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``Precision’’

LHCHWG: Updated  Prediction 
Aveleira, Chen, Davies, Degrassi, Giardino, Gröber, 
Heinrich, SPJ, Kerner, Schlenk, Steinhauser, Vitti 25
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Figure 3: The invariant mass distribution of the Z-Higgs-system for an energy ofp
S = 13.6 TeV and a Higgs mass of mH = 125.0 GeV. Presented are the NLO and

LO distributions with the 7-points scale uncertainty.

We show results for the invariant-mass distribution in Fig. 3. We observe that the differen-
tial K-factor is not constant, with K ⇠ 2 for MZH Æ 350 GeV and then decreasing to roughly
K = 1.5. Furthermore, the LO scale bands cannot account for the NLO corrections for any
value of MZH in the plot. We note that even considering a scale variation by a factor 3 in the
LO does not give a scale uncertainty band that contains the NLO result [29].

3.3 Discussion of theoretical uncertainties

We observe that the main sources of theoretical uncertainties come from the QCD scale varia-
tion and from the choice of scheme and scale for the renormalisation of the top-quark mass.
The QCD scale uncertainty is generally symmetric, and the inclusion of the NLO corrections
leads to a reduction by roughly a factor of 2/3, with a residual error of about 15%. We recall
that scale uncertainties of the YR4 results are at the 25% level3 because they are based on the
rescaling of a LO result: this is why they are comparable with those of �LO in Tab. 1. The top-
mass-scheme uncertainty is instead asymmetric, because the running of the top-quark mass in
the MS scheme leads to a monotonous decrease of the value of mt used for the prediction, as
discussed in Refs. [28,33].

Compared to the ones discussed above, other typical sources of theoretical uncertainties
are subdominant, and we quote a unique value for the LO and NLO results. The uncertainty
associated to the value of ↵s is estimated by varying ↵s(mZ) in Eq.(4) by ±0.001, and we

3see also Tab. 12 of Ref. [71]
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Goal 

Theory  concrete, testable predictions  

Experimental observations  parameters, interactions, dynamics

→

→

Precise predictions require a detailed 
understanding of the theory 

Fixed order amplitudes and subtraction 
schemes (QCD & EW) 

Parton Distribution Functions 

Jets/Flavour 

Parton Showers/Resummations 

Non-perturbative aspects 

For production process & backgrounds

Synergy: Precision is the melting pot of our best description of nature and the interface between theory and experiment 



4

Introduction to Precision

Fixed Order Calculations

Integral Reduction 

Computing Integrals 

Sampling Phase-space 

Subtraction

Building Predictions

Parton Distribution Functions (PDFs) 

Estimating Uncertainties

Process Simulation & Modelling

Resummation 

Parton Showers 

Negative Events

Decompose Process?

5.3. Deformation of the integration contour

after having integrated out the loop momenta, see Ref. [300]. The leading Landau
singularity is again given by the solution to the system of equations assuming an empty
set of vanishing Feynman parameters.
How we deal with these singularities will be described in the following section.

5.3 Deformation of the integration contour

5.3.1 Cauchy theorem

Re(z)

Im(z)
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Figure 5.2: Schematic picture of the closed contour avoiding poles on the real axis.

Unless the function F is of definite sign for all possible values of invariants and Feyn-
man parameters, the denominator of a multi-loop integral will vanish within the integra-
tion region on a hypersurface given by the solutions of the Landau equations. To avoid
the non-physical poles on the real axis, the Cauchy theorem

∮

c

N∏

j=1

dzjI(z⃗) =
∫ 1

0

N∏

j=1

dxjI(x⃗) +
∫ 0

1

N∏

j=1

dzjI(z⃗) = 0 (5.5)

can be exploited, where Re(z⃗) = x⃗. To be able to use the theorem, the original integrand,
depending only on the real coordinates xj, is analytically continued to the complex plane.
The coordinate transformation reads

∫ 1

0

N
∏

j=1

dxjI(x⃗) =
∫ 1

0

N
∏

j=1

dxj

∣
∣
∣
∣

(
∂zk(x⃗)
∂xl

)∣
∣
∣
∣
I(z⃗(x⃗)) , (5.6)

where the new complex coordinates z⃗ describe a path parametrized by the variables x⃗.
With a given description of the coordinates z⃗, the Cauchy theorem in Eq. (5.5) can be
formulated. It is valid in this form as long as the deformation is in accordance with
the causal iδ prescription of the Feynman propagators, as the region enclosed by the
integration contour then does not contain any singular points, compare Fig. 5.2. It is
important to keep in mind, that no poles should be crossed while changing the integration
path, otherwise Eq. (5.5) is no longer valid.

55

Ai = ∑
k

Ci,k Ik

Generate Diagrams

Compute Amplitude

Reduce Integrals

Compute Integrals

 Silvia (Tuesday)→

 Oleksandr (Today)→



5

Recent Progress



6

Fixed Order Progress

Les Houches Wishlist [2504.06689]

process known desired

pp æ H

N3LOHTL

NNLO(t,t◊b)
QCD

N(1,1)LO(HTL)
QCD¢EW

NLOQCD

N4LOHTL (incl.)

pp æ H + j

NNLOHTL

NLOQCD

N(1,1)LOQCD¢EW

NNLOHTL ¢ NLOQCD + NLOEW

N3LOHTL

NNLOQCD

pp æ H + 2j

NLOHTL ¢ LOQCD

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

NNLOHTL ¢ NLOQCD + NLOEW

N3LO(VBFú)
QCD

NNLO(VBF)
QCD

NLOQCD

pp æ H + 3j
NLOHTL

NLO(VBF)
QCD

NLOQCD + NLOEW

NNLO(VBFú)
QCD

pp æ V H
N3LOQCD (incl.)+ NLOEW

NLO(t,b)
ggæHZ

N3LOQCD

N(1,1)LOQCD¢EW

pp æ V H + j
NNLOQCD

NLOQCD + NLOEW

pp æ HH
N3LOHTL ¢ NLOQCD

NLOEW
NNLOQCD

pp æ HH + 2j

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

NLOQCD

pp æ HHH NNLOHTL NLOQCD

pp æ H + tt̄
NLOQCD + NLOEW

NNLOQCD (approx.)
NNLOQCD

pp æ H + t/t̄ NLOQCD + NLOEW NNLOQCD

Table 2: Precision wish list: Higgs boson final states. NxLO(VBFú)
QCD means a calculation using

the structure function approximation. V = W, Z.

pered by the di�culty in computing two-loop gg æ V V amplitudes with a massive quark loop.
Approximate NLOQCD corrections were computed using the heavy-top expansion [482–484], the
high-energy expansion [485], and a combination of these two approximations and the threshold

17

process known desired

pp æ 2 jets
NNLOQCD

NLOQCD + NLOEW
N3LOQCD + NLOEW

pp æ 3 jets NNLOQCD + NLOEW

Table 3: Precision wish list: jet final states.

and 5FS predictions [700–704]; NLOEW corrections calculated [705]. Complete predictions at
O(–m

s –n+1) with m+n = 2, 3 (i.e. including both QCD and EW corrections) for bb̄H production
presented in Ref. [706] in the 4FS. Two-loop leading colour planar helicity amplitudes in the
5FS computed in Ref. [707].

The N3LOQCD corrections to bb̄ æ H are available in the public code n3loxs [473]. The
NNLOQCD corrections have been matched to parton shower using the MiNNLOPS method in
Ref. [708], and the resulting transverse momentum distribution of the Higgs was compared to
NNLOQCD + NNLL results of Ref. [688]. Results for the Higgs transverse momentum spectrum
resummed to N3LL’ and matched to NNLOQCD and approximate N3LOQCD were presented in
Ref. [709]. The perturbative uncertainties are small, opening the possibility of distinguishing
di�erent flavour production modes. Soft-virtual (SV) and next-to-soft-virtual (NSV) terms,
resummed to N3LL accuracy, were presented in Ref. [710] for the inclusive cross section and
Higgs rapidity distribution. The authors observe that the improvement in the perturbative
precision when including the SV and NSV terms on top of the N3LOQCD results is quite small,
indicating good convergence of the series.

In bb̄H production, the calculation of Ref. [698], which included both O(y2
b ) and O(y2

t )
contributions to NLOQCD in the 4FS, has been matched to PS in Ref. [636]. NNLOQCD results
matched to parton shower were presented in Ref. [711], using the MiNNLOPS framework. The
bottom quarks are treated as massive, with the two-loop amplitudes being evaluated using a
small-mass expansion. The authors find that the NNLOQCD corrections in the 4FS resolve
tensions between this scheme and the 5FS. Analytic expressions for the two-loop amplitudes for
bb̄H production with massless b quarks are now available for all color structures [712].

3.2 Jet final states

An overview of the status of jet final states is given in Table 3.

3.2.1 2j
LH21 status: Di�erential NNLOQCD corrections available from two independent groups using
the antenna [136, 713] and the sector-improved residue subtraction [179] formalisms. Complete
NLO QCD+EW corrections available [714].

NNLOQCD interpolation grids were made available for this process in [715], which facilitate
the inclusion of this process into PDF fits without K-factor approximations. Such grids were
used to perform an –s extraction based on LHC di-jet data in [716]. Based on the NNLOQCD
corrections to massive bottom quark production [218], NNLO+PS predictions were obtained for
B-hadron production at the LHC in [717]. Ref. [718] explored new slicing variables at NLOQCD
for jet processes. Jet angularities in a resummed and matched calculation were studied in
Ref. [719] that also took into account non-perturbative corrections from the underlying event
and hadronisation.

25

process known desired

pp æ V
N3LOQCD + N(1,1)LOQCD¢EW

NLOEW
N2LOEW

pp æ V V Õ
NNLOQCD + NLOEW

+ Full NLOQCD (gg æ ZZ),

approx. NLOQCD (gg æ WW )

Full NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ W + bb̄ NNLOQCD

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD +NLOEW (w/ decays) NLOQCD + NLOEW (o�-shell)

pp æ WWW NLOQCD + NLOEW (o�-shell)

pp æ W +W +(V æ jj) NLOQCD + NLOEW (o�-shell)

pp æ WZ(V æ jj) NLOQCD + NLOEW (o�-shell)

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NLOEW

Table 4: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w decays) NNLOQCD + NLOEW (w decays)

pp æ tt̄ + “ NLOQCD (o�-shell)

pp æ tt̄ + Z NLOQCD + NLOEW (o�-shell)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell)

pp æ t/t̄
NNLOQCD*(w decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w decays)

pp æ tZj NLOQCD + NLOEW (o� shell) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄
NLOQCD (w decay)

NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell)

NNLOQCD

Table 5: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

to two jets at tree level. These amplitudes can be used for NNLOQCD calculations to top-pair
production.

The scale dependence of top-pair production has been investigated in several renormal-
isation schemes in Ref. [945]. This is particularly important for the experimental extraction
of the top quark mass, especially in the low top-pair invariant mass regime. Along the same
line of research, a study [946] of the top-quark pole mass extraction has been carried out at
NNLOQCD accuracy, using total, single-, and double-di�erential cross sections. In Ref. [188],
non-perturbative fragmentation functions, for B-hadrons, J/� and muons resulting from semilep-
tonic B decays have been derived at NNLOQCD. These fragmentation functions are then used
to study the production of top-quark pairs with these final states.

In Ref. [947], the first event generator at NLOQCD accuracy matched to parton shower for
the o�-shell production of a top-quark pair in the lepton+jets channel has been presented. This
implementation also allows the separation between tW and tt̄ production mechanisms.

In Refs. [948, 949], the di�erential transverse momentum and azimuthal decorrelation of
the top-quark pair have been computed with degrees of fixed-order accuracy combined with
resummation, including NNLL +NNLOQCD accuracy. Particular emphasis has been put on
the interplay between soft-collinear resummation and Coulomb singularities. In Ref. [950], the
computation of the soft-parton contributions at low transverse momentum of the top-quark pair
up to NNLOQCD has been presented. This is the final ingredient for the implementation of the
qT subtraction formalism at NNLOQCD for top-quark production.

34

Higgs Vector Bosons Top

Jets

Impressive progress made in recent years venturing into very difficult territory (beyond MPLs, internal masses, 2 3)→
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Fixed Order Progress

Les Houches Wishlist [2504.06689]

process known desired

pp æ H

N3LOHTL

NNLO(t,t◊b)
QCD

N(1,1)LO(HTL)
QCD¢EW

NLOQCD

N4LOHTL (incl.)

pp æ H + j

NNLOHTL

NLOQCD

N(1,1)LOQCD¢EW

NNLOHTL ¢ NLOQCD + NLOEW

N3LOHTL

NNLOQCD

pp æ H + 2j

NLOHTL ¢ LOQCD

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

NNLOHTL ¢ NLOQCD + NLOEW

N3LO(VBFú)
QCD

NNLO(VBF)
QCD

NLOQCD

pp æ H + 3j
NLOHTL

NLO(VBF)
QCD

NLOQCD + NLOEW

NNLO(VBFú)
QCD

pp æ V H
N3LOQCD (incl.)+ NLOEW

NLO(t,b)
ggæHZ

N3LOQCD

N(1,1)LOQCD¢EW

pp æ V H + j
NNLOQCD

NLOQCD + NLOEW

pp æ HH
N3LOHTL ¢ NLOQCD

NLOEW
NNLOQCD

pp æ HH + 2j

N3LO(VBFú)
QCD (incl.)

NNLO(VBFú)
QCD

NLO(VBF)
EW

NLOQCD

pp æ HHH NNLOHTL NLOQCD

pp æ H + tt̄
NLOQCD + NLOEW

NNLOQCD (approx.)
NNLOQCD

pp æ H + t/t̄ NLOQCD + NLOEW NNLOQCD

Table 2: Precision wish list: Higgs boson final states. NxLO(VBFú)
QCD means a calculation using

the structure function approximation. V = W, Z.

pered by the di�culty in computing two-loop gg æ V V amplitudes with a massive quark loop.
Approximate NLOQCD corrections were computed using the heavy-top expansion [482–484], the
high-energy expansion [485], and a combination of these two approximations and the threshold

17

process known desired

pp æ 2 jets
NNLOQCD

NLOQCD + NLOEW
N3LOQCD + NLOEW

pp æ 3 jets NNLOQCD + NLOEW

Table 3: Precision wish list: jet final states.

and 5FS predictions [700–704]; NLOEW corrections calculated [705]. Complete predictions at
O(–m

s –n+1) with m+n = 2, 3 (i.e. including both QCD and EW corrections) for bb̄H production
presented in Ref. [706] in the 4FS. Two-loop leading colour planar helicity amplitudes in the
5FS computed in Ref. [707].

The N3LOQCD corrections to bb̄ æ H are available in the public code n3loxs [473]. The
NNLOQCD corrections have been matched to parton shower using the MiNNLOPS method in
Ref. [708], and the resulting transverse momentum distribution of the Higgs was compared to
NNLOQCD + NNLL results of Ref. [688]. Results for the Higgs transverse momentum spectrum
resummed to N3LL’ and matched to NNLOQCD and approximate N3LOQCD were presented in
Ref. [709]. The perturbative uncertainties are small, opening the possibility of distinguishing
di�erent flavour production modes. Soft-virtual (SV) and next-to-soft-virtual (NSV) terms,
resummed to N3LL accuracy, were presented in Ref. [710] for the inclusive cross section and
Higgs rapidity distribution. The authors observe that the improvement in the perturbative
precision when including the SV and NSV terms on top of the N3LOQCD results is quite small,
indicating good convergence of the series.

In bb̄H production, the calculation of Ref. [698], which included both O(y2
b ) and O(y2

t )
contributions to NLOQCD in the 4FS, has been matched to PS in Ref. [636]. NNLOQCD results
matched to parton shower were presented in Ref. [711], using the MiNNLOPS framework. The
bottom quarks are treated as massive, with the two-loop amplitudes being evaluated using a
small-mass expansion. The authors find that the NNLOQCD corrections in the 4FS resolve
tensions between this scheme and the 5FS. Analytic expressions for the two-loop amplitudes for
bb̄H production with massless b quarks are now available for all color structures [712].

3.2 Jet final states

An overview of the status of jet final states is given in Table 3.

3.2.1 2j
LH21 status: Di�erential NNLOQCD corrections available from two independent groups using
the antenna [136, 713] and the sector-improved residue subtraction [179] formalisms. Complete
NLO QCD+EW corrections available [714].

NNLOQCD interpolation grids were made available for this process in [715], which facilitate
the inclusion of this process into PDF fits without K-factor approximations. Such grids were
used to perform an –s extraction based on LHC di-jet data in [716]. Based on the NNLOQCD
corrections to massive bottom quark production [218], NNLO+PS predictions were obtained for
B-hadron production at the LHC in [717]. Ref. [718] explored new slicing variables at NLOQCD
for jet processes. Jet angularities in a resummed and matched calculation were studied in
Ref. [719] that also took into account non-perturbative corrections from the underlying event
and hadronisation.
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process known desired

pp æ V
N3LOQCD + N(1,1)LOQCD¢EW

NLOEW
N2LOEW

pp æ V V Õ
NNLOQCD + NLOEW

+ Full NLOQCD (gg æ ZZ),

approx. NLOQCD (gg æ WW )

Full NLOQCD

(gg channel, w/ massive loops)

N(1,1)LOQCD¢EW

pp æ V + j NNLOQCD + NLOEW hadronic decays

pp æ V + 2j
NLOQCD + NLOEW (QCD component)

NLOQCD + NLOEW (EW component)
NNLOQCD

pp æ V + bb̄ NLOQCD NNLOQCD + NLOEW

pp æ W + bb̄ NNLOQCD

pp æ V V Õ + 1j NLOQCD + NLOEW NNLOQCD

pp æ V V Õ + 2j
NLOQCD (QCD component)

NLOQCD + NLOEW (EW component)
Full NLOQCD + NLOEW

pp æ W +W + + 2j Full NLOQCD + NLOEW

pp æ W +W ≠ + 2j NLOQCD + NLOEW (EW component)

pp æ W +Z + 2j NLOQCD + NLOEW (EW component)

pp æ ZZ + 2j Full NLOQCD + NLOEW

pp æ V V ÕV ÕÕ NLOQCD +NLOEW (w/ decays) NLOQCD + NLOEW (o�-shell)

pp æ WWW NLOQCD + NLOEW (o�-shell)

pp æ W +W +(V æ jj) NLOQCD + NLOEW (o�-shell)

pp æ WZ(V æ jj) NLOQCD + NLOEW (o�-shell)

pp æ ““ NNLOQCD + NLOEW N3LOQCD

pp æ “ + j NNLOQCD + NLOEW N3LOQCD

pp æ ““ + j
NNLOQCD + NLOEW

+ NLOQCD (gg channel)

pp æ “““ NNLOQCD NLOEW

Table 4: Precision wish list: vector boson final states. V = W, Z and V Õ, V ÕÕ = W, Z, “. Full
leptonic decays are understood if not stated otherwise.
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process known desired

pp æ tt̄

NNLOQCD + NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell)

NNLOQCD (w/ decays)

N3LOQCD

pp æ tt̄ + j
NLOQCD (o�-shell e�ects)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w decays)

pp æ tt̄ + 2j NLOQCD (w/o decays) NLOQCD + NLOEW (w decays)

pp æ tt̄ + V Õ NLOQCD + NLOEW (w decays) NNLOQCD + NLOEW (w decays)

pp æ tt̄ + “ NLOQCD (o�-shell)

pp æ tt̄ + Z NLOQCD + NLOEW (o�-shell)

pp æ tt̄ + W NLOQCD + NLOEW (o�-shell)

pp æ t/t̄
NNLOQCD*(w decays)

NLOEW (w/o decays)
NNLOQCD + NLOEW (w decays)

pp æ tZj NLOQCD + NLOEW (o� shell) NNLOQCD + NLOEW (w/o decays)

pp æ tt̄tt̄
NLOQCD (w decay)

NLOEW (w/o decays)

NLOQCD + NLOEW (o�-shell)

NNLOQCD

Table 5: Precision wish list: top quark final states. NNLOQCD
ú means a calculation using the

structure function approximation. V Õ = W, Z, “.

to two jets at tree level. These amplitudes can be used for NNLOQCD calculations to top-pair
production.

The scale dependence of top-pair production has been investigated in several renormal-
isation schemes in Ref. [945]. This is particularly important for the experimental extraction
of the top quark mass, especially in the low top-pair invariant mass regime. Along the same
line of research, a study [946] of the top-quark pole mass extraction has been carried out at
NNLOQCD accuracy, using total, single-, and double-di�erential cross sections. In Ref. [188],
non-perturbative fragmentation functions, for B-hadrons, J/� and muons resulting from semilep-
tonic B decays have been derived at NNLOQCD. These fragmentation functions are then used
to study the production of top-quark pairs with these final states.

In Ref. [947], the first event generator at NLOQCD accuracy matched to parton shower for
the o�-shell production of a top-quark pair in the lepton+jets channel has been presented. This
implementation also allows the separation between tW and tt̄ production mechanisms.

In Refs. [948, 949], the di�erential transverse momentum and azimuthal decorrelation of
the top-quark pair have been computed with degrees of fixed-order accuracy combined with
resummation, including NNLL +NNLOQCD accuracy. Particular emphasis has been put on
the interplay between soft-collinear resummation and Coulomb singularities. In Ref. [950], the
computation of the soft-parton contributions at low transverse momentum of the top-quark pair
up to NNLOQCD has been presented. This is the final ingredient for the implementation of the
qT subtraction formalism at NNLOQCD for top-quark production.

34

Higgs Vector Bosons Top

Jets

- completed since 2021
- progress since 2021

Impressive progress made in recent years venturing into very difficult territory (beyond MPLs, internal masses, 2 3)→
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Fixed Order Progress

Update 

LH2025 wishlist will also include systematic summaries of status of resummation & PS 

Also needed 

1. Get processes/precision for Electron-Ion Collider @ Brookhaven under control 

2. Get a serious handle on Electroweak precision (for HL-LHC but esp. for FCC-ee, FCC-hh)
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Highlight: Higgs + Jet @ N3LOHTL

SLAC-PUB-250331, ZU-TH 24/25

Three-Loop QCD corrections to the production of a Higgs boson and a Jet

Xiang Chen,1, ⇤ Xin Guan,2, † and Bernhard Mistlberger,2, ‡

1
Physik-Institut, Universität Zürich, Winterthurerstrasse 190, CH-8057 Zürich, Switzerland
2
SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94039, USA

(Dated: April 10, 2025)

We compute three-loop QCD corrections to the scattering amplitude of a Higgs boson and three
partons interfered with its tree level counterpart. Specifically, we derive our results in the generalized
leading color limit. Our results are represented in terms of so-called multiple polylogarithms and
thus ready for use in phenomenological predictions. We provide the three-loop amplitudes necessary
to compute the production cross section of a Higgs boson and a hadronic jet at hadron colliders and
the decay probability of a Higgs boson to three hadronic jets at lepton colliders.

INTRODUCTION

The discovery of the Higgs boson by the ATLAS [1]
and CMS [2] experiment at the Large Hadron Collider
(LHC) ushered in a new era of exploration of fundamental
forces. For the first time we gained experimental access
to probe the interactions of all fundamental particles of
the Standard Model and thus a brand new opportunity to
test the foundations of our understanding of nature. To-
day, we explore the rich implications of the Higgs boson
by performing high precision comparison of experimen-
tal data with theoretical predictions for the outcome of
LHC scattering experiments. The large data sets already
collected by the LHC and in particular the advent of the
upcoming High-Luminosity Phase [3] enable a precision
phenomenology program testing the Standard Model and
searching for new physics beyond this paradigm. The
high experimental precision must be matched by equally
precise theoretical predictions based on the cutting edge
of our understanding of Quantum Field Theory (QFT).
In this Letter, we achieve a new milestone of precision
calculations at the core of such predictions.

Precision computations for the LHC are performed ex-
ploiting the factorization of high energetic scattering pro-
cesses of the QCD partons - the constituents of the two
scattering protons - and the low-energy dynamics of the
individual protons. Within this framework, we compute
scattering cross sections based on the first principle La-
grangian of the Standard Model or other theories of na-
ture using perturbative QFT. Precision is achieved by
computing cross sections to higher and higher power in
an expansion in coupling constants. The largest of all
coupling constants at LHC energies is the coupling of the
strong force ↵S . Achieving high order results in the ex-
pansion in powers of ↵S is a formidable task challenging
our technical and theoretical abilities of using QFT.

An overwhelming number of about ninety percent of all
Higgs bosons at the LHC are produced via the gluon fu-
sion mechanism. This mechanism describes the fusion of
two initial state gluons via a virtual top-quark loop which
in turn radiates the Higgs boson. Perturbative QCD cor-
rections for this production mechnism are notoriously

FIG. 1: Example diagram for the leading-color,
three-loop scattering amplitude of three gluons and a

Higgs boson.

large and consequently very high order predictions are
required to rival experimental precision. A powerful ap-
proach is the construction of an e↵ective field theory [4–7]
integrating out the degrees of freedom of the top quark
yielding the first term in an expansion in inverse pow-
ers of the large top quark mass. This approach reduces
the top-quark loop at Born level to a point-like interac-
tion coupling the Higgs field H directly to the gluon field
strength G

µ⌫

a
via a Wilson coe�cient [8–12] C0.

Leff = LSM,5 �
C

0

4
HG

µ⌫

a
Ga,µ⌫ . (1)

The application of this e↵ective field theory has en-
abled frontier computations of the inclusive Higgs pro-
duction cross section through next-to-next-to-next-to-
leading order (N3LO) in QCD perturbation theory [13–
18] and predictions including the massive top quark were
obtained already through next-to-next-to-leading order
(NNLO) [19–23]. Higgs phenomenology is however much
richer than only inclusive rates and a vast range of ob-
servables di↵erential in the decay products of the Higgs
boson allow us to study this new particle in great de-
tail. The advances in our understanding of di↵erential
cross section of the past two decades enabled the compu-
tation of fully di↵erential predictions for the production
of a Higgs boson through N3LO in QCD perturbation
theory [24–30]. A leap in our ability to perform di↵eren-
tial computations with hadronic jets occurred about one
decade ago [31–38] leading to fully di↵erential predic-
tions of the gluon fusion production of a Higgs boson in
association with a jet at NNLO [39–42]. The additional
final state jet is a requirement for any observable depen-
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We compute three-loop QCD corrections to the scattering amplitude of a Higgs boson and three
partons interfered with its tree level counterpart. Specifically, we derive our results in the generalized
leading color limit. Our results are represented in terms of so-called multiple polylogarithms and
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to compute the production cross section of a Higgs boson and a hadronic jet at hadron colliders and
the decay probability of a Higgs boson to three hadronic jets at lepton colliders.
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by performing high precision comparison of experimen-
tal data with theoretical predictions for the outcome of
LHC scattering experiments. The large data sets already
collected by the LHC and in particular the advent of the
upcoming High-Luminosity Phase [3] enable a precision
phenomenology program testing the Standard Model and
searching for new physics beyond this paradigm. The
high experimental precision must be matched by equally
precise theoretical predictions based on the cutting edge
of our understanding of Quantum Field Theory (QFT).
In this Letter, we achieve a new milestone of precision
calculations at the core of such predictions.

Precision computations for the LHC are performed ex-
ploiting the factorization of high energetic scattering pro-
cesses of the QCD partons - the constituents of the two
scattering protons - and the low-energy dynamics of the
individual protons. Within this framework, we compute
scattering cross sections based on the first principle La-
grangian of the Standard Model or other theories of na-
ture using perturbative QFT. Precision is achieved by
computing cross sections to higher and higher power in
an expansion in coupling constants. The largest of all
coupling constants at LHC energies is the coupling of the
strong force ↵S . Achieving high order results in the ex-
pansion in powers of ↵S is a formidable task challenging
our technical and theoretical abilities of using QFT.

An overwhelming number of about ninety percent of all
Higgs bosons at the LHC are produced via the gluon fu-
sion mechanism. This mechanism describes the fusion of
two initial state gluons via a virtual top-quark loop which
in turn radiates the Higgs boson. Perturbative QCD cor-
rections for this production mechnism are notoriously
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three-loop scattering amplitude of three gluons and a

Higgs boson.

large and consequently very high order predictions are
required to rival experimental precision. A powerful ap-
proach is the construction of an e↵ective field theory [4–7]
integrating out the degrees of freedom of the top quark
yielding the first term in an expansion in inverse pow-
ers of the large top quark mass. This approach reduces
the top-quark loop at Born level to a point-like interac-
tion coupling the Higgs field H directly to the gluon field
strength G
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The application of this e↵ective field theory has en-
abled frontier computations of the inclusive Higgs pro-
duction cross section through next-to-next-to-next-to-
leading order (N3LO) in QCD perturbation theory [13–
18] and predictions including the massive top quark were
obtained already through next-to-next-to-leading order
(NNLO) [19–23]. Higgs phenomenology is however much
richer than only inclusive rates and a vast range of ob-
servables di↵erential in the decay products of the Higgs
boson allow us to study this new particle in great de-
tail. The advances in our understanding of di↵erential
cross section of the past two decades enabled the compu-
tation of fully di↵erential predictions for the production
of a Higgs boson through N3LO in QCD perturbation
theory [24–30]. A leap in our ability to perform di↵eren-
tial computations with hadronic jets occurred about one
decade ago [31–38] leading to fully di↵erential predic-
tions of the gluon fusion production of a Higgs boson in
association with a jet at NNLO [39–42]. The additional
final state jet is a requirement for any observable depen-
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Highlight: Higgs + Jet @ NLOEW
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Figure 2. Representative two-loop Feynman diagrams for EW corrections to gg ! gH.

with the constraint s+ t+ u = m
2

H
. The transverse momentum of the Higgs boson can be

given by p
2

T
= t u/s.

The one-loop and two-loop amplitudes for gg ! gH process can be written as

M
abc = f

abc
✏1,µ✏2,⌫✏

⇤
3,⇢A

µ⌫⇢(s, t, u), (2.3)

and the tensor Aµ⌫⇢(s, t, u)1 is a rank-3 tensor under Lorentz transformations. Note that all

the Lorentz indices are treated in d dimensions. The gauge invariance of the external gluons

will impose constraints on the structure functions. Following the conventions introduced

in [40], we choose the gluons to be transversely polarized and fix the gauge of external

gluons as

✏j · pj = 0 , ✏1 · p2 = ✏2 · p3 = ✏
⇤
3 · p1 = 0 . (2.4)

Then, Aµ⌫⇢(s, t, u) can be decomposed into four di↵erent Lorentz structures [40]

A
µ⌫⇢(s, t, u) = F1(s, t, u)g

µ⌫
p
⇢

2
+ F2(s, t, u)g

µ⇢
p
⌫

1

+ F3(s, t, u)g
⌫⇢
p
µ

3
+ F4(s, t, u)p

µ

3
p
⌫

1p
⇢

2
, (2.5)

with the Lorentz-invariant form factor Fj(s, t, u).

With the projector Pµ⌫⇢

j
, the form form factor Fj(s, t, u) can be obtained through

X

pol

P
µ⌫⇢

j
(✏µ

1
)⇤✏µ1

1
(✏⌫2)

⇤
✏
⌫1
2

✏
⇢

3
(✏⇢1

3
)⇤ Aµ1⌫1⇢1(s, t, u) = Fj(s, t, u) . (2.6)

From eq. (2.4), the polarization sums for external gluons are

X

pol

(✏µ
1
(p1))

⇤
✏
⌫

1(p1) = �g
µ⌫ +

p
µ

1
p
⌫

2
+ p

⌫

1
p
µ

2

p1 · p2
, (2.7)

1The structure functions also depend on the particle mass, but they are not shown here for brevity.
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the Lorentz indices are treated in d dimensions. The gauge invariance of the external gluons
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Figure 4. Ratios between the distributions in ↵(0) or ↵(mZ) schemes and the ones in Gµ scheme.
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Figure 5. Di↵erential cross section with and without NLO EW corrections in Gµ scheme. The
upper ones are the di↵erential cross sections and the lower ones are the relative EW corrections as
a function of Higgs pseudorapidity ⌘, Higgs transverse momentum pT , and the invariant mass of
Higgs and jet.

Figure 4 presents the ratios of the ↵(0) and ↵(mZ) predictions to the Gµ baseline.

The LO spread among the schemes is substantial, but it shrinks dramatically once the EW

corrections are included, thereby bringing the theoretical uncertainty under much tighter

control.

Even though all EW input schemes converge to similar results at NLO, the Gµ scheme,

for which the LO amplitude is explicitly proportional to Gµ, remains the most physically

motivated choice for this process. Consequently, we adopt the Gµ scheme throughout the

remainder of our phenomenological study.

Fig. 5 shows the distributions of Higgs pseudorapidity ⌘, Higgs transverse momentum

pT , and the invariant mass of Higgs and jet. The corrections are nearly uniform across the

full rapidity range, with the K-factor remaining close to 1.04. The cross section decreases

dramatically with increasing pT or mhj . The K-factor decreases gradually from about 1.05

at low pT to around 0.95 at higher pT values, suggesting a negative electroweak correction

in the high-energy regime. A similar trend is observed as in the pT case, with the K-factor

decreasing mildly as mhj increases. Overall, the EW corrections amount to a few percent

– 8 –
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Highlight: Leading-Colour  @ ttW NNLOQCD
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Figure 1: The two-loop integral families contributing to tt̄W production at hadron colliders
in the leading colour approximation. The red lines correspond to (anti-)top quarks, the blue
curved line to the W boson, and the black lines to massless particles.

It is useful to introduce Gram determinants,

G

 
a1, . . . , an

b1, . . . , bn

!
= det (2 ai · bj) ,

G(a1, . . . , an) = G

 
a1, . . . , an

a1, . . . , an

!
.

(2.6)

They play a role in describing the singularity structure of Feynman integrals, constructing
master integrals (MIs), and defining the scattering regions. For example, we anticipate that
the MIs constructed in section 3 contain the following square roots:

r1 =

p
G(p1, p2, p3, p4) , r2 =

p
�G(p34, p1) ,

r3 =

p
�G(p13, p4) , r4 =

p
�G(p45, p2) ,

r5 =

p
�G(p45, p1) , r6 =

p
�G(p15, p4) ,

r7 =

p
�G(p34, p2) , r8 =

p
�G(p12, p4) ,

r9 =

p
�G(p1, p2) , r10 =

p
�G(p2, p4) ,

r11 =

p
�G(p1, p4) ,

(2.7)
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Complete set of master integrals for NLO  production 

 process with internal + external top mass, external W mass

ttW

2 → 3

Master Integrals 
Very challenging, nested square-roots and elliptic curves 

Detailed study of structure of MIs and appearance of elliptic curves 

Obtain -factorised form for sectors without nested sq-roots, elliptic curves 

 matrix free of spurious denominator factors* 

Numerical evaluation via generalised series expansions DiffExp

ϵ

dA
family basis size elliptic curves nested

square roots
entries letters non-d log

one-forms

F1 141 2 (figs. 3a and 3b) 1 (fig. 2) 2339 101 119
F2 122 1 (fig. 3c) 0 2027 122 84
F3 131 1 (fig. 3c) 0 2333 137 96

Table 2: Numbers of MIs, of sectors with elliptic curves, of sectors with nested square
roots, of non-zero entries of the connection matrix, of letters and of non-d log one-forms in
eq. (4.1) for the three integral families.

the DEs derived in this work. A number of public implementations of this method are by
now available [90–92, 116]; we make use of the Mathematica package DiffExp [90].

In this approach, the DEs are integrated along a univariate path connecting an initial
phase-space point, where the values of the MIs are known, to the desired target point. For
simplicity, this path is chosen to be a straight line. In order to avoid subtleties related to
the analytic continuation, we restrict to the physical channel relevant for tt̄W production
(35 ! 124). The latter is defined by the following inequalities,

p3 · p1 , p3 · p2 , p3 · p4 , p5 · p1 , p5 · p2 , p5 · p4 < 0 ,

p3 · p5 , p1 · p2 , p1 · p4 , p2 · p4 > 0 ,

p
2

1 = p
2

2 > 0 ,

p
2

4 > 0 ,

(4.7)

complemented by the following Gram-determinant constraints,

G(pi, pj) < 0 , G(pi, pj , pk) > 0 , G(p1, p2, p3, p4) < 0 , (4.8)

for all distinct i, j, k 2 {1, . . . , 5}. We take the square roots of negative arguments to have
positive imaginary part.

We obtained numerical values of the MIs up to order ✏
4 at 10 phase-space points with

at least 35-digit precision by means of the Mathematica package AMFlow [116], which
implements the method of the auxiliary mass flow [137, 138]. The points are inside the
physical region, and are chosen so that the values of the invariants ~x are ratios of small
integers. This speeds up the evaluation with AMFlow. For example, one of the chosen
points is

~x1 =

⇢
5,�

3

10
,�

9

2
,�

8

3
,�

7

10
,
1

3
, 1

�
. (4.9)

By comparing the values of the MIs at the 10 points, we verified that

• they are constant and rational at order ✏
0;

• the imaginary part is given by i⇡ times rational constants at order ✏
1;

– 20 –
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Overview Challenges

Decompose Process?

5.3. Deformation of the integration contour

after having integrated out the loop momenta, see Ref. [300]. The leading Landau
singularity is again given by the solution to the system of equations assuming an empty
set of vanishing Feynman parameters.
How we deal with these singularities will be described in the following section.

5.3 Deformation of the integration contour

5.3.1 Cauchy theorem

Re(z)

Im(z)

10

Figure 5.2: Schematic picture of the closed contour avoiding poles on the real axis.

Unless the function F is of definite sign for all possible values of invariants and Feyn-
man parameters, the denominator of a multi-loop integral will vanish within the integra-
tion region on a hypersurface given by the solutions of the Landau equations. To avoid
the non-physical poles on the real axis, the Cauchy theorem

∮

c

N∏

j=1

dzjI(z⃗) =
∫ 1

0

N∏

j=1

dxjI(x⃗) +
∫ 0

1

N∏

j=1

dzjI(z⃗) = 0 (5.5)

can be exploited, where Re(z⃗) = x⃗. To be able to use the theorem, the original integrand,
depending only on the real coordinates xj, is analytically continued to the complex plane.
The coordinate transformation reads

∫ 1

0

N
∏

j=1

dxjI(x⃗) =
∫ 1

0

N
∏

j=1

dxj

∣
∣
∣
∣

(
∂zk(x⃗)
∂xl

)∣
∣
∣
∣
I(z⃗(x⃗)) , (5.6)

where the new complex coordinates z⃗ describe a path parametrized by the variables x⃗.
With a given description of the coordinates z⃗, the Cauchy theorem in Eq. (5.5) can be
formulated. It is valid in this form as long as the deformation is in accordance with
the causal iδ prescription of the Feynman propagators, as the region enclosed by the
integration contour then does not contain any singular points, compare Fig. 5.2. It is
important to keep in mind, that no poles should be crossed while changing the integration
path, otherwise Eq. (5.5) is no longer valid.
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Example 1: Higgs Production in ggF

LHCHWG ggF (Yellow Report 5 Preparation) 

Theoretical uncertainties dominate experimental sys/stat even for , it is critically important that we improve theory precisionσtot

2.4 Heavy quark corrections to the parton densities

[Gluon fusion input:]Stephen
The heavy quark contributions to the parton distribution functions (PDFs) are known to have di↵erent

scaling violations if compared to the massless case [?]. In the PDF-fits this has to be considered by accounting
for the heavy flavor Wilson coe�cients to deep-inelastic scattering and other hard scattering processes in
addition to the light flavor contributions. Furthermore, the heavy flavor corrections determine the parton
densities in the variable flavor number schemes (VFNS) in single heavy quark [?] and two heavy quark cases
[?], based on the respective massive operator matrix elements (OMEs). Until very recently these corrections
were only available to two-loop order [?, ?, ?, ?, ?, ?, ?, ?]. For the structure function F2(x,Q2) the
asymptotic description is possible at the O(1%) level if Q2/m2

Q
& 10, cf. [?], being a usual cut in PDF-fits

to avoid higher twist contributions.
A first step to reach the three-loop level consisted in the calculation of a series of three-loop Mellin

moments in Ref. [8]. In the years 2009-2025 all three-loop contributions to the massive OMEs in the
unpolarized and polarized single- and two mass cases have been calculated. This includes the asymptotic
heavy flavor Wilson coe�cients for deep inelastic scattering. The di↵erent contributions were obtained in
Refs. [?, 9, 10, 11, ?, ?, ?, ?, 12, 13, 14, ?, ?]. To perform these calculations a lot of new mathematical
methods had to be developed, for a survey see Ref. [?].

One should note that in the singlet case the heavy quark corrections to the structure functions are large
and exhibit quite di↵erent scaling violations if compared to the massless case. Based on these results it is for
the first time possible to perform consistent NNLO QCD non-singlet [?] and singlet analyses with correlated
treatment of ↵s,mc,mb and the parton densities now.

Related to it the VFNS scheme is now lifted from two- [?] to three-loop order, which allows for a refined
description of the process of a heavy quark becoming light at large virtualities.

Contributors: J. Blümlein

3 ggF

Calculations References
Approximate N4LO HTL QCD [15]

N3LO HTL QCD [16, 17, 18]
NNLO HTL QCD [19, 20, 21]
NLO HTL QCD [22, 23]
NNLO QCD [24, 25, 26, 27]
NLO QCD [28, 29]

EW & Mixed QCD-EW Corrections [30, 31, 32, 33]
N3LL Threshold Resummation [16, 34, 35]

PDFs References
Approximate N3LO PDFs [36, 37, 38, 39]
QED Evolution PDFs [40, 7, 41, 42, 43, 44, 45, 46, 47]

NNLO PDFs [6, 48, 49, 50, 51]
Codes References

N3LO QCD [52]

Table 1: Summary of theory references for Higgs boson production in gluon fusion at the LHC upon which
this recommendation is based.

In this section, we briefly recall the definition and state-of-the-art for each ingredient entering the cross
section for Higgs boson production in gluon fusion. We summarise which ingredients enter the current
recommendation and document the details of their combination.

3

[1] Das, Moch, Vogt  20; [2,3] Anastasiou, Duhr, Dulat, (Furlan, Gehrmann), Herzog, (Lazopoulos), Mistlberger 15, (16); [4] Mistlberger 18; [5] Anastasiou, Melnikov 02; [6] Harlander, Kilgore 02; [7] Ravindran, 
Smith, van Neerven 03; [8] Dawson 91; [9] Djouadi, Spira, Zerwas 91; [10] Czakon, Niggetiedt 20; [11] Czakon, Harlander, Klappert, Niggetiedt 21; [12,13] Czakon Eschment, Niggetiedt (Poncelet, 
Schellenberger) 24 (24);[14] Graudenz, Spira, Zerwas 93; [15] Spira Djouadi, Graudenz, Zerwas 95; [16,17] Actis, Passarino, Sturm, Uccirati 08, 09; [18] Aglietti, Bonciani, Degrassi, Vicini 04; [19] Becchetti, 
Bonciani, Del Duca, Hirschi, Moriello, Schweitzer 21; [20] Bonvini, Marzani 14; [21] Catani, Cieri, de Florian, Ferrera, Grazzini 14; [22] MSHT 22; [23] NNPDF 24; [24] Benchmarking 24; [25] MSHT+NNPDF 25; 
[26,27] Manohar, Nason, Salam Zanderighi 16, 17; [28,29] NNPDF 18, 24; [30,31] MSHT 19, 22, 24; [32] CTEQ 22; [33] PDF4LHC21; [34] CTEQ 21; [35] MSHT 21; [36] ABM 17; [37] NNPDF 17; [38] iHixs 2 18

Figure 1: Complete set of Feynman diagrams with two fermion loops contributing to the

Higgs-gluon form factor at three-loop order. The fermion loop connected to the Higgs-

boson line corresponds to a massive quark. The quark of the second fermion loop may be

either massive or massless.

2 Finite remainders

Consider the amplitude for the fusion of two gluons of momenta p1,2, helicities �1,2 and

adjoint-representation colors a1,2, followed by the production of one, possibly o↵-shell,

Higgs boson:

� iM
⇥
g(p1,�1, a1) + g(p2,�2, a2) ! H

⇤
⌘

i�
a1a2

⇥
(✏1 · p2) (✏2 · p1)� (✏1 · ✏2) (p2 · p1)

⇤ 1
v

↵s

⇡
C . (2.1)

Here, v is the Higgs-doublet Vacuum Expectation Value. The coupling of a single quark

field, Q, of mass M 6= 0 to the Higgs-boson field, H, is given by the tree-level Lagrangian

– 3 –

t
b

[22,23,24,25] 
[26,27,28,29,30,31,32] 
[33,34,35,36,37]

[1] 
[2,3,4] 
[5,6,7] 
[8,9] 
[10,11,12,13] 
[14,15] 
[16,17,18,19] 
[20,21]

[38]

ATLAS-CONF-2025-006; CMS-PAS-HIG-21-018
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Example 1: NNLO Mass Corrections

Figure 1: Complete set of Feynman diagrams with two fermion loops contributing to the

Higgs-gluon form factor at three-loop order. The fermion loop connected to the Higgs-

boson line corresponds to a massive quark. The quark of the second fermion loop may be

either massive or massless.

2 Finite remainders

Consider the amplitude for the fusion of two gluons of momenta p1,2, helicities �1,2 and

adjoint-representation colors a1,2, followed by the production of one, possibly o↵-shell,

Higgs boson:

� iM
⇥
g(p1,�1, a1) + g(p2,�2, a2) ! H

⇤
⌘

i�
a1a2

⇥
(✏1 · p2) (✏2 · p1)� (✏1 · ✏2) (p2 · p1)

⇤ 1
v

↵s

⇡
C . (2.1)

Here, v is the Higgs-doublet Vacuum Expectation Value. The coupling of a single quark

field, Q, of mass M 6= 0 to the Higgs-boson field, H, is given by the tree-level Lagrangian

– 3 –

t
b

t
Top-Mass Corrections 
Requires H @ 3-loop & H+j @ 2-loop 
Computed using numerical solution of differential equations
Czakon, Niggetiedt 20;  
Czakon, Harlander, Klappert, Niggetiedt 21

Decreases  by @ 13 TeV compared to heavy top limit (HTL)σtot −0.26 %

Niggetiedt, Usovitsch 23; Czakon, Eschment, Niggetiedt, 
Poncelet, Schellenberger 23, 24

Liu, Ma, Wang 17; Liu, Ma 22, 22

Top-Bottom Interferences 
H @ 3-loop with two different quark masses ( , ) in the on-shell and  quark mass scheme 
290 MIs computed by combining asymptotic expansion  + AMFlow

mt mb MS
m2

b ≪ m2
H ≪ m2

tTable 5. Top-bottom interference contribution to the gluon-gluon fusion cross section for various computational
setups. The results are computed for LHC @ 13 TeV using the NNPDF31 nnlo as 0118 PDF set. The central
scale is chosen at µR “ µF “ mH{2. The scale uncertainties are determined with seven-point variation.

Order �tˆb [pb]
?

s “ 13 TeV

5FS 5FS 5FS 4FS

mt “ 173.06 GeV mt “ 173.06 GeV mtpmtq “ 162.7 GeV mt “ 173.06 GeV

mbpmbq “ 4.18 GeV mb “ 4.78 GeV mbpmbq “ 4.18 GeV mbpmbq “ 4.18 GeV

Op↵2
sq ´1.11 ´1.98 ´1.12 ´1.15

LO ´1.11`0.28
´0.43 ´1.98`0.38

´0.53 ´1.12`0.28
´0.42 ´1.15`0.29

´0.45

Op↵3
sq ´0.65 ´0.44 ´0.64 ´0.66

NLO ´1.76`0.27
´0.28 ´2.42`0.19

´0.12 ´1.76`0.27
´0.28 ´1.81`0.28

´0.30

Op↵4
sq `0.02 `0.43 ´0.02 ´0.02

NNLO ´1.74p2q`0.13
´0.03 ´1.99p2q`0.29

´0.15 ´1.78p1q`0.15
´0.03 ´1.83p2q`0.14

´0.03

the masses of the gauge bosons are defined in the on-shell scheme by default, the mixed approach is

inconsistent. Ignoring this issue, we note that the main improvements to the perturbation series of

our problem are already captured by the mixed scheme. For the top-quark mass, the renormalisation

scheme seems to have very little impact on the final result. Lastly, the NNLO result in the 4FS is

5.2% lower than in the 5FS and agrees well within scale uncertainties. The magnitude of this decrease

is of a similar size as observed in HEFT (see tab. 2).

Similar to the total cross section, the Higgs-rapidity distribution due to the top-bottom inter-

ference (right panel of fig. 6) also shows that the MS renormalisation generally yields smaller scale

uncertainties. The di↵erent schemes are compatible within the estimated error bands. The Higgs-pT
distribution (left panel of fig. 6) reveals that the main improvement of the uncertainties comes from

the low-pT region, specifically the first bin below 10 GeV. For higher pT , the scale uncertainties are of

very similar size, and even slightly smaller for the OS scheme. At low pT , the e↵ect of finite bottom-

quark masses is highly relevant, reaching almost 8% of the total cross section, whereas the e↵ect is

almost negligible (below 1%) above 50 GeV. The rapidity distribution shows less-pronounced features,

closely resembling a constant shift of about ´4% across all rapidity bins. The pT distributions were

compared to ref. [23] for the OS-renormalised cross section (see fig. 8). We find good agreement except

for very low pT , where the central value is identical but our scale uncertainties are slightly smaller.

The MS-renormalised pT distribution was also successfully checked against ref. [24] (see fig. 9).

In figs. 7, we compare distributions in HEFT against the cross sections in full QCD3. As is well-

known, the pT distribution is very sensitive to the inclusion of finite-quark-mass e↵ects, as the large-pT
tail has a di↵erent scaling behaviour in HEFT. This can be understood from a simple dimensional

analysis. At very high pT , the only relevant mass scale is pT itself. d�{dp
2
T

has mass dimension ´4,

ergo in full QCD the tail must scale as
d�

dp
2
T

„ p
´4
T

. (3.2)

But in HEFT the cross section must always be proportional to 1{v2, where v is the vacuum expectation

value, because the Higgs-gluon coupling in HEFT always gives a factor of 1{v. Therefore the large-pT
tail in HEFT scales as

d�

dp
2
T

„ p
´2
T

v
´2 (3.3)

3Contributions without top quark couplings are excluded, since they are negligible. We also neglect couplings to

quarks lighter than the bottom quark.

– 10 –

Table 3. E↵ect of the finite top-quark mass on the gluon-gluon fusion cross section for two di↵erent compu-
tational setups. The results are computed for LHC @ 13 TeV using the NNPDF31 nnlo as 0118 PDF set. The
central scale is chosen at µR “ µF “ mH{2. The scale uncertainties are determined with seven-point variation.

Order p�t ´ �HEFTq [pb]
?

s “ 13 TeV

5FS 4FS

mt “ 173.06 GeV mt “ 173.06 GeV

mbpmbq “ 4.18 GeV

LO - -

Op↵3
sq ´0.30 ´0.27

NLO ´0.30`0.10
´0.17 ´0.27`0.09

´0.16

Op↵4
sq `0.14 `0.12

NNLO ´0.16`0.13
´0.03 ´0.15`0.10

´0.02

�t, and in HEFT. The di↵erence between the 5FS and 4FS (second and third column of tab. 3) only

amounts to ´0.01 pb at NNLO. We remind, however, that there is a significant ´2.5% shift between

the 5FS and 4FS results in HEFT itself (see tab. 2). The influence of the flavour scheme beyond

HEFT is tiny, because the e↵ects of a finite top-quark mass are power-suppressed and at NNLO only

amount to roughly 3‰ of the total cross section.

In tab. 4 the di↵erence of the cross section �t in the two renormalisation schemes considered for

the top-quark mass is presented. We find that it only amounts to ´0.01 pb at NNLO.

Table 4. Di↵erence of cross sections for Higgs production through a closed top-quark loop with the top-quark
mass defined either in the MS or the OS scheme. The results are computed for LHC @ 13 TeV using the
NNPDF31 nnlo as 0118 PDF set. The central scale is chosen at µR “ µF “ mH{2. The scale uncertainties are
determined with seven-point variation.

Order p�MS
t ´ �

OS
t q [pb]

?
s “ 13 TeV

Op↵2
sq ´0.04

LO ´0.04`0.12
´0.17

Op↵3
sq `0.02

NLO ´0.02`0.14
´0.30

Op↵4
sq `0.01

NNLO ´0.01`0.12
´0.24

Tab. 5 presents the results for the top-bottom interference contribution to the cross section �tˆb.

As already noticed in ref. [13], the interference converges quite badly if the bottom-quark mass is

OS-renormalised, as indicated by the alternating perturbative corrections of a similar order of mag-

nitude (see third column of tab. 5). Furthermore, scale uncertainties fail to correctly estimate the

e↵ects of higher orders and actually increase from NLO to NNLO, reaching 15%. However, results

for MS-renormalised bottom-quark masses (second column) show a much better perturbative conver-

gence and additionally, we observe a decrease in scale uncertainties to below 8%. Adapting a mixed

renormalisation scheme, in which only the Yukawa coupling is renormalised in the MS scheme, while

the mass in the propagators is kept in the OS scheme, also results in a better convergence and reduced

scale uncertainties as noted in ref. [13]. Without the inclusion of electroweak corrections this mixed ap-

proach is valid, but if these e↵ects are taken into account as well, the Higgs vacuum expectation value

acquires an additional finite renormalisation that propagates to the masses of gauge bosons. Since

– 9 –
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Example 1: Approximate  PDFsN3LO

Would like to match the  matrix elements with  Parton 
Distribution Functions 

Fitting higher-order PDFs relies on many fixed-order/multi-loop 
ingredients: 

• DIS Coefficient Functions Massless (KNOWN) / Massive (APPROX) 

• 4-loop Splitting Functions (APPROX)                                             
(Mellin moments + large/small-x limits) 

• Transition matrix elements (KNOWN) 

•  hadronic matrix elements (UNKNOWN) 

Approximate  PDFs have been produced and combined by 
MSHT & NNPDF using the partial theory input available at the time of 
the fits

N3LO N3LO

N3LO

N3LO

Figure 4. The same comparison as in Figs. 1-2 (right) but for the corresponding parton luminosities.

remain within the uncertainty band of the original MSHT determination, thereby further reducing di↵er-
ences. Hence, updates in Pgq do improve the comparison, but do not remove the di↵erence in the gluon.
Recall however that, as mentioned in Sect. 1, the very recent additional moments now known for Pgq [17] and
Pgg [18,19] are not included in either the MSHT or NNPDF sets discussed here. Finally, the inclusion of the
photon PDF also has a moderate impact on the other PDFs, mostly limited to a suppression of the gluon
PDF due to the 1% shift in momentum fraction from the gluon to the photon, as well as some reduction in
the u, u PDFs at high x, due to q ! q� splitting.

The MSHT and NNPDF aN3LO parton luminosities are compared in Figs. 4-5, respectively without
and with QED e↵ects, while, in order to appreciate better the impact of N3LO corrections, the aN3LO
luminosities (without QED) are compared for each set to the respective NNLO luminosities in Fig. 6,
normalized to the aN3LO result. The pattern of di↵erences reproduces that seen at the level of PDFs, with
a suppression of the MSHT gluon-gluon, quark-antiquark, and gluon-quark luminosities in comparison to
NNPDF in the MX ⇠ 100 GeV region, while the quark-quark luminosity in the two sets is very similar.
The suppression can be traced to the behavior of the light quark and gluon PDFs seen in Figs. 1-2 (right).
Interestingly, the di↵erence in gluon-gluon luminosity is slightly reduced for the QED PDF sets compared
to the pure QCD sets.

The qualitative impact of the aN3LO corrections on either set for MX & 30 GeV is similar (and almost
identical for the quark-quark luminosity), but with a stronger aN3LO suppression of gluon luminosities
for MSHT20. In particular the gluon-gluon luminosity is suppressed for 102 . mX . 103 GeV by about
3% in NNPDF4.0 and up to 6% in MSHT20 and the gluon-quark luminosity is suppressed in the same
region by about 1% in NNPDF4.0 and 3% in MSHT20. Note that the impact on this comparison of the
aforementioned update studied in Ref. [43] of the splitting functions in MSHT is very small due to the
integration over rapidity washing out small di↵erences in the gluon.

These comparisons show that the di↵erences between NNLO and aN3LO for each set are generally
larger than the di↵erences between the two aN3LO sets, or indeed the two NNLO sets, especially in the

8

Figure 9. Parton luminosities for the LHC
p
s = 13.6 TeV computed from the MSHT20xNNPDF40 aN3LO pure

QCD and QCD+QED sets, compared to the NNLO PDF4LHC21 result [51], and shown a ratio to the latter.

Fig. 11. All results shown are computed for the LHC with
p
s = 13.6 TeV using N3LO matrix elements, and

only di↵er in the input PDF set. No QED or electroweak corrections are included in the matrix element, and
in particular photon–initiated processes are not included. The impact of these on the processes considered
here is assessed e.g. in Ref. [58], it is negligible for gluon fusion, of order of a percent for VBF and a few
percent for associate production, and it is similar for all PDF sets considered here as the photon PDF in
the NNPDF4.0 and MSHT20 sets is quite similar, so it does not a↵ect the comparisons presented here.

The cross-sections are computed using the ggHiggs code [59,60] for gluon fusion, n3loxs [47] for associ-
ated production, and proVBFH [61,62] for VBF. The central factorization and renormalization scales are set
to µF = µR = mH/2 for Higgs production in gluon fusion, µF = µR = QV (the vector boson virtuality) for
VBF, and µF = µR = mhV , the event-by-event invariant mass of the hV system, in associated production.
In Fig. 11 we do not display the hW

� cross-sections since they have the same qualitative behavior as the
hW

+ cross-sections, as can also be observed from Table 1.
The uncertainties shown in Tables 1-2 and in Fig. 11 are the pure PDF uncertainty (first uncertainty in

the table and inner error bar in the figure) as well as the sum in quadrature of the PDF uncertainty and
MHO uncertainties on the matrix element, the latter evaluated with the 7 point scale variation prescription
(second uncertainty in the table and outer error bar in the figure). For the VBF and hV production channels
the two uncertainties essentially coincide, because scale variations are negligible and the PDF uncertainty
dominates, while in the gluon-fusion cross-sections scale errors represent the largest theoretical uncertainty.

Results are shown for the MSHT20 and NNPDF4.0 aN3LO sets both with and without QED correc-
tions, and the combined MSHT20xNNPDF40 aN3LO sets constructed here, also with and without QED
corrections. Results obtained by using perturbatively mismatched NNLO PDFs together with the N3LO
matrix element are also shown, both for the PDF4LHC21 and MSHT20xNNPDF40 NNLO combined sets.
In order to visually assess the error involved in this procedure, in Fig. 11 we also show results as a ratio of
the result to that found using mismatched NNLO PDFs, specifically from the MSHT20xNNPDF40 NNLO
combined baseline set.

14

Fits enhance their uncertainties 
to account for this: 
NNPDF use scale variations 
MSHT use extra nuisance terms 

MSHT + NNPDF 25

MSHT 22; NNPDF 24; Benchmarking 24; MSHT+NNPDF 25;
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Example 1: Approximate  PDFsN3LO

 vs  PDFs has a large impact on the 
total cross-section around LHC energies
aN3LO NNLO

Using matched order for PDF and matrix element 
gives smaller shifts except at higher collider energies

Higgs Hunting 2025Gavin Salam

number of gg collisions @mH, limited rap

31

At NNLO, 1-2% differences between 
PDF4LHC 

Conclusions can differ for total cross 
section and central rapidities

Total σ

most LHC  
sensitivity

Fiducial σ

Higgs Hunting 2025Gavin Salam

number of gg collisions @mH, limited rap

31

At NNLO, 1-2% differences between 
PDF4LHC 

Conclusions can differ for total cross 
section and central rapidities

Total σ

most LHC  
sensitivity

Fiducial σ

At aN3LO, differences between sets 
much larger, especially at central 
rapidities (~6%). Methodological 
differences still to be resolved?

Differences between sets larger at  (3-4%) 
than at  (1-2%), adding rapidity cuts 
further increases the size of the differences (~6%)

aN3LO
NNLO

What is the right thing to do?  

How should we assign a PDF-TH uncertainty to this?

Salam (Higgs Hunting 2025)

(aN3LO PDF ⌦ N3LO HTL) vs (NNLO PDF ⌦ N3LO HTL)
aN3LO vs NNLO aN3LO vs PDF4LHC21 NNLOp

s [TeV] MSHT20xNNPDF40 MSHT20 NNPDF40 MSHT20xNNPDF40 MSHT20 NNPDF40
7 �4.2% �6.0% �2.0% �5.2% �6.8% �3.2%

13.6 �3.8% �5.2% �2.1% �4.2% �5.9% �2.2%
100 �0.7% +0.6% �1.6% �1.0% �0.7% �1.0%

(aN3LO PDF ⌦ N3LO HTL) vs (NNLO PDF ⌦ NNLO HTL)
aN3LO vs NNLO aN3LO vs PDF4LHC21 NNLOp

s [TeV] MSHT20xNNPDF40 MSHT20 NNPDF40 MSHT20xNNPDF40 MSHT20 NNPDF40
7 �0.8% �2.6% +1.5% �1.8% �3.5% +0.3%

13.6 �0.5% �1.9% +1.3% �0.9% �2.6% +1.2%
100 +3.1% +4.4% +2.1% +2.8% +3.1% +2.8%

Table 5: Impact of the aN3LO PDF sets vs NNLO PDF sets on the total cross section when using the
N3LO HTL matrix element for (top) all predictions or (bottom) the N3LO HTL matrix element for N3LO
predictions and the NNLO HTL matrix element for NNLO predictions . In the left columns the combination
and individual aN3LO PDF sets are compared to their corresponding NNLO variants. In the right columns
the aN3LO PDF sets are compared to the PDF4LHC21 NNLO baseline prediction.

We note that this definition of �(PDF–TH) is twice that reported in the previous recommendation, this
change is motivated by the study of the impact of approximate N3LO PDFs discussed below. For the
computation of �(PDF–TH) we rely on the PDF4LHC15 [75] combination PDF, which is available at both
NLO and NNLO.

Beyond NNLO, at present, two approximate N3LO PDF sets are available, produced by the MSHT [37]
and NNPDF [38] collaborations. A combined aN3LO PDF set, MSHT20xNNPDF40 aN3LO, has also been
produced by the two fitting collaborations and was presented in Ref. [36]. The approximate N3LO PDF sets
contain exact N3LO information for the massless DIS coe�cient functions [76], while the massive neutral-
current DIS coe�cients are approximated. The fits approximate the four-loop splitting functions using the
Mellin moments known at the time they were performed supplemented by large/small-x limits [77, 78, 79,
80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90]. Each fit includes the massive operator matrix elements (a.k.a
transition matrix elements) known at the time it was performed [8, 91, 92, 11, 9, 10, 93, 94, 12, 13, 14],
with the remaining matrix elements approximated. The N3LO hadronic coe�cient functions are largely
unknown and are approximated in the fits using either K-factors with nuisance parameters (for MSHT) or
NNLO scale variations (for NNPDF). In Ref. [39], a benchmarking exercise was undertaken to understand
the impact of the di↵erent splitting function approximations used in the global fits. Recently, additional
Mellin moments of the splitting functions have been computed and used to produce a new estimate of the
four-loop splitting functions [89]. Furthermore, the computation of all operator matrix elements has been
completed [14]. Including this new information in the aN3LO PDF fits reduces the NNPDF prediction for
the gluon-fusion Higgs total cross section by around 0.5% and increases the MSHT prediction by around
0.5% relative to the fits used in the combination set MSHT20xNNPDF40 which enters this recommendation,
bringing the two fits closer together by a shift that falls within their respective PDF uncertainties [95, 96].

In Appendix A, we provide tables which can be used to convert the recommendations produced with the
NNLO PDF4LHC21 set to the aN3LO MSHT20xNNPDF40 aN3LO combination set. The tables present
the conversion summand,

�aN3LO =�(MSHT20xNNPDF40 aN3LO)� �(PDF4LHC21) (27)

which corrects the PDF set used to compute the rescaled N3LO HTL result (see first line of Eq. 7), as well as
a �(PDF+ ↵s) uncertainty obtained using the aN3LO set. When utilising the MSHT20xNNPDF40 aN3LO
set the �(PDF + ↵s) uncertainty should be taken from the aN3LO PDF set tables and the �(PDF–TH)
should not be included, as this term is only necessary when there exists a mismatch between the matrix
element and PDF set order.

10
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Example 1: ggF Summary

δ(theory) = δ(scale) + δ(EWK) + δ(t, b, c)
δ(t, b, c) = δscheme(t) + δMHOU(t) + δscheme(t × b) + δMHOU(t × b) + δMHOU(b, c, t × c, b × c)

Estimated using NLO vs NNLO PDFs  
Use NNLO vs aN3LO? (will be ~1.5x larger)

δ(PDF + αs) = δ(PDF)2 + δ(αs)2

Negligible                                Negligible±0.17 % ±0.26 % ±0.17 %

Final result receives contributions from many sources  
Uncertainties related to finite masses greatly reduced, QED evolution effects should now be included in central recommendation

PRELIMINARY

Table 9: Total ggH cross sections in the SM for a LHC CM energy of
p
s = 13TeV.

p
s = 13TeV NNLO PDF aN3LO PDF

MH [GeV] � [pb] �(theory) �(scale) �(EWK) �(t, b, c) �(PDF + ↵s) �(PDF) �(↵s) �(PDF–TH) �(QED) � [pb] �(PDF + ↵s) �(QED)

120.00 52.00 +1.90
�4.95%

+0.30
�3.35% ±1.00% ±0.60% +2.69

�2.28%
+1.65
�1.65%

+2.12
�1.57% ±2.38% �1.11% �2.02 +2.08

�2.08% �1.46%

122.00 50.52 +1.89
�4.94%

+0.29
�3.34% ±1.00% ±0.60% +2.68

�2.27%
+1.65
�1.65%

+2.12
�1.56% ±2.35% �1.11% �1.96 +2.09

�2.09% �1.46%

124.00 49.09 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.27%
+1.65
�1.65%

+2.12
�1.56% ±2.33% �1.12% �1.91 +2.09

�2.09% �1.46%

124.60 48.67 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.56% ±2.32% �1.12% �1.90 +2.09

�2.09% �1.46%

124.80 48.54 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.32% �1.12% �1.89 +2.09

�2.09% �1.46%

125.00 48.40 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.31% �1.12% �1.89 +2.09

�2.09% �1.46%

125.09 48.34 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.31% �1.13% �1.89 +2.09

�2.09% �1.46%

125.20 48.26 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.31% �1.13% �1.88 +2.09

�2.09% �1.46%

125.30 48.19 +1.89
�4.92%

+0.29
�3.32% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.31% �1.13% �1.88 +2.09

�2.09% �1.46%

125.38 48.14 +1.89
�4.93%

+0.29
�3.33% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.31% �1.13% �1.88 +2.09

�2.09% �1.46%

125.60 47.99 +1.89
�4.92%

+0.29
�3.32% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.31% �1.13% �1.87 +2.09

�2.09% �1.46%

126.00 47.72 +1.89
�4.92%

+0.29
�3.32% ±1.00% ±0.60% +2.68

�2.26%
+1.65
�1.65%

+2.11
�1.55% ±2.30% �1.13% �1.86 +2.09

�2.09% �1.46%

128.00 46.41 +1.88
�4.91%

+0.28
�3.31% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.28% �1.14% �1.82 +2.09

�2.09% �1.46%

130.00 45.15 +1.88
�4.91%

+0.28
�3.31% ±1.00% ±0.60% +2.67

�2.25%
+1.64
�1.64%

+2.11
�1.54% ±2.25% �1.14% �1.77 +2.10

�2.10% �1.47%

Table 10: Total ggH cross sections in the SM for a LHC CM energy of
p
s = 13.6TeV.

p
s = 13.6TeV NNLO PDF aN3LO PDF

MH [GeV] � [pb] �(theory) �(scale) �(EWK) �(t, b, c) �(PDF + ↵s) �(PDF) �(↵s) �(PDF–TH) �(QED) � [pb] �(PDF + ↵s) �(QED)

120.00 55.89 +1.91
�4.92%

+0.31
�3.32% ±1.00% ±0.60% +2.68

�2.27%
+1.65
�1.65%

+2.12
�1.57% ±2.42% �1.09% �2.13 +2.07

�2.07% �1.45%

122.00 54.31 +1.92
�4.91%

+0.32
�3.31% ±1.00% ±0.60% +2.68

�2.27%
+1.65
�1.65%

+2.11
�1.56% ±2.40% �1.10% �2.08 +2.07

�2.07% �1.45%

124.00 52.79 +1.91
�4.91%

+0.31
�3.31% ±1.00% ±0.60% +2.68

�2.26%
+1.64
�1.64%

+2.11
�1.56% ±2.37% �1.10% �2.03 +2.07

�2.07% �1.45%

124.60 52.34 +1.91
�4.91%

+0.31
�3.31% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.56% ±2.36% �1.11% �2.01 +2.07

�2.07% �1.45%

124.80 52.20 +1.91
�4.91%

+0.31
�3.31% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.36% �1.11% �2.01 +2.07

�2.07% �1.45%

125.00 52.05 +1.91
�4.91%

+0.31
�3.31% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.36% �1.11% �2.00 +2.07

�2.07% �1.45%

125.09 51.98 +1.91
�4.91%

+0.31
�3.31% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.36% �1.11% �2.00 +2.07

�2.07% �1.45%

125.20 51.90 +1.91
�4.91%

+0.31
�3.31% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.35% �1.11% �2.00 +2.07

�2.07% �1.46%

125.30 51.83 +1.91
�4.90%

+0.31
�3.30% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.35% �1.11% �1.99 +2.08

�2.08% �1.46%

125.38 51.77 +1.91
�4.90%

+0.31
�3.30% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.35% �1.11% �1.99 +2.08

�2.08% �1.46%

125.60 51.62 +1.91
�4.90%

+0.31
�3.30% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.35% �1.11% �1.99 +2.08

�2.08% �1.46%

126.00 51.33 +1.91
�4.90%

+0.31
�3.30% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.11
�1.55% ±2.34% �1.11% �1.98 +2.08

�2.08% �1.46%

128.00 49.93 +1.90
�4.89%

+0.30
�3.29% ±1.00% ±0.60% +2.67

�2.26%
+1.64
�1.64%

+2.10
�1.55% ±2.32% �1.12% �1.93 +2.08

�2.08% �1.46%

130.00 48.59 +1.90
�4.88%

+0.30
�3.28% ±1.00% ±0.60% +2.67

�2.25%
+1.64
�1.64%

+2.10
�1.54% ±2.30% �1.13% �1.88 +2.08

�2.08% �1.46%
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Structure of QCD corrections to the amplitude 
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Example 2: Higgs Boson Self-Coupling
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1.1. Overview of production modes 7

gg → HH (NNLOFTapprox)

VBF (N3LO)

WHH (NNLO)

ZHH (NNLO)

ttHH (NLO)

tjHH (NLO)

σ(pp → HH + X) [fb]

MH = 125 GeV

PDF4LHC15
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Figure 1.2: Total production cross sections for Higgs pairs within the SM via gluon fusion,
vector-boson fusion, double Higgs-strahlung and double Higgs bremsstrahlung off top quarks.
PDF4LHC15 parton densities have been used with the scale choices according to Table 1.1. The size
of the bands shows the total uncertainties originating from the scale dependence and the PDF+Æs
uncertainties.
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Figure 1.3: Higgs pair invariant mass distribution at leading order for the different contributions to
the gluon fusion production mechanism and their interference.

LHCHXSWG-2019-005

Higgs boson pair production provides us with a direct experimental handle on this coupling
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Example 2: Higgs Boson Self-Coupling
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Figure 2: Left: Expected ATLAS+CMS 3 likelihood scans for single decay channels and the combination for 3 ab�1 for
the S3 scenario, obtained fixing 

true
3 = 1. Right: The ATLAS+CMS projections for 2V in the S2 and S3 scenarios, fixing


true
2V = 1.

ab�1 in the S2 scenario, increasing to more than 7� with 3 ab�1 (to be compared to the 4� projection reported for
the previous European Strategy [1, 2]). Going from S2 to S3 brings 5% gain in precision, while the increase in lu-
minosity from 2 to 3 ab�1 brings a gain of 20% on the signal significance. While a single-experiment observation
is unlikely at 2 ab�1, it’s possibly in reach at 3 ab�1, also in view of further analysis optimization. A precision on
3 below 30%, namely -26% / +29%, can be obtained in the S3 scenario with 3 ab�1.

Figure 3: Comparison of the ESPPU 2020 and ESPPU 2026 projected
3 ab�1

HH sensitivities from various final states, and their combina-
tions.

A comparison of this projection to that
of the previous European Strategy (see Fig. 3)
shows how various improvements in the analy-
sis technique translate into a much stronger pro-
jection. Even neglecting the improvements com-
ing from the detector upgrades, it is expected
that further optimization in the ongoing LHC run
and during the HL-LHC phase would follow this
trend and the uncertainty on 3 will then be re-
duced well below 30%.

Modifications of the VVHH coupling are
parametrized by the 2V coupling modifier,
which can be accessed via the measurement of
vector boson fusion (VBF) HH production. Fig-
ure 2 (right) shows the sensitivity expected from
ATLAS+CMS on 2V with 2 and 3 ab�1, as-
suming 

true
2V = 

SM
2V = 1. The combined

projection is based on the ATLAS boosted VBF
HH ! bb̄bb̄ search [55, 56], as the sensitivity
of this process is dominant. In the S2 scenario, a
2V precision of ⇠ 13% is expected with 3 ab�1.

In Fig. 4 (left), the ATLAS+CMS projections on the precision of the 3 determination for different possible
values of the Higgs trilinear coupling are displayed for the S2 scenario and 3 ab�1. Because of a destructive
interference between the box diagram and the diagram with the trilinear coupling in ggF production, the HH
production cross section at the HL-LHC is minimal when the true value of 3 (true

3 ) is about 2.5. Regardless of
the consequent drop in signal yield, the ATLAS+CMS 3 combination can exclude the SM value of 3 at 95% CL
for 

true
3 & 1.7 and 

true
3 . 0.5. In addition, thanks to the improvement in precision, the shape of the expected

likelihood as a function of 3 has a unique minimum, regardless of the true value of 3 , i.e. the second local
minimum observed in the previous projection [3] is removed.

5

ATL-PHYS-PUB-2025-018; CMS-HIG-25-002

Latest HL-LHC projections: 

 Anticipate  measurement of HH 

 Precision on  

 Potential for further analysis improvements

7σ

κ3 < 30 %

 Steven (Tuesday)→



Example 2: HH Production Overview

[1] Glover, van der Bij 88; [2] Dawson, Dittmaier, Spira 98; [3] Shao, Li, Li, Wang 13; [4] Grigo, Hoff, Melnikov, Steinhauser 13; [5] de Florian, Mazzitelli 13; [6] Grigo, Melnikov, Steinhauser 14; [7] Grigo, Hoff 14; [8] Maltoni, Vryonidou, Zaro 14; [9] Grigo, Hoff, 
Steinhauser 15; [10] de Florian, Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, Mazzitelli, Rathlev 16; [11] Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; [12] Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; [13] Ferrera, Pires 
16; [14] Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; [15] SPJ, Kuttimalai 17; [16] Gröber, Maier, Rauh 17; [17] Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 18; [18] Grazzini, Heinrich, SPJ, Kallweit, Kerner, Lindert, Mazzitelli 18; [19] de Florian, 
Mazzitelli 18; [20] Bonciani, Degrassi, Giardino, Gröber 18; [21] Davies, Mishima, Steinhauser, Wellmann 18, 18; [22] Mishima 18; [23] Gröber, Maier, Rauh 19; [24] Davies, Heinrich, SPJ, Kerner, Mishima, Steinhauser, David Wellmann 19; [25] Davies, 
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(a) (b) (c) (d) (e) (f)

Figure 1: Sample Feynman diagrams contributing to the real radiation. Contributions
such as those shown in (c) lead to n

3

h
contributions which have already been computed in

Ref. [25]. The n
3

h
contributions of (d) contain a top quark loop without a Higgs coupling

and have not been computed in Ref. [25]; they are considered here.

(a) (b) (c) (d)

Figure 2: Sample Feynman diagrams in the forward-scattering kinematics. Three- and
four-particle cuts are shown by blue and green dashed lines, respectively. The n

3

h
contri-

butions as shown in (b) have already been considered in [25] but those in (c) have not;
they are considered here.

butions which have a closed loop with only gluon couplings (as shown in Fig. 1(c)). Such
terms are not included in Ref. [25], but are computed in this paper.

The remainder of the paper is organized as follows: in the next section we discuss the
individual parts of our calculation. This concerns in particular the setup used for the
computation of the real-radiation corrections including the asymptotic expansion and the
reduction to phase-space master integrals. Furthermore, we discuss the ultraviolet and
collinear counterterms to subtract the divergences from initial-state radiation. Section 3
is dedicated to the phase-space master integrals. We provide details on the transformation
of the system of di↵erential equations to ✏ form and on the computation of the boundary
conditions in the soft limit. We discuss our analytic and numerical results in Section 4 and
summarize our findings in Section 5. In the appendix we provide useful additional mate-
rial such as explicit formulae used for the computation of the collinear counterterms, the
integrands of the phase-space master integrals, NNLO virtual corrections to the channel
qq̄ ! HH and NNLO virtual corrections involving four closed top quark loops. Further-
more, we describe in detail our approach to obtain the leading 1/mt term for double Higgs
production from the analytic expressions of the single-Higgs production cross section.

4

[25,27] NNLO 1/m2
T

232425
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Example 2: State-of-the Art

Top quark mass scheme/scale is the dominant theoretical uncertainty

Large 
uncertainty 
comparing 

 with  
mass
OS MS

Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira, Streicher 18, 20, 20

m(μ)
M

=
ZOS

m

ZMS
m

≡ ∑
n≥0

( αs(μ)
2π )

n

(zn
m(M) + zn,log

m (μ))
Can consider top quark mass in  or  scheme OS MS

4-loop: Marquard, Smirnov, Smirnov, Steinhauser, Wellmann 16

Known to (  +  +  + ) +  

Scale uncertainty (reweighted ) 
PDF+  uncertainty 

NLOQCD NNLOFTapprox N3LOHTL N3LL NLOEW

∼ 3 % N3LOHTL
αs ∼ 2.5 %

Figure 15: Same as Fig. 14 but for c.m. energies of 27 (left) and 100 (right) TeV.

sizeable di↵erences to the on-shell scheme. Adopting the related uncertainties as the envelope of

the cross sections for our four choices, we arrive at the following uncertainties of the di↵erential

cross section for a c.m. energy
p
s = 14 TeV,

d�NLO

dQ

���
Q=300 GeV

= 0.02978(7)+6%
�34% fb/GeV,

d�NLO

dQ

���
Q=400 GeV

= 0.1609(4)+0%
�13% fb/GeV,

d�NLO

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�30% fb/GeV,

d�NLO

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�35% fb/GeV . (4.4)

Since these uncertainties are given relative to the on-shell results, the upper uncertainty vanishes

for Q � 400 GeV, because the on-shell results provide the maximal values. These uncertainties

turn out to be significant and at a similar level as the usual renormalization and factorization

scale uncertainties. Thus, they constitute an additional contribution to the total theoretical

uncertainties that has to be taken into account. The uncertainties due to the top-mass scheme

and scale are about a factor of two smaller than at LO,

d�LO

dQ

���
Q=300 GeV

= 0.01656+62%
�2.4% fb/GeV,

d�LO

dQ

���
Q=400 GeV

= 0.09391+0%
�20% fb/GeV,

d�LO

dQ

���
Q=600 GeV

= 0.02132+0%
�48% fb/GeV,
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Example 2: Leading Power Expansion

Use ``SCET’’ IR scheme for virtuals 

Neglecting real contributions

Afin
i,j =

αs

2π
A(0)

i,j + ( αs

2π )
2

A(1)
i,j + 𝒪(α3

s )

Solid Lines: Full TH result 

Dashed Lines: Leading power expansion 

Leading power is a good approximation 
for , let us focus on the very 
high energy behaviour of the amplitude

s ≳ 1 TeV

Davies, Mishima, Steinhauser, Wellmann 18;

Becher, Neubert 09, 13;

Consider the LO and NLO finite virtual corrections
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Example 2: Structure of Box Amplitude @ High Energy

LO : αsy2
t (c0+mt n0),

NLO : α2
s y2

t (a1lμ + c1+mt n1),

NNLO : α3
s y2

t (a2l2
μ + b2lm + c2+mt n2),

N3LO : α4
s y2

t (a3l3
μ + b3l2

m + d3lm + c3+mt n3),

NiLO : αi−1
s y2

t (aili
μ + bili−1

m + dili−2
m +…+ci+mtni) .

lμ = log(μ2
t /s)

lm = log(μ2
t /s), log(m2

t /s)

The  amplitude in the  scheme has the following leading power structuregg → HH MS

LP LL 
Known from RG running 

of top-quark mass

LP NLL 
RG running + 
massification

Penin 06; Moch, Mitov 07; Becher, 
Melnikov 07; Engel et al 19; Wang, 
Xia, Yang, Ye 23;

LP Constant 
Hard region ( ) 

contribution only, 
known to NLO

mt = 0

Master integrals known
Caola, von Manteuffel, Tancredi 20;  
Bargiela, Caola, von Manteuffel, Tancredi 22; mLL(μ) = M exp [aLL

γm
(μ)] zm(M)

aLL
γm

(μ) =
3CF

2β0
ln 1 −

αs(μ)
2π

β0 ln ( μ2

M2 )

Leading log structure generated 
to all orders by RG running

Davies, Mishima, Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, Mühlleitner, Ronca, 
Spira, Streicher 20

Jaskiewicz, SPJ, Szafron, Ulrich 25
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Example 2: Mass Scheme Uncertainty

Jaskiewicz, SPJ, Szafron, Ulrich 25

At high-energy the differences between  and  
in the box amplitudes is driven by the known LP LL 
terms, let’s include them also for the   

Uncertainty 

LO: ~70% (blue band)  

NLO: ~25% (red band)  

This uncertainty can be further reduced by 
computing the LP amplitude at NNLO 

Nevertheless, all only valid for very high energies, 
so far only considered the virtual amplitude… 

Need an NNLO calculation

OS MS

OS

→

→
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Example 2: Mass Scheme Uncertainty

Jaskiewicz, SPJ, Szafron, Ulrich 25

At high-energy the differences between  and  
in the box amplitudes is driven by the known LP LL 
terms  

Uncertainty 

LO: ~70% (blue band)  

NLO: ~25% (red band)  

This uncertainty can be further reduced by 
computing the LP amplitude at NNLO 

Nevertheless, all only valid for very high energies, 
so far only considered the virtual amplitude… 

Need an NNLO calculation

OS MS

→

→
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Example 2: Mass Scheme Uncertainty
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At high-energy the differences between  and  
in the box amplitudes is driven by the known LP LL 
terms, let’s include them also for the   

Uncertainty 

LO: ~70%  15% (blue band) 

NLO: ~25%  7% (red band) 

This uncertainty can be further reduced by 
computing the LP amplitude at NNLO 

Nevertheless, all only valid for very high energies, 
so far only considered the virtual amplitude… 

Need an NNLO calculation

OS MS

OS

→

→
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Example 2: Mass Scheme Uncertainty
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At high-energy the differences between  and  
in the box amplitudes is driven by the known LP LL 
terms, let’s include them also for the   

Uncertainty 

LO: ~70%  15% (blue band) 

NLO: ~25%  7% (red band) 

This uncertainty can be further reduced by 
computing the LP amplitude at NNLO 

Nevertheless, all only valid for very high energies, 
so far only considered the virtual amplitude… 

Need an NNLO calculation

OS MS

OS

→

→



Very challenging computation 
 Reducible contribution computed recently ~(Higgs production with off-shell gluon leg)  

 General calculation requires 3-loop IBPs with  including internal and external masses 

 Large number of very complicated (=beyond MPLs) massive master integrals 

 Real-virtual also very challenging (  @ 2-loops) 

One promising approach (captures bulk of total cross-section at NLO) is to expand in the forward limit 

First significant steps: Large-  in the forward limit ( , ) 

Important to now develop robust methods for massive calculations beyond 2-loop

2

(s, t, mT, mH)

2 → 3

Nc t = 0 mH = 0
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Example 2: Higgs Boson Pair Production @ NNLO

(a) (b) (c) (d)

Figure 19: Sample Feynman diagrams of contributions to the virtual NNLO corrections. The contri-
butions shown represent: (a) reducible contributions, (b) contributions with one closed light quark
loop, (c) contributions with one closed top quark loop, (d) contributions with two closed top quark
loops. Curly (red) lines correspond to gluons, single (black) lines to the top quark, double (blue) lines
to a massless quark and dashed (blue) lines to the Higgs boson.

renormalization scale associated to the top quark mass. The two panels correspond to two di↵erent
choices of µs, the renormalization scale of ↵s. One observes a good convergence of the perturbative
expansion in both renormalization schemes. One also observes smaller perturbative corrections
when using the MS scheme for the top quark mass and a shrinking of the scale uncertainty bands.
Furthermore, the NNLO predictions are closer together than the corresponding curves at lower
orders. All these are very encouraging features.

A full NNLO analysis also needs the top quark mass dependence of the real radiation amplitudes.
While the one-loop amplitudes with two additional real emissions can be achieved with automated
tools, the two-loop amplitudes with one additional real emissions are not known yet and constitue
another computational challenge.

5 N3LO+N3LL QCD

In the heavy–top (infinite–mass) limit (HTL), the e↵ective Lagrangian for the coupling of the Higgs
field to two gluon field strength tensors can be written as

Le↵ = �
1

4
G

a
µ⌫G

a µ⌫

✓
Ch

h

v
� Chh

h
2

2v2

◆
, (27)

where v is the Higgs vacuum expectation value and Ch, Chh are the Wilson coe�cients obtained
by matching the full Standard Model (SM) onto the e↵ective theory, in which the top-quark degree
of freedom has been integrated out. The Wilson coe�cients start at O(↵s) and are known up to
O(↵4

s) [123–131].
In this section, we present our theoretical predictions using the following setup [24, 25, 132]:

Higgs-boson mass mh = 125 GeV, top-quark pole mass mt = 173 GeV, and Higgs vacuum ex-
pectation value v = 246.2 GeV. We employ the PDF4LHC15 nnlo 30 [133–136] parton distribu-
tion function (PDF) set with the corresponding ↵s running provided by LHAPDF6 [73]. The cen-
tral renormalisation and factorisation scales are set to µ0 = mhh/2, where mhh is the invariant

28

Figure: Davies, 
Schönwald, 
Steinhauser, 
Vitti (LHCHWG 
HH Report)

Davies, Schönwald, Steinhauser, Vitti 24

Davies, Schönwald, Steinhauser 23, 25

Bonciani, Degrassi, Giardino, Gröber 18; Gröber, Maier, Rauh 19; Bellafronte, Degrassi, Giardino, Gröber, Vitti 22; 
Bagnaschi, Degrassi, Gröber 23; Davies, Mishima, Schönwald, Steinhauser 23; Davies, Schönwald, Stremmer 25;

Davies, Steinhauser 19; Davies, Herren, Mishima, Steinhauser 19, 21;
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Interpretation & EFTs

Precision theory is the meeting point of ideas from amplitudes, phenomenology, EFTs  

``Precision’’ can significantly feed into our interpretation at colliders

Example

Consider (partial) EW corrections to  with arbitrary 3-Higgs ( ), 4-Higgs ( ) and Yukawa vertices ( ) 
Encounter  UV divergences which require renormalisation

gg → HH g3 g4 gt
1/ϵ

Type g3g4gt g
3
3gt g4g

2
t g

2
3g

2
t g3g

3
t g

4
t

1PI 0 0 3 6 24 60
1PR 12 6 1 6 24 26
Total 12 6 4 12 48 86

Table 1: Number of Feynman diagrams (one-particle-irreducible, one-particle-reducible
and total), excluding tadpole diagrams, which contribute to each of the bare coupling
structures at NLO.

(a) g3g4gt (b) g
3
3gt

(c) g4g
2
t (d) g

2
3g

2
t

(e) g3g
3
t (f) g

4
t

Figure 1: Example diagrams contributing to each of the 6 coupling structures on which
we separate the bare two-loop amplitude.

corrections to the Higgs propagator or trilinear vertex, they are therefore entirely 1PR (see
Figs. 1a and 1b). The 1PR contribution to the g4g

2
t coupling structure consists of a diagram

containing a triple gluon vertex with a single gluon connected to the fermion loop and thus
has a vanishing colour factor. The g4g

2
t coupling structure, therefore, receives only a 1PI

contribution, see Fig. 1c. The remaining coupling structures receive contributions from
both 1PI and 1PR diagrams.

The complete EW corrections, obtained using the large-mt limit in Ref. [38] and fully
using AMFlow in Ref. [41], contain within them all coupling structures presented in
this work, as well as additional contributions from diagrams containing W and Z bosons
and their ghosts, as well as the Goldstone bosons. The coupling structures g3g4gt and
g
3
3gt consist of factorisable one-loop contributions and are comparatively straightforward

to compute, they have appeared previously in the literature e.g. Refs. [35, 39, 40]. The
coupling structure g4g

2
t contains only three-point integrals, the relevant integrals are known

– 8 –
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containing a triple gluon vertex with a single gluon connected to the fermion loop and thus
has a vanishing colour factor. The g4g
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t coupling structure, therefore, receives only a 1PI
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both 1PI and 1PR diagrams.

The complete EW corrections, obtained using the large-mt limit in Ref. [38] and fully
using AMFlow in Ref. [41], contain within them all coupling structures presented in
this work, as well as additional contributions from diagrams containing W and Z bosons
and their ghosts, as well as the Goldstone bosons. The coupling structures g3g4gt and
g
3
3gt consist of factorisable one-loop contributions and are comparatively straightforward

to compute, they have appeared previously in the literature e.g. Refs. [35, 39, 40]. The
coupling structure g4g

2
t contains only three-point integrals, the relevant integrals are known

– 8 –

Fix vev counterterm using a vertex, but obtain different  in renormalisation constants depending on the vertex1/ϵ

δgt
v ( mt

v
,

3m2
H

v
,

3m2
H

v2 )
UV

= δg3
v ( mt

v
,

3m2
H

v
,

3m2
H

v2 )
UV

= δg4
v ( mt

v
,

3m2
H

v
,

3m2
H

v2 )
UV

!= δv |UV

δgt
v (gt, g3, g4)|UV = −

g3gtm2
H + 2g2

t mt (m2
H − 4m2

t ) Nc

32π2m2
Hmtϵ

δg4
v (gt, g3, g4)|UV = −

2gtg4Nc(gt(m4
H + 6m2

Hm2
t ) − 2g3m3

t ) + g2
4m4

H − 24g4
t m4

HNc

32π2g4m4
Hϵ

SM limit all ok

Ok to talk about  when considering QCD corrections, EW corrections need something more e.g. EFTsκ3, κ4

Heinrich, SPJ, Kerner, Stone, Vestner 24
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Outlook

Thank you for listening!

Current Status 

Theory uncertainties have already started to limit our ability to explore the Higgs sector 

It is critically important to have a robust fixed-order programme alongside precision developments in parton 
showers and analysis techniques 

Future Community Goals 

Lift standard candle processes and interesting final states to  making this the new standard 

Refine tools/techniques for multi-loop electroweak corrections, with two-loop electroweak becoming a new 
standard (also in prep for FCC-ee) 

Continue to develop our understanding of formal limits of amplitudes, higher-point amplitudes, impact of masses, 
… 

N3LO

 Matthias (Today)→



Backup
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High-energy limit

A(0)
i,y2

t
∼ y2

t fi(s, t) + y2
t 𝒪(m2

t )

A(1)
i,y2

t
∼ 3CFA(0)

i log [ m2
t

s ] + y2
t 𝒪(m2

t )

A(0)
i ∼ yt mt fi(s, t) log2 [ m2

t

s ]
A(1)

i ∼
(CA − CF)

12
A(0)

i log2 [ m2
t

s ]

gg → HH gg → ZH
Davies, Mishima, 
Steinhauser 20; 
Chen, Davies, Heinrich,SPJ,
 Kerner, Mishima, 
Schlenk, Steinhauser 22

Davies, Mishima, 
Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, 
Mühlleitner, Ronca, Spira, 
Streicher 20

Leading  from mass counter term, converting 
to  gives   scale choice of 

log(m2
t )

MS log [μ2
t /s] → μ2

t ∼ s
Leading  not coming from mass counter term 
(  structure)

log(m2
t )

CA − CF

Expanding amplitude perturbatively  and around Afin
i =

αs

2π
A(0),fin

i + ( αs

2π )
2

A(1),fin
i + 𝒪(α3

s ) mt ∼ 0

Goal: How does the simple structure in  arise? Does it generalise to all orders in ? 
Can we resum these logarithms?

gg → HH αs



Application to : 
Scalar Integral Level

gg → HH



36

High-Energy Expansion of  @ 1-loopgg → HH

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Limit:  ,    and s, | t | , |u | ≫ m2
t ≫ m2

H m2
H → 0 λ ∼ mt /Q

∫
ddℓ

(2π)d

1
ℓ2 − m2

t

1
(ℓ + q1)2 − m2

t

1
(ℓ + q1 + q2)2 − m2

t

1
(ℓ − q3)2 − m2

t

∫
ddℓ

(2π)d

1
ℓ2

1
(ℓ + q1)2

1
(ℓ + q1 + q2)2

1
(ℓ − q3)2

∼ λ0

Every propagator scales as  
Achieved by hard scaling of the loop momenta 

λ0

ℓμ = Q(1,1,1)

u(0) = (0,0,0,0)Hard region
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High-Energy Expansion of  @ 1-loopgg → HH

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Limit:  ,    and s, | t | , |u | ≫ m2
t ≫ m2

H m2
H → 0 λ ∼ mt /Q

uR order interpretation routing

(-2, -2, 0, 0) 4 � 2(✏+ ↵ + �) c1 `

(0, -2, -2, 0) 4 � 2(✏+ � + �) c2 ` � q1

(-2, 0, 0, -2) 4 � 2(✏+ ↵ + �) c3 `+ q3

(0, 0, -2, -2) 4 � 2(✏+ � + �) c4 ` � q1 � q2

(0, 0, 0, 0) 0 h n/a

Table 1: The regions of the one-loop diagram and their interpretation in terms of hard
and collinear modes. The routing is identified by specifying the momentum flowing
through the propagator labelled ↵ in Fig. 2. Note that for the scalar “corner” integral
↵ = � = � = � = 1 and all regions enter at leading power.

we obtain the following scalings for the scalar products

`
2

⇠ �
2
Q

2
, ` · q1 ⇠ �

2
Q

2
, ` · q2 ⇠ �

0
Q

2
, ` · q3 ⇠ �

0
Q

2
, (2.18)

since by construction there is a wide separation between the directions of the four ex-
ternal particles. Inputting these scalings into the propagators, we see that the region
described by the region vector u(1) is consistently identified as the one with loop mo-
mentum collinear to q1. We denote this region as c1.

To reveal the nature of the second region u(2), we need to perform a shift in the
loop momentum because, according to the region vector, the third propagator, namely
(`+ q1 + q2)2 �m

2
t
in the original routing, should scale as �2. However, despite the fact

that ` · q2 ⇠ �
2, the propagator scales as �0 since q1 · q2 ⇠ �

0. As such, we note a well-
known fact: the diagram’s momentum routing can obscure a region’s physical nature.
In the region where the loop momentum ` is collinear to q2, the scalar products scale as

`
2

⇠ �
2
Q

2
, ` · q1 ⇠ �

0
Q

2
, ` · q2 ⇠ �

2
Q

2
, ` · q3 ⇠ �

0
Q

2
, (2.19)

and we find that the correct scaling for the propagators is obtained after shifting ` ! `�q1

in Fig. 2. With the correct routing, we can now identify the region described by region
vector u(2) as collinear to q2, i.e. c2.

Finally, to reveal u(3) and u(4) we must consider the frame spanned by q3 and q4.
It should not be surprising that our ability to identify regions depends on which of the
four-momenta we eliminate or, in other words, which frame we choose. One can easily
show that using the shifts ` ! `+ q3 and ` ! `� q1 � q2 we can identify the momentum-
space representation for regions defined by vectors u(3) and u(4) respectively. The fifth
region, u(5), is easily identified as the hard region, which always manifests as u

R

i
= 0.

As all components of the loop momentum are large, it does not matter which frame or
routing we consider.

We summarise our findings in Table 1. The order in � at which each region begins
contributing is shown in the second column. At the level of the scalar integral, in the
limit ✏ ! 0 and ↵, �, �, � ! 1, all regions enter and contribute at leading power ⇠ �

0.

8

Automatically find remaining regions in parameter space

Using a set of possible loop momenta modes can systematically 
search for momentum routing to give a momentum space 
interpretation
Implemented in pySecDec by Y. Ulrich (TBA)
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High-Energy Expansion of  @ 1-loopgg → HH

u(1) = (−2, − 2,0,0) u(2) = (0, − 2, − 2,0) u(3) = (−2,0,0, − 2)u(4) = (0,0, − 2, − 2)

q1

q4

q3

q2

ℓ− q1

s13

ℓ

s12

ℓ + q2

ℓ− q3 − q1

α

β

γ

δ

−η

−η+η

+η

q1

q4

q3

q2

ℓ

s13

ℓ + q1

s12

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

−η

−η+η

+η

+η

q1

q4

q3

q2

ℓ + q3

s13

ℓ + q1 + q3

s12

ℓ− q4

α

β

γ

δ

−η

−η

+η

ℓ

q1

q4

q3

q2

ℓ + q3 + q4

s13

ℓ− q2

s12

ℓ

ℓ + q4

α

β

γ

δ

−η

−η+η

+η

Collinear Regions

∫
ddℓ

(2π)d

⏟
λ4

1
ℓ2 − m2

t

1
λ2

1
(ℓ + q1)2 − m2

t

1
λ2

1
2(ℓ + q1) ⋅ q2

1
−2ℓ ⋅ q3

ℓμ = Q(1,λ2, λ)Collinear  regionq1

Collinear regions are also leading 
power at the level of scalar integrals!
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High-Energy Expansion of  @ 2-loopsgg → HH

From this we can infer that I / (n� · q3)��(n� · q2)��. Since q
µ

1� is the only external
vector in the n

µ

� direction, we can deduce

I =
⇣

� (n+ · q1)(n� · q3)| {z }
t

⌘��⇣
� (n+ · q1)(n� · q2)| {z }

s

⌘��⇣
m

2
t

⌘D/2�↵��

I0(↵, �, �, �;D) ,

(2.24)

where we have found the dependence on mt from dimensional analysis. The remaining
integral I0 is now a function of the powers of propagators and the space-time dimension.
Explicit calculation shows that

I0 =
⇣
e
�E✏

µ
2✏
⌘
(�1)↵+�+�+�

�[�2 + ✏+ ↵ + �]

�[�]�[↵]

�[↵ � �]�[� � �]

�[↵ + � � � � �]
. (2.25)

This result concludes our discussion of the one-loop box, all other box integrals appearing
in the amplitude can be obtained from crossing the diagram in Fig. 2.

2.1.2 Two-loop

`1 `2

q1

q2

q3

q4

P1

`1

`2q1

q2

q4

q3

NP1

`1 `2

q1

q2

q3

q4

P2

`1

`2q1

q2

q4

q3

NP2

Figure 4: The four top-level two-loop topologies. Massless particles (Higgs bosons and
gluons) are depicted with dashed lines, massive top quarks are shown as solid lines. We
indicate the lines that carry the loop momenta for our default routing.

At the two-loop order, there are four top-level (7-propagator) topologies to consider,
they are shown in Fig. 4: a planar box and a non-planar box that each contain either
predominantly top quarks or gluon propagators. As the number of possible routings,
frame choices, and regions proliferates beyond one-loop, we have automated the routing-
finding algorithm. Our code considers the scaling of each scalar product for each possible
region and frame and then applies it to all possible shifts. To limit the number of shifts,
we only consider those that result in two propagators being directly identical to the
two-loop momenta. We observe that this procedure is su�cient for the problem of
identifying soft and collinear regions at hand, but it is possible to construct regions
that cannot be straightforwardly revealed this way, for example Glauber, threshold and
potential regions. This code is currently being integrated as part of pySecDec [107].

We begin by considering the diagram P1, shown in Fig. 4. We first use standard
techniques to obtain the region vectors of expansion around small mt in parameter space.
In total, we obtain 13 regions for this diagram. In the limit ✏ ! 0 we find that, for
this planar scalar integral, all regions enter at leading power. Next, using the routing
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Topologies

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2,�2,�2, 0, 0, 0,�2) (�2,�2, 0, 0,�2,�2, 0) (�2,�1, 0,�1,�2,�2,�1) (�2, 0, 0,�2,�2,�2, 0)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2, 0, 0, 0,�2,�2,�2) (�1,�2,�2,�1, 0,�1,�2) (0,�2,�2,�2, 0, 0,�2) (0,�2,�2, 0, 0,�2,�2)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(0, 0,�2,�2, 0,�2,�2) (0, 0,�2,�2, 0, 0, 0) (0, 0, 0,�2,�2,�2,�2) (0, 0, 0,�2,�2, 0, 0)

q1

q2

q4

q3

(0, 0, 0, 0, 0,�2,�2)

Figure 6: Regions for the two-loop diagram NP1 in Fig. 4. Propagators and external
lines are coloured orange for the first collinear mode, blue for the second collinear
mode, pink for the soft modes, and black for the hard modes. Purely hard region is
not depicted.
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Regions (Parameter Space)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2,�2,�2, 0, 0, 0,�2) (�2,�2, 0, 0,�2,�2, 0) (�2,�1, 0,�1,�2,�2,�1) (�2, 0, 0,�2,�2,�2, 0)

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

q1

q2

q4

q3

(�2, 0, 0, 0,�2,�2,�2) (�1,�2,�2,�1, 0,�1,�2) (0,�2,�2,�2, 0, 0,�2) (0,�2,�2, 0, 0,�2,�2)
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q4

q3
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Figure 6: Regions for the two-loop diagram NP1 in Fig. 4. Propagators and external
lines are coloured orange for the first collinear mode, blue for the second collinear
mode, pink for the soft modes, and black for the hard modes. Purely hard region is
not depicted.
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New features: 

1. Soft modes appear  

2. Soft regions are power enhanced at 
level of scalar integral

lμ
S = Q(λ, λ, λ)
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High-Energy Expansion of  @ 2-loopsgg → HH

uR order interpretation routing

(-2, -2, -2, 0, 0, 0, -2) �4✏ c1c1 `1, `2

(-2, -2, 0, 0, -2, -2, 0) �4✏ c1c1 `1, `2 � q3 � q4

(-2, -1, 0, -1, -2, -2, -1) �1 � 4✏ ss `1, `2 � q3 � q4

(-2, 0, 0, -2, -2, -2, 0) �4✏ c3c3 `1, `2 � q4

(-2, 0, 0, 0, -2, -2, -2) �4✏ c2c2 `1, `2 � q3 � q4

(-1, -2, -2, -1, 0, -1, -2) �1 � 4✏ ss `1 � q1, `2

(0, -2, -2, -2, 0, 0, -2) �4✏ c4c4 `1 � q1, `2

(0, -2, -2, 0, 0, -2, -2) �4✏ c2c2 `1 � q1, `2

(0, 0, -2, -2, 0, -2, -2) �4✏ c4c̄2 `1 � `2 + q3 + q4, `1

(0, 0, -2, -2, 0, 0, 0) �2✏ c4h `1 � `2 + q3 + q4, `1

(0, 0, 0, -2, -2, -2, -2) �4✏ c3c̄2 `1 � `2 + q3, `1 � q4

(0, 0, 0, -2, -2, 0, 0) �2✏ c3h `1 � `2 + q3, `1 � q4

(0, 0, 0, 0, 0, -2, -2) �2✏ hc2 `1, `1 + `2 � q3 � q4

(0, 0, 0, 0, 0, 0, 0) 0 hh n/a

Table 2: The regions of the two-loop diagram NP1 and their interpretation in terms of
hard, collinear, and soft modes. The routing shifts are relative to one given for the NP1
diagram in Fig. 4. The order given is valid when all propagators are raised to power 1
and the dependence on additional analytic regulators is suppressed.
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Can again find momentum space interpretation

From this we can infer that I / (n� · q3)��(n� · q2)��. Since q
µ

1� is the only external
vector in the n

µ

� direction, we can deduce

I =
⇣

� (n+ · q1)(n� · q3)| {z }
t

⌘��⇣
� (n+ · q1)(n� · q2)| {z }

s

⌘��⇣
m

2
t

⌘D/2�↵��

I0(↵, �, �, �;D) ,

(2.24)

where we have found the dependence on mt from dimensional analysis. The remaining
integral I0 is now a function of the powers of propagators and the space-time dimension.
Explicit calculation shows that

I0 =
⇣
e
�E✏

µ
2✏
⌘
(�1)↵+�+�+�

�[�2 + ✏+ ↵ + �]

�[�]�[↵]

�[↵ � �]�[� � �]

�[↵ + � � � � �]
. (2.25)

This result concludes our discussion of the one-loop box, all other box integrals appearing
in the amplitude can be obtained from crossing the diagram in Fig. 2.

2.1.2 Two-loop

`1 `2

q1

q2

q3

q4

P1

`1

`2q1

q2

q4

q3

NP1

`1 `2

q1

q2

q3

q4

P2

`1

`2q1

q2

q4

q3

NP2

Figure 4: The four top-level two-loop topologies. Massless particles (Higgs bosons and
gluons) are depicted with dashed lines, massive top quarks are shown as solid lines. We
indicate the lines that carry the loop momenta for our default routing.

At the two-loop order, there are four top-level (7-propagator) topologies to consider,
they are shown in Fig. 4: a planar box and a non-planar box that each contain either
predominantly top quarks or gluon propagators. As the number of possible routings,
frame choices, and regions proliferates beyond one-loop, we have automated the routing-
finding algorithm. Our code considers the scaling of each scalar product for each possible
region and frame and then applies it to all possible shifts. To limit the number of shifts,
we only consider those that result in two propagators being directly identical to the
two-loop momenta. We observe that this procedure is su�cient for the problem of
identifying soft and collinear regions at hand, but it is possible to construct regions
that cannot be straightforwardly revealed this way, for example Glauber, threshold and
potential regions. This code is currently being integrated as part of pySecDec [107].

We begin by considering the diagram P1, shown in Fig. 4. We first use standard
techniques to obtain the region vectors of expansion around small mt in parameter space.
In total, we obtain 13 regions for this diagram. In the limit ✏ ! 0 we find that, for
this planar scalar integral, all regions enter at leading power. Next, using the routing

10
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High-Energy Expansion of  @ 3-loopsgg → HH

Considering  diagrams at 3-loops we systematically checked for new loop momenta modesgg → HH

modes are su�cient to interpret all regions appearing in the small-mass expansion,

hard : `
µ

H
⇠ Q (1, 1, 1), (2.26)

collinear � qi : `
µ

Ci
⇠ Q (1,�2

,�), (2.27)

soft : `
µ

S
⇠ Q (�,�,�). (2.28)

For the collinear-qi mode we use light-cone vectors nµ

+ and n
µ

� defined above generalised
for each of the collinear directions. See beginning of Section 3 for explicit construction.

2.1.3 Three-loop and beyond

In the previous sections, we have categorised the loop momenta scaling relevant for
understanding the region expansion up to two-loops. The complete knowledge of these
regions allows us to compute the one-loop and two-loop amplitudes not only at leading
power but also at any order in the power expansion.

q1

q2 q4

q3
`1

`2

`3

q1

q2 q4

q3

`1 `2`3

Figure 7: Example three-loop diagrams containing modes beyond soft, collinear, and
hard. (left) A region with a hard-collinear-q2 loop momentum, shown in green. (right)
A region containing a soft-collinear-q1 loop momentum, shown in yellow. Both diagrams
also contain soft in pink and collinear in orange loop momenta.

If we wish to understand the all-order structure of the QCD corrections to HH

production at any order in the power expansion, we must ask if additional loop momenta
scalings appear in the region expansion beyond two-loops. We generate all diagrams
relevant to Higgs pair production at three-loops and obtain a list of all regions appearing
in the MoR analysis for each diagram. Using the tool described in the previous section,
we find that considering only the collinear and soft loop momenta modes is insu�cient
to capture the regions appearing at three-loops, see Figure 7 for example diagrams
that contain additional loop momenta modes. However, adding the following three-loop
momenta modes allows us to describe the regions appearing in diagrams containing up
to three-loops,

hard � collinear � qi : `
µ

HCi
⇠ Q (1,�,�1/2), (2.29)

soft � collinear � qi : `
µ

SCi
⇠ Q (�,�2

,�
3/2), (2.30)

ultra � soft : `
µ

US
⇠ Q (�2

,�
2
,�

2). (2.31)
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Indeed find new modes entering 

Hard-collinear     

Soft-collinear      

Ultra-soft            

lμ
HCi

= Q(1,λ, λ
1
2)

lμ
SCi

= Q(λ, λ2, λ
3
2)

lμ
US = Q(λ2, λ2, λ2)

Expect new modes entering at 
each loop order, consistent with 
results in the literature 

Ma 23



Application to : 
Amplitude Level

gg → HH
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Amplitude Level Results @ 1-loop

q1

q4

q3

q2

ℓ

t

ℓ + q1

s

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

1

2

3

4

Hard region

q1

q4

q3

q2

ℓ

s13

ℓ + q1

s12

ℓ + q1 + q2

ℓ− q3

α

β

γ

δ

−η

−η+η

+η

Collinear  regionq1

Leading Power (LP)

Next-to-Leading Power (NLP)

Can compute amplitude level results for each region, at the 1-loop level:

Generates 
 at NLPlog(m2

t )



Inserting into amplitude, projecting form 
factors and computing traces 
Numerator gives a  suppression for 
all soft/collinear regions

λ2
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Amplitude Level Results @ 2-loop

Could compute each region at 2-loops (tedious), can instead examine numerator prior to reduction

Region   

 

 

Region  

 
 

c1c1

ℓμ
1 ∼ ℓμ

2 ∼ Q(1,λ2, λ)

l2
1 ∼ λ2Q2, l2

2 ∼ λ2Q2, l1 ⋅ l2 ∼ λ2Q2,

l1 ⋅ q1 ∼ λ2Q2, l2 ⋅ q1 ∼ λ2Q2,
l1 ∝ q1, l2 ∝ q1 .

ss

ℓμ
1 ∼ ℓμ

2 ∼ Q(λ, λ, λ)

l2
1 ∼ λ2Q2, l2

2 ∼ λ2Q2, l1 ⋅ l2 ∼ λ2Q2,

l1 ⋅ q2 ∼ λ2Q2, l1 ⋅ q3 ∼ λ2Q2, l1 ⋅ q4 ∼ λ2Q2,
l2 ⋅ q2 ∼ λ2Q2, l2 ⋅ q3 ∼ λ2Q2, l2 ⋅ q4 ∼ λ2Q2,

Consistent with the result of Steinhauser 
et al. for the  limit 

Suggests that regions other than the hard 
region are helicity suppressed by at least 

mt → 0

λ ∼ mt

Davies, Mishima, Steinhauser, Wellmann 18;
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Effective field theory Analysis

h

B

A

h

n
µ

1−

n
µ

2−
n
µ

3−

n
µ

4−

[M. Beneke, A. Chapovsky, M. Diehl, T. Feldmann, hep-ph/0206152] [M. Beneke, T. Feldmann, hep-ph//0211358]
[C. Bauer, D. Pirjol, I. Stewart, hep-ph/0109045][C. Bauer, S. Fleming, D. Pirjol and I. Stewart, hep-ph/0011336]

ψ(x) → ψ1(x)+…+ψN(x)

N collinear fermion fields

+q(x) ℒSCET =
N

∑
i=1

ℒci
+ ℒsoft

ℒci
= ℒ(0)

ci
⏟

LP

+ ℒ(1)
ci

⏟
𝒪(λ1)

+ ℒ(2)
ci

⏟
𝒪(λ2)

+ . . .

Lagrangians belong to a specific collinear direction 
Can be expanded in powers of the small parameter

Keep collinear, anti-collinear,  and soft degrees of freedom 
Hard modes are integrated out

Study amplitude using Soft Collinear Effective Theory (SCET) 

M. Beneke, M. Garny, R. Szafron, J. Wang, 
17, 17, 18, 19Generic N-jet operator has the form:

J = ∫ [∏
ik

dtik]C({tik})
N

∏
i=1

Jci
(ti1, ti2 . . . )
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Leading Power Analysis

Leading power matching J[i]
LP(t1, t2, t3, t4) = y2

t Pμν
i 𝒜c1⊥1 μ(t1n1+) 𝒜c2⊥2 ν(t2n2+) hc3

(t3n3+) hc4
(t4n4+)

= CA0
[i] (s, t)

(h)

(h)

(h) (h) A0[i]+ . . .

Collinear Regions c1, c2 ∝

NLP
[i]

Mixing with the external 
gluon is forbidden at LP

Relevant operator structures
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Leading Power Analysis

Collinear Regions c3, c4

Situation reversed, structures 
appearing at LP are vector-like NLP

[i]

Mixing with the external 
Higgs is forbidden at LP

Result holds to all orders in  due to helicity conservation for αs mt → 0

Next-to-Leading Power

NLP
[i]

Structure of the amplitude allows mixing with 
external gluon/Higgs 

Expect contributions from collinear/soft regions

NLP
[i]


