleiss, C. G. Papadopoulos 1998, 2002

Gaining speed is even more important in computing real radiation

The pure-soft factorization is independent of the soft-gluon

helicity

Can define collinear and pure-soft subtractions for
fixed helicities

Sr|M
(0)
m+1(p

λ
r , . . . )|

2 −→

1

2

m∑

i=1

[
1

2

m∑

k 6=i

(
sik

sirsrk
−
2siQ

srQsir
−
2skQ

srQskr

)
〈M(0)

m (. . . )|Ti ·Tk|M
(0)
m (. . . )〉

]
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Towards event shapes

Constructed dσNNLO5 (RR) and dσNNLO4 (RV) for e+e− → 3 jets
(e+e− → qq̄ggg and e+e− → qq̄gg subprocesses respectively)
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Towards event shapes

Constructed dσNNLO5 (RR) and dσNNLO4 (RV) for e+e− → 3 jets
(e+e− → qq̄ggg and e+e− → qq̄gg subprocesses respectively)
Checked numerically that (J = C or 1− T)

In all singly- and doubly-unresolved limits

dσ
RR,A2
5 J3 + dσ

RR,A1
5 J4 − dσ

RR,A12
5 J3

dσRR5
→ 1

In all singly-unresolved limits

dσ
RV,A1
4 J3 −

R
1
dσ
RR,A1
5 J4 −

“ R
1
dσ
RR,A1
5

”
A1J3

dσRV4
→ 1

⇒
The counterterms are fully local,

azimuthal and color correlations fully included
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Towards event shapes

Computed the RR and RV contributions to first three moments of
3-jet event shape variables thurst (T) and C-parameter

〈On〉 ≡

∫
On
dσ

σ0
=

(
αs(Q)

2π

)
A

(n)
O +

(
αs(Q)

2π

)2
B

(n)
O +

(
αs(Q)

2π

)3
C

(n)
O

where the NNLO contribution C
(n)
O is a sum of the RR,

RV and VV pieces

C
(n)
O = C

(n)
O;5 + C

(n)
O;4 + C

(n)
O;3

The quantities C
(n)
O;5 and C

(n)
O;4 are found to be finite

(O = C or O = τ ≡ 1− T; n = 1, 2, 3)

Up to NLO accuracy perfect agreement with known
results for e+e− → 3 jets
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Towards event shapes – RR contribution

Prediction for moments of event shapes – RR contribution

n C
(n)
τ ;5 C

(n)
C;5

1 −(9.27± 0.34) · 101 −(3.44± 0.14) · 102

2 −3.07± 0.43 −(1.42± 0.03) · 102

3 2.01± 0.12 6.29± 1.87

Technical details

No. of MC points used: n = 40× 2.5 · 105 (VEGAS)
χ2/d.o.f. as reported by VEGAS: χ2/d.o.f. = 0.79
No. of subtractions: 535 at 139 different PS points for each event

[compare with 12 subtractions at 12 different PS points for

e+e− → 4 jets at NLO needed in this scheme (qq̄ggg subprocess)]

Speed of code on an AMD Athlon 1.3 GHz machine with 256 MB

RAM: 2.5 · 105 pts. ≈ 2.5 h
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Towards event shapes – RV contribution

Prediction for moments of event shapes – RV contribution

n C
(n)
τ ;4 C

(n)
C;4

1 (1.23± 0.01) · 103 (4.33± 0.05) · 103

2 (2.55± 0.02) · 102 (3.25± 0.02) · 103

3 (4.79± 0.03) · 101 (1.80± 0.01) · 103

Technical details

No. of MC points used: n = 20× 2.5 · 105 (VEGAS)
χ2/d.o.f. as reported by VEGAS: χ2/d.o.f. = 1.24
No. of subtractions: 15 at 7 different PS points for each event

Speed of code on an AMD Athlon 1.3 GHz machine with 256 MB

RAM: 2.5 · 105 pts. ≈ 7 h
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