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Lorimer and Kramer (2005) Handbook of pulsar astronomy.
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Supernova core collapse (“death” of a star)
Radius: 10° km — 10km (10~'° for cross section)

Magnetic field: 100G — 10” G
(magnetic flux conservation)

Rotation period: Py — 10 x P
(angular momentum conservation) (0.5s)

Fast-spinning neutron star

Lighthouse effect — radio beam periodically shines to
the observer
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Propagation of the pulsar signal
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Interstellar medium is not empty, but it is a cold, ionized plasma.
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Pulsar signals — toy model
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Real pulsar signal

1.45

- Signals are weak

- Noise level is high

5 Radio interferences of wide- and
>
g narrow-band type
3135 . o .
2 Detection is important for many science
cases (pulsar timing, etc.)
1.30
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Andrey Kazantzev / MPIfR — Crab Pulsar / Effelsberg
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Bayesian signal detection — |

Data stream: A; — signal is in the data, Ap — signal is not in the data.
Decision: A7 — signal is in the data, A — signal is not in the data.
Possible situations:

- AjAo — correct non-detection, F = P(A3]Ao),

- ATA, — “false alarm” or “false positive” detection, F = P(AT|Ad),

- AbA; — missing the signal, D = P(A3|A1),

- AjA; — correct detection of the signal, D = P(AT]A1).
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Bayesian signal detection — Il

Stream: A; — signal, Ao — no signal F ) F
Decision: A} — signal, Ay — no signal D = P(Aj]A) D= P(AT|AY)
: R

P(AG, Ao) + P(AT, Ao) + P(AG, A1) + P(AT, A1) =1
Mean risk: 7= Z rP =

i
= I’1P(AS7A0) + rzp(AT,Ao) =+ f3P(A3,A1) —+ MP(AT,A‘\) = fFP(AT,Ao) + rﬁP(AS,Aq)
P(AT, Ac) = P(Ao)P(AT|A0) = P(Ao)F, P(A, A1) = P(A1)P(A5|A1) = P(A1)D
T = reFP(Ao) + rsDP(A1)
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Detection criteria

Mean risk: T = reFP(Ao) + rsDP(A)

Bayes’ criterion: argminr
Criterion of “ideal observer”:  argmin 7 = argmin(FP(Ao) + DP(A1)) (e =115 ="1)

Neyman-Pearson criterion: argmax(D) while Fis fixed (fixed “false alarm” rate)
r= I’ﬁP(A1)* [D*[()F]I’BP(AO, [o = I’FP(AQ)/I'EP(Aw)
Weighting criterion: argmax (D — [oF)
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Statistical Signal Detection

D
A*
N\
F
Yy
Example 1. y=Ax+n, (A=0,1), p(ylAo) = pn(y), p(y|A1) = psn(¥).
b— / AWy F= / A (V)pa(y) dy
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Statistical Signal Detection

y=Ax+n (A=0,7), p(YlAd) = Pn(y). p(YIA1) = psn(y).
0= [ APty F= [ AWy
_ — Ji * _ * _ . o psn(y) T . .
D IOFZ A WpnWIL(Y) — lo]dy  — A*(y) =1when [(y) =l >0 [(y)= on(y) likelihood ratio

If the “noise” is Gaussian:
X2 Xy 1 5 1
[(y) = exp <_ﬁ> exp <n—%) or l(y) =exp _ﬁ Z,-:X[ At | exp H—%Z:X,y,At

>~ xyAt — correlation sum (or correlation integral in continuous case)

Correlation sum/integral is the optimal filter Bayesian sense (maximizes sensitivity)
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General formulation of the detection problem in radio astronomy

o Rk N W

Bayes’ approach to the signal detection:

Ho @ r(t) = w(t)

Ha - r(t) = w(t) + s(t)} te@ w) €C, s() eC

w(t) — white noise, s(t) — Gaussian signal:

w(t) : E[w(t)] = 0 E[w(t)w" (t')] = No(1+i)o(t — t')
s(t) 1 E[s(t)] = m(t)  E[(s(t) — m(t))(s(t') — m(t'))"] = Ks(t, t')

The Effelsberg telescope
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Classical solution

By using the Karhunen-Loéve expansion:

s(t) = sada(t)  ¢n(t) — orthogonal functions

E[(Sn — Ma)(Sk — M) ] = Andpe  m(t) = > Mahn(1)

2
1 )\n / *
lr=— r(t t)dt
Hy R NO ;An_’_l\,o (T) ()(bﬂ()
[R-i-lpz’y:
Ho

/ r(t)¢;(t>dt} [ / m(t)¢;(t>dt} }
(M ]

- Threshold v is determined with Bayes or Neyman-Pearson criterion (fixed false-detection rate)

1
[02;M+N0R6{

- Corresponds to the coherent de-dispersion for a known deterministic signal
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Classical solution for a deterministic signal (matched filter)

s(t) = m(t) = $o(t) = f(t) — fully known signal
E[(sn — Mn)(Sk — M)*] =0 An =0

2
=0

/ H(t)6n () dt
O]

. . " 2F
/(T) r(t)gbn(t)dt] [/(T)m(t)gzﬁn(t)dt] } = NORe{/(T) r(t)f*(t)dt}

matched filter

E= / f()f* (t) dt — energy of the signal
(M
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Time-frequency analysis and spectrogram

Natural feeling how signals look like or
sound

Certain signals have particular signature
on the time-frequency plane

Frequency (GHz)

- Spectrogram is the most common way to
analyze the signals
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Andrey Kazantzev / MPIfR — Crab Pulsar / Effelsberg
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Spectrogram and its properties

Short-time Fourier transform:

2 2
spectrogram — [Si(w)|” = |F{s(r) h(r —t)}| = /e‘f“Ts(r) h(r —t) dr
window window
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Spectrogram and its properties

Short-time Fourier transform:

2 2
spectrogram — [Si(w)|” = |F{s(r) h(r —t)}| = /e‘f“Ts(r) h(r —t) dr
window window

Properties:
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Spectrogram and its properties

Short-time Fourier transform:

2 2
spectrogram — [Si(w)|” = |F{s(r) h(r —t)}| = /e‘f“Ts(r) h(r —t) dr
window window

Properties:

- total energy conservation: Esp://‘st(w)|2dtdw:/ Is(t)[? dtx/|h(t)|2dt
——

signal energy
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Spectrogram and its properties

Short-time Fourier transform:

2 2
spectrogram — [Si(w)|” = |F{s(r) h(r —t)}| = /e‘f“Ts(r) h(r —t) dr
window window

Properties:

- total energy conservation: Esp://‘st(w)|2dtdw:/ Is(t)[? dtx/|h(t)|2dt
——

signal energy

- time marginal: P(t) :/|St(w)|2dw:/|S(T)|2|h(7'—t)|2dt
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Spectrogram and its properties

Short-time Fourier transform:

2 2
spectrogram — [Si(w)|” = |F{s(r) h(r —t)}| = /e‘f“Ts(r) h(r —t) dr
window window

Properties:

- total energy conservation: Esp://‘st(w)|2dtdw:/ Is(t)[? dtx/|h(t)|2dt
——

signal energy
- time marginal: P(t) = / St(w)]” dw = / Is(7)[’|h(r — t)|* dt

- frequency marginal: P(w) = / Se(w)[* dt = / 1S(w')*|H(w — ') dw’
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Spectrogram and its properties

Short-time Fourier transform:

2 2
spectrogram — [Si(w)|” = |F{s(r) h(r —t)}| = /e‘f“Ts(r) h(r —t) dr
window window

Properties:

- total energy conservation: Esp://‘st(w)|2dtdw:/ Is(t)[? dtx/|h(t)|2dt
——

signal energy
- time marginal: P(t) = / St(w)]” dw = / Is(7)[’|h(r — t)|* dt
- frequency marginal: P(w) = / Se(w)[* dt = / 1S(w')*|H(w — ') dw’
Marginals are not conserved — energy is scrambled in the t-f plane
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Spectrogram — illustrative example (fully known signal)

- Easy to understand and interpret

- Both marginals are not conserved

Frequency

- Suitable for optimal detector?

Arbitrary units (symmetric log. scale)

Pw) © 1024
Time (samples)
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Cohen’s class of time-frequency distributions

o0 oo /
ny(t,w;l'l):/ / rl(t—t/,w—w’)\/vxy(t/,w’)clt/%r

Wy, = / X (t + g) y* (t — g) e ™7 dr — cross-Wigner-Ville distribution

—o0
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Cohen’s class of time-frequency distributions

oo oo /
ny(t,w;l'l):/ / Nt~ ¥, — ) W (1) at' S

Wy, = / X (t + g) y* (t — g) e ™7 dr — cross-Wigner-Ville distribution

M(t,w) — arbitrary normalized function:
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Cohen’s class of time-frequency distributions

oo oo /
ny(t,w;l'l):/ / Nt~ ¥, — ) W (1) at' S

Wy = /j:ox (t + g) y* (t — g) e ™7 dr — cross-Wigner-Ville distribution
M(t,w) — arbitrary normalized function:
- N(t,w) = Nw(t,w) = 2mé(t)d(w) gives auto Wigner-Ville distribution
Gty w; Mw) = Wi(t, w)
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Cohen’s class of time-frequency distributions

oo oo /
ny(t,w;l'l):/ / Nt~ ¥, — ) W (1) at' S

Wy, = / X (t + g) y* (t — %) e ™7 dr — cross-Wigner-Ville distribution

M(t,w) — arbitrary normalized function:
- N(t,w) = Nw(t,w) = 2mé(t)d(w) gives auto Wigner-Ville distribution
Gty w; Mw) = Wi(t, w)

- N(t,w) = Ns(t,w) = Wan(t,w) gives classical spectrogram
2

Cox(t,w; Ms) = S = ’/jo x(u)h*(t —u)e ™" du| = |F {x(u)h*(t — u)}’
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Cohen’s class of time-frequency distributions

oo oo /
ny(t,w;l'l):/ / Nt~ ¥, — ) W (1) at' S

Wy = /::X (t + g) y* (t — %) e ™7 dr — cross-Wigner-Ville distribution
M(t,w) — arbitrary normalized function:
- N(t,w) = Nw(t,w) = 2mé(t)d(w) gives auto Wigner-Ville distribution
Gty w; Mw) = Wi(t, w)

- N(t,w) = Ns(t,w) = Wan(t,w) gives classical spectrogram
2

Cxx(taw; nS) =S = ’/ X(U)h*(t — U) eifwu du|l = |]:{X(U)h*(t — U)}|2
- many other variants...
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Cohen’s class optimal detector

2
[

7 EMF)_Z;MJ_NORe{[/(T) r(t)¢,’§(t)dt] [/(T)m(t)q%;(t)dt] }

1 A
[(MF) _ n
R No ; An + No

/ ()93 )

(T
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Cohen’s class optimal detector

2
[

(MF) 1
=2

/ r(t)¢;<t>dt] [ / m(t)qs;(t)dr] }
(7 (7

/ / cxm(t,w;n)c:m(t,w;n)dt%::U X1(t)x§‘(t)dt} [/ Xz(t)XZ(t)dt] _ Moyal relation

—o0

1 A
[(MF) _ n
R No ; An + No

/ ()93 )

(T
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Cohen’s class optimal detector

2
[

(MF) 1
=2

/ r(t)¢;<t>dt] [ / m(t)qs;(t)dr] }
(7 (7

/ / cxm(t,w;n)c:m(t,w;n)dt%::U X1(t)x§‘(t)dt} [/ Xz(t)XZ(t)dt] _ Moyal relation

—o0

1 A
[(MF) _ n
R No ; An + No

/ ()93 )

(T

|7(n,7) =1 =(n,71)= / / N(t,w) e+ gt (21—“ —  spectrogram is not suitable (})
—oo J —oo 0
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Cohen’s class optimal detector

2
[

(MF) 1
=2

/ r(t)¢;<t>dt] [ / m(t)qs;(t)dr] }
(7 (7

/ / cxm(t,w;n)c:m(t,w;n)dt%::U X1(t)x§‘(t)dt} [/ Xz(t)XZ(t)dt] _ Moyal relation

—o0

1 A
[(MF) _ n
R No ; An + No

/ ()93 )

(T

|7(n,7) =1 =(n,71)= / / N(t,w) e+ gt (21—“ —  spectrogram is not suitable (})
—oo J —oo 0

1 > A " dw
lr = /\TO [ /(;) Wff(tv w) |:Z An JNO W¢'n<f>n(t7w):| dt o
" opt. det. for Wigner-Ville distri-

- 1 * dw i w) =27 w
IDZZ/_OO /m Re {Wm(t,w)} {;MW%%(LW)} dt —— butions (M(t, w) = 2md(t)d(w))
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Property of perfect localization (Wigner-Ville distribution)

10°
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Bertrads’ class of time-frequency distributions

For analytical signals X(v) and Y(v):

By(t,f) = fz"“’“/ X(FA(U)) Y* (PA(—u)) p(u) 27O =20 gy r, g — fixed parameters
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Bertrads’ class of time-frequency distributions

For analytical signals X(v) and Y(v):

By(t,f) = fz"“’“/ X(FA(U)) Y* (PA(—u)) p(u) 27O =20 gy r, g — fixed parameters

—u o\ . . T
© > kR # 0,1, k — arbitrary number characterizing distribution

A(u) = (keiku —
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Bertrads’ class of time-frequency distributions

For analytical signals X(v) and Y(v):

By(t,f) = fz"“’“/ X(FA(U)) Y* (PA(—u)) p(u) 27O =20 gy r, g — fixed parameters

—u o\ . . T
© ) kR # 0,1, k — arbitrary number characterizing distribution

NOE (km

ph(u) = 'd% IAU) = A(=W)]| Mu)A(=u)]™ — localized form (in the t-f plane)

p(u) = M)A (=u)]™ — auxiliary form
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Bertrads’ class of time-frequency distributions

For analytical signals X(v) and Y(v):

By(t,f) = fz"“’“/ X(FA(U)) Y* (PA(—u)) p(u) 27O =20 gy r, g — fixed parameters

AN V(=)
© L ) kR # 0,1, k — arbitrary number characterizing distribution

NOE (km

ph(u) = 'd% IAU) = A(=W)]| Mu)A(=u)]™ — localized form (in the t-f plane)

p(u) = M)A (=u)]™ — auxiliary form

General internal product property:

/000 /_o; BY., (t.1) Bk, (8, ) F9 dtdf = [/Ooo (X () df] {/o"o T .
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Bertrads’ class optimal detector

2
[

7 EMF)_Z;ANLNORG{[/@ r(t)¢,’§(t)dt] [/(T)m(t)sb:(t)dt] }

1 A
l(MF) _ n
R No EH: An + No

/( OG0T
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Bertrads’ class optimal detector

(o — NLOZ )\n)—\i—nNo 2, (0 :2; )\n_:_NORe{ /(T) r(t)¢,’§(t)dt] [/(r)m(tw;(t)dt]*}
/Ooo /_Z Bl (t,1) By, (t,f) dtdf = [/Ooom(f)x;(f)df} [/OOOXz(f)XZ(J‘)df]* a=0, r=",

/( RCEICE!
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Bertrads’ class optimal detector

2, I(DMF)_ZZ;M—:-NORG{ /(T) r(t)¢,’§(t)dt] [/mm(t)gf);(t)dt]*}
[ [ shenstenaa= [ [“xosod] [[Txoaod]  a=o =7

dw

Br y 85 —=

R No/ /7—) rr(t w |: b —‘,—N ¢ﬁ¢ﬂ tUJ):| dt -
opt. det. for Bertrands' class

dw ; :
b = 2/ / Re e (% { BL", (¢, w)} dti (kis arbitrary)
o } Z An o+ N Submitted to IEEE Trans.

on Signal Processing

/( OG0T

_ n
R 7N02)\H+NO
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Bertrads’ class optimal detector

2, I(DMF)_ZZ;M—:-NORG{ /(T) r(t)¢,’§(t)dt] [/mm(t)gf);(t)dt]*}
[ [ shenstenaa= [ [“xosod] [[Txoaod]  a=o =7

dw

Br y 85 —=

R No/ /7—) rr(t w |: b —‘,—N ¢ﬁ¢ﬂ tUJ):| dt -
opt. det. for Bertrands' class

dw ; :
b = 2/ / Re e (% { BL", (¢, w)} dti (kis arbitrary)
o } Z An o+ N Submitted to IEEE Trans.

on Signal Processing

/( OG0T

_ n
R 7N02)\H+NO

For radio astronomy signals the Unterberger distribution (k = —1) is the most suitable
(provides perfect localization the signals having the group delay 1/17).
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Property of perfect localization (Unterberger distribution)

a

E E

g g

o £ 0o £

g 2 z &

g g g 5

fis > & 2

< <

P(w) %0 1024 -1 P(w) % 1024 -1
Time (samples) Time (samples)
UNIVERSITAT Vladimir Lenok - Classical Theory of Optimal Detection |  Astroparticle Physics Seminar (DESY) - 21/25

BIELEFELD



Sensitivity of the detectors
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Sensitivity of the phase agnostic detectors (Re{ -} — | - |)
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Ambiguity functions for power-law chirps

Ambiguity function Ambiguity function
1 1
N \\ SNCARETIN
104 ) /D = |Wir|Wer2, 104 Io = |B%| Bf:
Yo o D
1.02 4
N _ I~
8 8
3 P o
g o & S1o00- o g
£ g £ 3
H < H <
= s
[a} [a)
0.98
0.96
1 1
0 —40 -20 0 20 40
Time offset (sample) Time offset (sample)
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Summary

- Bayesian signal detection provide large set of possible detection criteria (e.g. likelihood ratio
detector and correlation sum/integral detectors)

- Optimal = maximizes the detection efficiency
- Optimal detector has a particular structure that can guide our choice of representations
- Spectrogram is a simple time-frequency distribution, but with a certain limitations

- There are alternatives to spectrogram (Wigner-Ville distribution, Unterberger distribution, etc)
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