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The Puzzle

Standard Model of particle physics: SU(3) × SU(2) × U(1)
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Georgi-Glashow: this unifies into SU(5) : 3 × (5̄, 10)
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What are the odds!?
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Motivation

How common are “unifiable” fermions among “Standard Model like” theories?

silly question

counterfactual

arbitrary

interesting answer

if common: no need to be surprised by grand unifiability, can stay
GUT agnostic

if rare: purely group-theoretical bottom-up indication for Grand
Unification
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Unifiability

observation
1 fermion sector of the SM remarkably complete

anomaly free generation-by-generation
no evidence for BSM fermios charged under SM
LHC: new fermions chiral under SM all but ruled out by Higgs
measurements

2 SM fermions unify neatly into representation of SU(5)
unification of all gauge forces (simple group)
no additional fermions in GUT rep → closure

How common is neat unifiability of fermions among SM-like theories?

→we do not consider gauge coupling unification
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SM-like theories

characteristic features

3 gauge forces ∼ reductive rank-3 semisimple ×𝑈 (1) gauge algebra
𝐷 = 15 fermions per generation

three separately anomaly free generations

integer hypercharges |𝑄 | ≤ 6
fermion representation is chiral

SM-like theories (single generation)
anomaly-free, chiral representations of SM-like gauge group

SM gauge algebra
any semi-simple gauge algebra with rank≤ 3 and a𝑈 (1) factor
i.e. 𝑆𝑈 (2) ×𝑈 (1) (rank-1), {𝑆𝑂 (5) , 𝑆𝑈 (2) × 𝑆𝑈 (2) , 𝑆𝑃 (4),𝐺2} ×𝑈 (1)
(rank-2) and {𝑆𝑈 (2)3, 𝑆𝑈 (4) , 𝑆𝑈 (3) × 𝑆𝑈 (2) , 𝑆𝑃 (6) , 𝑆𝑂 (5) × 𝑆𝑈 (2) ,
𝑆𝑂 (7) } ×𝑈 (1) (rank-3)

restrict fermion dimension 𝐷 ≤ 𝐷max, charges |𝑄 | ≤ 𝑄max

⇒ result depends on these assumptions; can be discussed
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Base set of anomaly-free (=consistent) representations

1 find all non-anomalous reps of semisimple part (𝑆𝑈 (3) × 𝑆𝑈 (2))
2 assign𝑈 (1) charges, keep those that satisfy anomaly cancellation
3 remove equivalent representations

rescaling of𝑈 (1) charge, conjugate reps

⇒ solved using Mathematica packages SuperFlocci or GroupMath.

Some subtleties in efficient𝑈 (1) charge assignment.
many thanks to Joseph Tooby-Smith!

examples:
(1, 2)0 ⊕ (3, 1)−1 ⊕ (3̄, 1)1 smallest, 𝐷 = 8

(3, 2)0 ⊕ (3̄, 1)−1 ⊕ (3̄, 1)1 smallest chiral, 𝐷 = 12

(1, 1)−6 ⊕ (1, 2)3 ⊕ (3̄, 2)−1 ⊕ (3, 1)−2 ⊕ (3, 1)4 you know this one, 𝐷 = 15
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SuperFlocci – checking unifiability bottom-up
https://github.com/jstoobysmith/Superfloccinaucinihilipilification [2306.16439]

⇒ plug in every theory in base set and check for simple gauge extension
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GroupMath – top-down decoposing all candidate GUTs
https://renatofonseca.net/groupmath [R.Fonseca’2011.01764]

candidate GUTs with non-singlet fermion rep with 𝐷 ≤ 𝐷max

GroupMath computes all distinct decompositions, fast!

assign charges and count
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Result: SM gauge algebra

most restrictive base set

# unifiable reps
# SM-like reps

����SM algebra, completely chiral

𝐷max=15
=

1
2
,

→ SM is special
→ clearly need to broaden view

allow for larger neighborhood

# unifiable reps
# SM-like reps

����SM algebra, completely chiral

𝐷max=20, |𝑄 | ≤10
=

11
1186

.

→ but: arbitrary cuts!
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Dependence on definitions
most SM-like gives most conservative result
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Is the SM gauge algebra special?

considering all reductive semisimple ×𝑈 (1) algebras (rank ≤ 3)

# unifiable reps
# SM-like reps

����all algebras, completely chiral

𝐷max=15, |𝑄 | ≤6
=

1
365
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The role of chirality

allowing for partially chiral representations

# unifiable reps
# SM-like reps

����SM algebra, partially chiral

𝐷max=15, |𝑄 | ≤6
=

1
111

,
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Conclusions

The SM fermions unify neatly into a representation of a simple group
Is that surprising?

O(1) of the handful of anomaly free theories in the immediate
neighborhood of the SM unify
once we generalize in any way, unifiability becomes rare O(10−2)

larger fermion dimension, different gauge algebra, partially chiral theories

Bottom-up indication for Grand Unification, relying only on group
theory

without measure in theory space→ no “evidence”

Result comparable to a fine-tuning measure

Many thanks to collaborators Max Ruhdorfer and Joseph Tooby-Smith.
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