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What is "the γ5 problem" in DReg?

Chiral Gauge Theories are a fact of life, yet trusty dimensional
continuation clashes with such genuinely 4-dimensional identities
of γ5 and ϵµνρσ.
Contradictions immediately arise,

{γµ, γ5} = 0,
Tr(γ5γµγνγργσ) = −4iεµνρσ,
Tr(γµγν) = Tr(γνγµ),

conspiring to give,

2(D − 4)Tr(γ5γµγνγργσ) = 0.

Several propositions for treating γ5 in DReg exist: Naive scheme,
Reading-Point, Larin scheme, BMHV (P. Breitenlohner, D. Maison,
G. ’t Hooft, M. Veltman), . . .
[PB,DM,Commun.Math.Phys.52,(1977)] [GH,MV,Nucl.Phys.B44,(1972)]
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Brief(est) Exposition of BMHV [HB,AI,PK,MB,DS,MW,2411.02543]

The space of DReg decomposes as MD = M4 ⊕M−2ϵ with formal
symbols,

ḡµν ḡµν = 4, ĝµν ĝµν = −2ϵ, ḡµρĝρν = 0, p̂µ = ĝµρpρ.

In this approach γ5 is non-anticommuting and we have,

{γ̄µ, γ5} = 0, [γ̂µ, γ5] = 0, {γ̂µ, γ5} = 2γ̂µγ5.

CONS:
loss of D-dimensional Lorentz covariance
spuriously breaks gauge invariance

PROS:
proven mathematically consistent at arbitrary
loop order
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A Simple Non-Abelian Toy Model

SU(2) gauge theory: Nf gauged, right-handed fermions in some
representation Ri and sterile, left-handed partners (corresponds to
Option 2b in [PLE,DS,MW,PK,2411.02543],

S0 =

∫
dDx Lfermion

kin + Lfermion
int − 1

4
F 2 − c̄DAc + Lg−fix + Lext,

with covariant derivative,

Dµ
R
ab = ∂µδ

ab − ig(TR)
c
abG

cµ

where T a
R = diag(T a

R1
. . .T a

RM
) and (TA)

c
ab = (−i)εabc .

Anomaly cancellation requirement:
∑

Ri
A(Ri )d

abc = 0 (trivial in
SU(2))
The interaction term admits several choices equivalent in 4 but not D
dimensions,

ψγµPRψ ̸= ψPLγ
µψ ̸= ψPLγ

µPRψ.

We opt for the purely 4-dimensional coupling,

Lfermion
int = gT a

Rij ψRi /G
a
ψRj .
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Regularization-induced Symmetry Breaking

Consistency with DReg requires a fully D-dimensional kinetic term,
hence,

Lfermion = iψi /̂∂ψi + iψRi /DψRi + iψLi /∂ψLi .

The covariant term exhibits full 4-dimensional gauge invariance ,

whilst the breaking originates form the evanescent piece .

This can be quantified by the (D-dimensional) BRST
transformations,

sD(ψR)i = igcaT a
ijψj sD(ψL)i = 0 sD(G

a
µ) = (DA)

ab
µ cb.

̂∆ ca

p2
ψjβ

p1

ψ
i
α

∆̂ = sD

∫
dDx Lfermion

=

∫
dDx g T a

ij c
a

{
ψi

(←
/̂∂PR +

→
/̂∂PL

)
ψj

}
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... and its Restoration

The ultimate goal: Slavnov-Taylor Identity

LIM
D→4

SD(ΓDRen) = 0 with S(Γren) =

∫
d4x

δΓren

δϕi (x)

δΓren

Kϕi (x)
.

Kϕi⊃Lext=ρ
µ
a sDG

a
µ+ζasDc

a+R̄ i sDψRi+R i sDψRi

The main tool: Quantum Action Principle in DReg

SD(ΓDReg) = ∆ · ΓDReg ∆ = SD(S0 + Sct).

the (subren.) breaking is local at any order!

At two-loop order the symmetry breaking evaluates to

∆ · Γ2L
DReg = ∆̂ · Γ2L

DReg +∆1L
ct · Γ2L

DReg + SD(S
1L
ct ) + ∆2L

ct

=∆2L
sct+∆2L

fct

∆nL
ct = bD(S

nL
ct ) and bD = sD +

∫
dDx

δS0

δϕi

δ

δKϕi
.
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Counterterms@1Loop

Practical Procedure
find 4-dimensional, mass dimension ≤ 4, ghost number 0 CT’s
X such that,

b4(X ) = −LIMD→4∆ · Γ.

Result@1Loop [HB,AI,MB,DS, 2004.14398]

Relatively compact and simple structure (here D = 4!),

S
(1)
fct, restore =

1
16π2

{
g2S2(R)

6

(
5SGG −

∫
d4x G a,µ∂2G a

µ

)

+ g2 (TR)
abcd

3

∫
d4x

g2

4
G a
µG

b,µG c
νG

d ,ν

+ g2
(

1 +
ξ − 1

6

)
C2(R)Sψψ

+ g2S2(R)

6
SGGG − g2 ξC2(G )

4
(
SR̄cψR

+ SRcψR

)}
,
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Counterterms@1Loop cont’d/@2loop

N.B. Finite external field CT’s for the R/R-sources from diagrams,

e.g. - g2 ξC2(G)
4

(
SR̄cψR

+ SRcψR

)
∆̂ Rjβ

They give rise to additional evanescent contributions at ≥ 2 loop,

bD(SR̄cψR
) =

∫
dDx

δS0

δψiα

SR̄cψR

δR̄iα
= ∆̄1L,cψ̄ψ

fct + ∆̂1L,cψ̄ψ
fct + . . .

δS0
δψiα

= δ
δψiα

(iψ̄i /∂ψi )+...

@2Loop
Breaking GF’s with sources ρaµ, ζa and ca; 5-point function(s)

∆̂
ρµa

∆̂

∆̂
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Implementation in FeynArts

Couple ∆̂ to an auxiliary anti ghost,

∆̂ · Γϕ1...ϕn =
δΓϕ1...ϕn

δω∆

∣∣∣∣
ω∆=0

,

To avoid 4-
point fermion vertices, a fictitious scalar separates ghosts and spinors.

∆̂ω

ψ ψ

=⇒ ω

φ c

⊗
φ

ψ ψ

=⇒ ω φ

c ψ

ψ

Lϕ−aux=−ϕ
2
2 +ω∆caϕa+gT a

Rij

(
ψi

←
/̂∂ PRψj+ψi

→
/̂∂ PLψj

)
ϕa.

External Field Statistics Dimension Ghost Number Lorentz Tr.
ρµa Fermion 3 −1 Four-Vector
ζa Boson 4 −2 Scalar

R
i
α/R

j
β Boson 5

2 −1 Spinor
χa Boson 2 0 Scalar

Difficulties compound for ∆1L,ct
ccRψ

!

Treat BRST sources
as composite fields,

ρaµ −→ ω̄a
ρA

µ

Rjβ −→ ω̄Rχjβ.
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Consistency Checks

Keep a check on pitfalls incl. ∆ct’s, the model setup, integrals...,

Quantum Action principle

=⇒
SD(ΓDReg)=∆·ΓDReg

ΓDReg
caρbµ

ΓDReg
ψjβψiαGbµ+ΓDReg

ψjβcaRkδ
ΓDReg
ψkδ(−p1)ψiα(p1)

−ΓDReg
Rkδc

aψiα
ΓDReg
ψjβ (p2)ψkδ(−p2)

=(∆·ΓDReg)ψjβ (p2)ψiα(p1)ca(p)

∆-insertions vs. full LHS

∆̂

∆̂1
ct

×
Rkδ

⊃∆·Γ2L
DReg=∆̂·Γ2L

DReg+∆1L
ct ·Γ1L

DReg+SD(S
1L
ct )+∆2L

ct ,

δabpµ× −igT b
Rij (γ

µPR)αβ × ρ
µ
b ×

Rkδ

loop integrals: All Massive Tadpoles (only poles,
[MM,MM,9409454] [KC,MM,MM,9711266]) and TARCER (full, [RM,RS,9801383]);
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Two-loop Results for S2
fct

Finite counterterm Lagrangian@2loop [PK, DS, 2504.06080],

L2
fct =

∑

M

χ
(2)
M OM where M = {G □G ,

((
∂G̃
)
G
)
G ,G

4
,
(
GG
)(
GG
)
,

ψ/∂PRψ,RcTRPRψ,ψcTRPLcR, ζ̃cc}

Compact result with known monomials from the 1-loop CT’s plus
one new term to the source ζa,

(
i

16π2 )
2g5 35

432

∑

R
S2(R)εabcζacbcc .

@>2-loop: No new terms are needed in M!
Operators missing in M are accommodated by symmetric CT’s like
F

2 and invariants from finite renormalizations, e.g.

Lc = −b4

∫
d4x ζac

a =

∫
d4x Lghost+Lext−χaB

a with
ca →√Zcca

ζa→
√
Zc
−1
ζa
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