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Noncommutative Space-Time

Analogy to quantum mechanics: postulation of noncommutative space-time

[x̂µ, x̂ν] = iθµν = i
Cµν

ΛNC
2 ⇒ ∆x̂µ · ∆x̂ν >

θµν

2

Current collider bounds on the noncommutative scale ΛNC:
ΛNC > 141 GeV (OPAL: e+e− → γγ in NCQED [Abbiendi et al.])

Theoretically, hypothesis/appearance of length/area scale:
historically regularisation of infinites in QFT [Heisenberg/Pauli/Snyder]

NCQFT as low energy limit of string theories [Seiberg/Witten]:

possible cut-off for removing divergent contributions to quantum gravity
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Realisation of a NCQFT

special case and useful approximation: θµν constant 4× 4-matrix:

[x̂µ, x̂ν] = iθµν = i
1

ΛNC
2C

µν = i
1

ΛNC
2


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0


effective lagrangians

Leff. = · · ·+ gψ̄(x̂)γµ(1 − γ5)ψ(x̂)Wµ(x̂) + · · ·

with product of functions of noncommuting variables

(fg)(x̂) = f(x̂)g(x̂)

realised by Moyal-Weyl ?-products of functions of commuting variables:

(f?g)(x) = f(x)e
i
2
←−
∂µθµν

−→
∂ν

g(x) = f(x)g(x) +
i
2
θµν

∂f(x)

∂xµ

∂g(x)

∂xν
+ O(θ2)

Note: [xµ
?, xν](x) = (xµ?xν)(x) − (xν?xµ)(x) = iθµν = [x̂µ, x̂ν]
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NC generalization of the SM Lagrangian

1 Replace products in L with Moyal-Weyl ?-products:

LSM = iψ̄ /Aψ+ · · · −→ LNC = iψ̄?/A?ψ+ · · ·

problem: only U(N)-gauge theory on NC space-time possible(
[Aa

µT
a ?, Ab

νT
b] =

1
2

[Aa
µ

?, Ab
ν]−[Ta, Tb]+ +

1
2

[Aa
µ

?, Ab
ν]+[Ta, Tb]−

)
2 Express noncommutative fields by commutative fields

Aµ, Ψ, λ→ Âµ[ A, θ], Ψ̂[Ψ,A, θ], λ̂[λ,A, θ]

and NC gauge transformations through ordinary gauge transformations:

e.g. Âρ(A, θ) + δÂρ(A, θ) !
= Âρ(A+ δA, θ)

solution: Seiberg-Witten-maps, as power series in θ

e.g. Âµ(x) = Aµ(x) +
1
4
θρσ [Aσ(x),∂ρAµ(x) + Fρµ(x)]+ + O((θµν)2)

allows NC generalization of SU(N)
3 Construction of a noncommutative SU(3)C × SU(2)L ×U(1)Y effective

theory [Wess et al.] as expansion in powers of θ
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NCSM à la Wess et al.

Feynman rules at first and second order in θ ∝ 1
Λ2

NC

NC-corrections to SM-interactions:

εµ(k)

u(p)

ū(p ′)

= ig ·


i
2

[(kθ)µ/p+ (θp)µ/k− (kθp)γµ]

+
1
8

(kθp) [(kθ)µ/p+ (θp)µ/k− (kθp)γµ]

New interactions:

εµ1(k1)

εµ2(k2)

u(p)

ū(p ′)

= ig2 ·



i
2

[
(θ(k1 − k2))µ1γµ2 − (θ(k1 − k2))µ2γµ1

−θµ1µ2(/k1 − /k2)
]

+
1
8

[k1θk2 (3pθµ1 − k1θ
µ1 − k2θ

µ1)γµ2

+ 2[(k1 + k2)θ
µ2 pθµ1 ]/k1 + . . .]

(all momenta outgoing)
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NCSM à la Wess et al.

New interactions: three neutral gauge bosons γγγ, Zγγ, ZZγ, . . .
at first order in θ

εµ1(k1)

εµ2(k2)

εµ3(k3)

= iKγγγ · . . .

εµ1(k1)

εµ2(k2)

εµ3(k3)

= iKZγγ · . . .

−0.6 −0.4 −0.2 0

−0.3

−0.2

−0.1

0

0.1

Kγγγ

KZγγ

coupling constants not unique, yet constrained from matching the SM at
θ→ 0
no contribution from second order in θ
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pp-Channels - O(θ)

pp→ γγ, Zγ, ZZ

Standard Model:

ASM
t = ASM

u =

NCSM:

ANC
t,1 = ANC

t,2 =

ANC
u,1 = ANC

u,2 =

ANC
c = ANC

s,γ = ANC
s,Z =
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pp-Channels - O(θ)

qq̄→ Zγ

Discriminative effect: azimuthal dependence of cross sections
antisymmetric in cos θ⇒ integration over one hemisphere
dependency on ~E stronger than on ~B

φ

SM

cos θ = +0.05

~E = (1, 0, 0)
√

ŝ = 1 TeV

ΛNC = 1 TeV, (KZγγ, KZZγ) = (−0.333, 0.035)

0 2 4 6

0.0155

0.016

0.0165

0.017

0.0175

0.018

0.0185

dσ̂
dΩ

/pb
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pp-Channels - O(θ)

qq̄→ Zγ

Discriminative effect: azimuthal dependence of cross sections
antisymmetric in cos θ⇒ integration over one hemisphere
dependency on ~E stronger than on ~B

φ

SM

√
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pp-Channels - O(θ)

qq̄→ Zγ

Discriminative effect: azimuthal dependence of cross sections
if
√
ŝ/ΛNC large ⇒ negative cross section ⇒ upper cut on

√
ŝ

φ

SM

NCSM O(θ)

~E = (1, 0, 0), cos θ = 0.8
√

ŝ = 1 TeV

ΛNC = 0.5 TeV, (KZγγ, KZZγ) = (−0.333, 0.035)
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dσ̂
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Monte Carlo simulation - O(θ)

pp→ Zγ→ e+e−γ @LHC
Azimuthal dependence of cross section - cuts:

Effect ∝
√
ŝ/ΛNC ⇒ me+e−γ > 220 GeV

validity of O(θ) approximation ⇒ me+e−γ < 1 TeV
Effect antisymmetric in cos θ∗γ ⇒ 0 < cos θ∗γ < 0.9
Separation of qq̄ from q̄q initial state: 〈xvalence〉 � 〈xsea〉
⇒ Z and γ in the same hemisphere: cos θZ,γ > 0

event
generation

using
WHIZARD

azimuthal
angle

NCSM O(θ)
SM ∫

L = 300 fb−1,
√

s = 14 TeV
∫

L = 300 fb−1,
√

s = 14 TeV

ΛNC = 0.6 TeV, ~E = (1, 0, 0)

(KZγγ, KZZγ) = (0.095, 0.155)

0 2 4 6
0

50
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150

#e
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Sensitivity @LHC - O(θ)

Likelihood-Fits [A.A., Ohl, Rückl]:

e+e− channel,
√
s = 14 TeV, 100 fb−1, ΛNC = 500 GeV

1E
-0.4 -0.2 0 0.2 0.4

2E
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2
B
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2
B

-1.5
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0
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1

1.5

just kinematical correlations of (E1,B2) and (E2,B1) because of
Lorentz-boost along beam axis x3

θµν =
Cµν

Λ2
NC

: Cµν → Λµ
ρΛ

ν
σC

ρσ

i.p. E1 → γ(E1 − βB2) with β = v/c, γ = 1/
√

1 − β2

Derived bounds:

Ei = 1 all other 0, i = 1, 2
Bi = 1 all other 0, i = 1, 2

}
⇒ ΛNC ' 1.0 TeV
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pp-Channels - O(θ2)

regions in phase space with large
√
ŝ/ΛNC ⇒ negative cross section

interference ANC(θ) ·A∗SM dominates |ASM|2

⇒second order in θ needed

qq̄→ Zγ

φ

SM

NCSM O(θ)

~E = (1, 0, 0); cos θ = 0.8
√

ŝ = 1 TeV

ΛNC = 0.5 TeV, (KZγγ, KZZγ) = (−0.333, 0.035)
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pp-Channels - O(θ2)

pp→ γγ @LHC

at O(θ) just minute observable NC effects in unpolarised cross section
from interference of Z-exchange diagram with SM
at O(θ2): peak in mγγ distribution at mZ, from squared Z-exchange
diagram
Cuts (same as for the light Higgs search):
pT > 25 GeV, |η| < 2.5, 80 GeV < Mγγ < 150 GeV,DRγγ > 0.4

event
generation

using
WHIZARD

Mγγ

(GeV)

NCSM O(θ2), (Kγγγ, KZγγ) = (−0.184, −0.333)
NCSM O(θ2), (Kγγγ, KZγγ) = (0.095, 0.155)
SM

∫
L = 100 fb−1,

√
s = 14 TeV

ΛNC = 0.5 TeV, ~E = (1, 0, 0)
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Conclusions & Outlook

QFT on NC space-time realised by means of Moyal-Weyl ? product and
Seiberg-Witten maps
NCSM as expansion in powers of θ:

at O(θ): unpolarised pp→ Zγ→ e+e−γ phenomenologically richer than
pp→ γγ

exclusion limits @LHC: ΛNC & 1.0 TeV [A.A., Ohl, Rückl]
no polarisation required, unlike γγ→ e+e− [Ohl, Reuter, PRD70]
at O(θ2): extension of region of validity
inclusion pp→ γγ

(at O(θµν) only minute observable effect from KZγγ , 0)

In progress:
further phenomenological studies including also W’s require
corresponding Feynman rules up to O(θ2)

ZZZ, WWZ, . . . acquire mass dependent NC-corrections coming from
the Higgs sector
⇒ hybrid SWM for Higgs at O(θ2) needed

φ̂ −→ φ̂′ = eiλ̂L ? φ̂ ? e−iλ̂R
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Hybrid SWM for Higgs

Generalize

ψ̂[ψ,A] = ψ+
1
2
θµνAν∂µψ+

i
8
θµν [Aµ,Aν]−ψ+ O(θ2)

to a field transforming from the left and on the right under two arbitrary gauge
groups:

δφ̂ = iλL ? φ̂− iφ̂ ? λR

Hybrid Seiberg-Witten map:

φ̂[φ,AL,AR] = φ+
1
2
θµνALν

(
∂µφ−

i
2

(ALµφ− φARµ)

)
+

1
2
θµν

(
∂µφ−

i
2

(ALµφ− φARµ)

)
ARν + O(θ2)
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