Associators for string

amplitudes and number theory

based on arXiv2412.1/579 with J Broedel and F Zerbini
and arXiv:250523385

Konstantin Baune,

T 1
DE
[ -

SY Theory Workshop, 25.09.2025

SW|ssMAP

hhhhhhhhhhhhhhhhhhhhhh

ETHzurich



String amplitudes

loop-expansion

tree Ievel one- \oop two- Ioop

closed string: M, = g;* .

open string: 4= g
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String amplitudes

tree-level 4-point cases

1 :.X3 X2

open string:  A4(1,2,3,4)(s, 1) =

:<s | t)exp [Z(—1)7(s + 1 —(s+t))

Mandelstam variables _#
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sij = a'(p;+p))




String amplitudes

tree-level 4-point cases

1 =x, Xy

open string:  A4(1,2,3,4)(s, 1) =
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closed string: M,y(s,t,u) =

n>2
n odd
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(Single-valued) polylogaritnms

< dz dz

Polylogarithms: L .. (2) := J' @; (1) L., (1), 4 € 10,1}, Wy(2) = — w(2) = —
o _

have branch cuts = multi-valued functions

special values at z = 1: multiple zeta values (MZVs):  Ly...o1...0..01(1) = (=1, ...,
——  ——

ny n,

< dt, r dt, °

> Ly (1) = =—{

Q. L —
e.g. Ly (2) J R c
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(Single-valued) polylogaritnms

Z | dz dz
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e.g. Ly (2) = J
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Single-valued polylogarithms: specitic combinations of polylogs to cancel branch cuts: &, = sv(L,)

[BrOW” '04] e.g. Z01(2) = Ly1(2) + L1o(2) + Lo(2) L1(2),  L01(2) = Lg1(2) + Lygo(Z) + Loo(2)L1(2) + Lo(2)L10(2)
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112 64
e€.g. 538?]3,7 — 253,3,7 + 124/54’3,5 o 14532C7 + 60&:3552 + 4O7CZC11 | 5 §2259 35 5557 [Stieberger "1 3]




[ Drinfeld '91 ]

Knizhnik—Zamolodchikov equation and associators

Let F(x) be a vector that is solution to the Knizhnik—Zamolodchikov equation

4 pe) = <e0 L1 )F(x),

dx x x-—1

for square matrices ey, and e;.

C, = lim x~* F(x)
Then the regularized limits x—0 are connected through the
C, = lim (1 — x)™ F(x)
x—1

Drinfeld associator ®(e, ¢;) = Z wé, = 1+Glep el +csleg+ep,leg, ]l + ... o

we{ey,e}”

genmtmg

through the equation series of MZVs




Broedel, Schlotterer, :I

Open-string amplitude recursion s s

Goal: formalism translating between A, ; and A,

d o p Cy = lim x™ % F(x)
Method: — F(x) = ( 2+ — ) F(x), =0 D(ey, €,) Cy = C,

dx x x-1 C,=lm(l —x)~ F(x)
—1]
’ Xs = 00
How to construct F?
L dx
Take string amplitude 514J —4le4(1 — Xy)* %=1
0 X4 N
Xy
Use unintegrated ,vacuum” insertion x;
x=0

X3

X
F4(X3) — S14J x_4le4(1 . x4)s24x3S13(1_x3)523(x3_x4)5'34
0 4



Open-string amplitude reCursion [sese

[rom 3- to 4-points

1
Co = lim X F,(x;) = (o)

x;—0

I'(1+s)I'(1 4+ 1)
I'(l+s41)
I'(1+s)I'(1 4+ 1)
['(l+s471)

C, = lim (1 — x3)™ Fy(x;) =

x;—1

1




Open-string amplitude recursion [ss s,

[rom 3- to 4-points

Co = lim x; 0 Fy(x;) = (é) ' 3-point amp

x;—0

d— 4-point amp
[(1+ )T +1) (Veneziano)

, o I'(l+s+71)
1= )}1_1}11 (I =23) " Fylxy) = L1+ 5)T(1 + 1)
: ['(l+s471) l
D(ey, €,) Cy = C,4 from 3- to 4-pts using the Drinfeld associator

—> Veneziano amplitudes only has MZVs in a’-expansion



Open-string amplitude recursion [ss s,
from (n—1)- to n-point amplitude

..., Vector containing n-pt

Drinfeld associator |
open-string amp

(gen. series of MZVs) (I)(eo 61) Co = C 1

m—=2)IX(n—=2) e \ vector containing (n — 1)-pt
mdatrices open-string amp

—> open-string amplitudes only have MZVs in a’-expansion



What apout c.

osed-string amp.

itudes?



KB, Broedel ]

Closed-string amplitude recursion [

Goal: formalism translating between M,_, and M,

Method: use single-valued projection to lift open-string recursion to closed-string recursion




Closed-string amp.

itude recursion |

Goal: formalism translating between M,_, and M,

KB, Broedel,
Zerbini '24

Method: use single-valued projection to lift open-string recursion to closed-string recursion

[y =lim|z| T F ()
I we can relate the limits =0

th I’Ough Cgl — (DSV(eo, el)(go,

@, =1lim|1—z| 7 F(2)

7—1

; with @ =2 wZ (1) =2 w( ' = sv(D)the Deligne associator. f

|



Closed-string amp.

itude recursion |

Goal: formalism translating between M,_, and M,

KB, Broedel,
Zerbini '24

Method: use single-valued projection to lift open-string recursion to closed-string recursion

[y =lim|z| T F ()
I we can relate the limits =0

th I’Ough Cgl — (DSV(eo, el)(go,

@, =1lim|1—z| 7 F(2)

7—1

Use F = sv(F):

—> single-valued solution to Kn.—Za. eq. with the same matrices ¢y and ¢;

— limits contain closed-string amplitudes, related through an associator!

; with @ =2 wZ (1) =2 w( ' = sv(D)the Deligne associator. f

|



KB, Broedel ]

Closed-string amplitude recursion [

from 3- to 4-point amplitude  Virasoro—Shapiro
7~ (4-point amp)

3-0INT AMPD ==y,

[(1+ T+ = s —f)
=6, =|TAd-9Td =T +s+0

S —S O O
60:<O O)’ el(—t t)

(I)SV(e(), 61) %O - (I)SV (



KB, Broedel ]

Closed-string amplitude recursion [

from 3- to 4-point amplitude  Virasoro—Shapiro
7~ (4-point amp)

[(1+ T+ = s —f)
=6, =|TAd-9Td =T +s+0

S —S O O
60:<O O)’ el(—t t)

from (n —1)- to n-point amplitude

3-point amip =

(I)SV(e(), 61) %O — (I)SV (

Delig ne ASSOCICLOT v vector contamning n-pt
(gen. series of sVvMZVs) O (ey, ) Gy = E), closed-string amp

m—2D)!xn-2)! = vector containing (n — 1)-pt
matrices closed-string amp

—> closed-string amplitudes only have svMZVs In a’-expansion



Can this be generalized beyond flat space”



String amplitudes in AdS i e

large radius expansion

/ / 2
_ A4 (0) X a (2)
A(s,t) =AY(s, 1) R2A (s, 1) + <R2> AY(s, 1)+ ...

flat-space tree-level amp first curvarture
(Veneziano/Virasoro—shapiro) correction



String amplitudes in AdS i e

large radius expansion

/ / 2
_ A4 (0) X - (2)
A(s, 1) = AY(s, 1) R2A (s,1) + <R2> AY(s, )+ ...
flat-space tree-level amp first curvarture
(Veneziano/Virasoro—shapiro) correction

AW(s, 1) is a linear combination of integrals of the form

1

Open string: J,($,1) = J dx x*~1(1 — x)"‘le(x)

) flat-space amplitudes

with Insertions Of
I (s, 1) = J 7| z|25 D1 = 72D Z () (sv-)polylogarithms
C

Closed string:



[ KB 25 l
AdS amplitude pbullding blocks [rom associators

1

. | J 1) = d s—1 1 — t—lL |
Cpen string: w(5:1) J ) (=0 L, () flat-space amplitudes
with insertions Ol
Closed string I (s.1) = J 212V = P 7 (sv-)polylogarithms
C

Flat-space associator structure directly translates to AdS:

1
ed. Joo1(8, 1) = ;(S £,0,1,0,0,0,0,0) - ®(e,, ;) - (0,0,0,0,0,0,1,0)"

~ 8x8 matrices



[ KB 25 l
AdS amplitude pbullding blocks [rom associators

1

. | J 1) = d s—1 1 — t—lL |
Cpen string: w(5:1) J ) (=0 L, () flat-space amplitudes
with insertions Ol
Closed string I (s.1) = J 212V = P 7 (sv-)polylogarithms
C

Flat-space associator structure directly translates to AdS:

1
Yo} 2 Joo1(s, 1) = ;(S £,0,1,0,0,0,0,0) - ®(e,, ;) - (0,0,0,0,0,0,1,0)"

sv-map | . 8x8 matrices

1 "
| I()OI(Sa t) — _t(S + t,O,l,0,0,0,0,0) ) (I)SV(eo, el) ) (090909090909190)T
\)



[ KB 25 l
AdS amplitude pbullding blocks [rom associators

1

. | J 1) = d s—1 1 — t—lL |
Cpen string: w(5:1) J ) (=0 L, () flat-space amplitudes
with insertions Ol
Closed string I (s.1) = J 212V = P 7 (sv-)polylogarithms
C

Flat-space associator structure directly translates to AdS:

In general:

J

L, generated through Drinfeld associator = multiple zeta values

[, generated through Deligne associator = single-valued multiple zeta values



Summary

Tree-level string amplitudes in flat space and AdS background can be generated through associators

» Open string: Drinfeld associator = multiple zeta values in a’-expansion

» Closed string: Deligne associator = single-valued multiple zeta values in a’-expansion
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Outlook

e Closed-string one-loop recursion? (litting open-string one-loop recursion of [Broedel, Kaderli '22])

e Applications of mechanism to other types of amplitudes?



Summary

Tree-level string amplitudes in flat space and AdS background can be generated through associators

» Open string: Drinfeld associator = multiple zeta values in a’-expansion

» Closed string: Deligne associator = single-valued multiple zeta values in a’-expansion

Outlook

e Closed-string one-loop recursion? (litting open-string one-loop recursion of [Broedel, Kaderli '22])

e Applications of mechanism to other types of amplitudes?

Thant gou!



