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Lifetimes: Theory formulation
Heavy quark expansion

Γ(B → X ) =
∑

i
Γi ⟨B|Oi |B⟩

Contribution from ∆B = 0 four quark operators

Q1 =
(

b̄γµPLq
) (

q̄γµPLb
)

Q2 =
(

b̄PLq
) (

q̄PRb
)

T1 =
(

b̄γµPLtaq
) (

q̄γµPLtab
)

T2 =
(

b̄PLtaq
) (

q̄PRtab
)

All Feynman diagrams were drawn using FeynGame
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Lifetimes: Theory formulation
Heavy quark expansion

Γ(B → X ) =
∑

i
Γi ⟨B|Oi |B⟩

Contribution from ∆B = 0 four quark operators

Wilson coefficients Γi perturbative

Γi = Γ(0)
i + αs

4πΓ(1)
i +

(αs
4π

)2
Γ(2)

i + . . .

Matrix elements ⟨B|Oi |B⟩ non-perturbative

No up-to-date lattice results
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Difficulties on the lattice

Operators mix under renormalization

Oi =
∑

j
ZijOB

j

Proper combination of different regulators

Γ(B → X ) =
∑

i
Γi(µ) ⟨B|Oi |B⟩ (µ)

Possible solution: Gradient flow
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The QCD gradient flow

QCD extended by flow time τ
[Lüscher 2010]

Bµ(τ = 0, x) = Aµ(x)

Flow equations describe τ > 0 behavior

∂τ Bµ = DνGνµ

flowed field strength tensor

Ga
µν = ∂µBa

ν − ∂νBa
µ + f abcBb

µBc
ν

Note that [τ ] = −2
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Gradient flow renormalization

Solution of the flow equations leads to exponential damping factors

∼ e−(t+s)p2

matrix elements of flowed operators are finite

[Lüscher, Weisz 2011; Hieda, Makino, Suzuki 2017]

QCD limit τ → 0?
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The short-flow-time expansion

Short-flow-time expansion

Õi(τ) ∼
∑

j
ζij(τ)Oj + τ . . . ⇒ Oi ∼

∑
j
ζ−1

ij (τ)Õj(τ)+ τ . . .

⟨B|Oi |B⟩ (µ) = ζ−1
ji (µ, τ) ⟨B|Õi |B⟩ (τ)

Mixing shifted to the perturbative calculation

Jonas T. Kohnen Heavy Meson Lifetimes using Gradient Flow September 25, 2025 6 / 10



Setup for the calculation

qgraf [Nogueira 1991]

tapir [Gerlach, Herren, Lang 2022]

exp [Harlander, Seidensticker, Steinhauser 1998, Seidensticker 1999]

FORM [Vermaseren 1989]

Kira [Maierhöfer, Usovitsch, Uwer 2017; Klappert, Lange, Maierhöfer, Usovitsch 2020]

FireFly [Klappert, Lange 2019], [Klappert, Klein, Lange 2020]

ftint [Harlander, Nellopoulos, Olsson, Wesle 2024]

▶ pySecDec [Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke 2017]
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Lattice determination

⟨B|Oi |B⟩ (µ) = ζ−1
ji (µ, τ) ⟨B|Õi |B⟩ (τ)
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Lattice determination

⟨B|Oi |B⟩ (µ) = ζ−1
ji (µ, τ) ⟨B|Õi |B⟩ (τ)
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Lattice determination

⟨B|Oi |B⟩ (µ) = ζ−1
ji (µ, τ) ⟨B|Õi |B⟩ (τ)
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Conclusion and Outlook

Lifetimes of mesons with an heavy quark calculated with HQE

Gradient flow allows lattice calculation of non-perturbative ∆B = 0
matrix elements

Perturbative matching necessary

First results for D mesons → Future extension to B mesons

Inclusion of Eye Diagrams → penguin operators
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Other gradient flow applications

Energy momentum tensor [Makino, Suzuki 2014]

Parton distribution functions [Shindler 2023]

〈x2〉/〈x〉 〈x3〉/〈x〉 〈x4〉/〈x〉 〈x5〉/〈x〉
0.0

0.1

0.2

0.3

0.4

0.5

µ = 2 GeV

Theory/Lattice

this work

Expt./Pheno.

JAM

xFitter

FANTO

Moments of PDFs using the gradient flow. Figure from
[Francis, . . . , JK, . . . 2025]
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Penguin operators

Closed fermion loops introduce penguin operators

Q =
(

b̄Γq
) (

q̄Γb
) PQ =

(
b̄Γb

) ∑
q

(
q̄Γq

)

Lower dimensional operators
Extends the operator basis
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The effective Hamiltonian

E<<MW→

E<<MW→

Heff = C(b̄Γµu)(c̄Γµd) + . . .
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Optical theorem

Optical theorem

Γ(B → X ) = 1
2mB

⟨B|T |B⟩

Transition operator

T = Im
{

i
∫

d4xT [Heff (x)Heff (0)]
}

Double insertions
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The heavy quark expansion

mq<<mb→

Operator product expansion

Γ(B → X ) = . . .+ Γ6 ⟨B|(b̄Γu)(ūΓb)|B⟩+ . . .

∆B = 0 Operators
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Preliminary results

Oi = ζ−1
ij Õj + τ . . .

ζ−1
22 = 1 +

(αs
π

)(
4
3 + 4Lµt

)
+
(αs
π

)2
[

2291
72 + 7

4ζ2 + 397
9 ln(2)− 89

2 ln(3)− 26
9 ln2(2)

− 47
2 Li2

(
1
4

)
− nf

(
10
9 + 1

3ζ2

)
+ Lµt

(
425
12 −

52
9 ln(2)− 10

9 nf

)
+ L2

µt

(
27
2 −

1
3nf

)]
+O

(
α3

s
)

where Lµt = ln(2µ2t) + γE
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Evanescent operators 1 loop

E(1)
Q1

=
(

q̄1γµνρPLq2
) (

q̄3γµνρPLq4
)
−16Q1

E(1)
Q2

=
(

q̄1γµνPLq2
) (

q̄3γµνPLq4
)
−4Q2

E(1)
T1

=
(

q̄1γµνρPLtaq2
) (

q̄3γµνρPLtaq4
)
−16T1

E(1)
T2

=
(

q̄1γµνPLtaq2
) (

q̄3γµνPLtaq4
)
−4T2
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Evanescent operators 2 loop

E(2)
Q1

=
(

q̄1γµνρστ PLq2
) (

q̄3γµνρστ PLq4
)
−256Q1

E(1)
Q2

=
(

q̄1γµνρσPLq2
) (

q̄3γµνρσPLq4
)
−16Q2

E(1)
T1

=
(

q̄1γµνρστ PLtaq2
) (

q̄3γµνρστ PLtaq4
)
−256T1

E(1)
T2

=
(

q̄1γµνρσPLtaq2
) (

q̄3γµνρσPLtaq4
)
−16T2
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Evanescent Operators scheme

Evanescent operators not uniquely defined

E ′
i = Ei + εa(1)

i + ε2a(2)
i + . . .

Values of a(n)
i define scheme of evanescent operators

Our calculation in general scheme

Scheme of ζ−1
ji must be the same as scheme of wilson coefficient Γj

Γ̃i = Γjζ
−1
ji

Scheme dependence cancels
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Calculating the mixing matrix

It is possible to construct projectors Pn[X ] so that
[Gorishny, Larin, Tkachov 1983; Gorishny, Larin 1986]

Pn[Om] = δnm

holds to all orders in perturbation theory
Using these projectors on the flowed operators
[Harlander, Kluth, Lange 2019]

Õn(t) ≈
∑

m
ξB

nmOB
m + ...

leads to
Pn[Õm] = ξB

mn
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Form of the Projectors

Pn[Om] = δnm

The projectors have the general form

Pn[X ] =
∑

k
Πk(∂p, ∂m) ⟨fk |X |ik⟩

∣∣∣
p=m=0

Because all scales are set to zero this only has to hold at tree level
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Flowed quark fields

The flow equations for the flowed quark field χ are

∂tχ = △χ− κ∂µBa
µT aχ,

∂tχ = χ
←−
△ + κχ∂µBa

µT a,

χi(t = 0, x) = ψi(x)
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Reconstructed PDF

q(x) ∼ xα(1− x)β

For details see [Francis, . . . , JK, . . . 2025]
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