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through the equation

Knizhnik—Zamolodchikov equation and associators

d
dx

F(x) = ( e0

x
+

e1

x − 1 ) F(x),

C0 = lim
x→0

x−e0 F(x)

C1 = lim
x→1

(1 − x)−e1 F(x){

Drinfeld associator Φ(e0, e1) = ∑
w∈{e0,e1}×

w ζw = 1 + ζ2[e0, e1] + ζ3[e0 + e1, [e0, e1]] + …

Φ(e0, e1) C0 = C1

Let  be a vector that is solution to the Knizhnik—Zamolodchikov equationF(x)

for square matrices  and .e0 e1

Then the regularized limits are connected through the

generating 
series of MZVs

Drinfeld ’91



Open-string amplitude recursion

d
dx

F(x) = ( e0

x
+

e1

x − 1 ) F(x),
C0 = lim

x→0
x−e0 F(x)

C1 = lim
x→1

(1 − x)−e1 F(x){
Goal: formalism translating between  and An−1 An

Method: Φ(e0, e1) C0 = C1

x1 = 0

x2 = 1

x5 = ∞

x4

x3

How to construct ?F

s14 ∫
1

0

dx4

x4
xs14

4 (1 − x4)s24Take string amplitude

Use unintegrated „vacuum“ insertion x3

F4(x3) = s14 ∫
x3

0

dx4

x4
xs14

4 (1 − x4)s24x3
s13(1−x3)s23(x3−x4)s34

Broedel, Schlotterer, 
Stieberger, Terasoma ’14



from 3- to 4-points

Open-string amplitude recursion Broedel, Schlotterer, 
Stieberger, Terasoma ’14

C0 = lim
x3→0

x−e0
3 F4(x3) = (1

0)

C1 = lim
x3→1

(1 − x3)−e1 F4(x3) =

Γ(1 + s) Γ(1 + t)
Γ(1 + s + t)

Γ(1 + s) Γ(1 + t)
Γ(1 + s + t) − 1



from 3- to 4-points

Open-string amplitude recursion

C0 = lim
x3→0

x−e0
3 F4(x3) = (1

0)

Broedel, Schlotterer, 
Stieberger, Terasoma ’14

C1 = lim
x3→1

(1 − x3)−e1 F4(x3) =

Γ(1 + s) Γ(1 + t)
Γ(1 + s + t)

Γ(1 + s) Γ(1 + t)
Γ(1 + s + t) − 1

3-point amp

4-point amp 
(Veneziano)

Φ(e0, e1) C0 = C1 from 3- to 4-pts using the Drinfeld associator  
 Veneziano amplitudes only has MZVs in -expansion⟹ α′￼



Open-string amplitude recursion Broedel, Schlotterer, 
Stieberger, Terasoma ’14

from ( )- to -point amplituden − 1 n

Φ(e0, e1) C0 = C1

vector containing ( )-pt 
open-string amp

n − 1

vector containing -pt 
open-string amp

nDrinfeld associator 
(gen. series of MZVs)

 
matrices

(n − 2)! × (n − 2)!

 open-string amplitudes only have MZVs in -expansion⟹ α′￼



What about closed-string amplitudes?



Closed-string amplitude recursion KB, Broedel, 
Zerbini ’24

Goal: formalism translating between  and Mn−1 Mn

Method: use single-valued projection to lift open-string recursion to closed-string recursion
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Closed-string amplitude recursion KB, Broedel, 
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Method: use single-valued projection to lift open-string recursion to closed-string recursion

Thm. ([KB, Broedel, Zerbini]): If  is single-valued in  and satisfies the Kn.—Za. eq., then 

we can relate the limits 

with  the Deligne associator.

ℱ(z) z

Φsv = Σww ℒw(1) = Σww ζsv
w = sv(Φ)

𝒞0 = lim
z→0

|z |−2e0 ℱ(z)

𝒞1 = lim
z→1

|1 − z |−2e1 ℱ(z){ through ,𝒞1 = Φsv(e0, e1)𝒞0

Use :ℱ = sv(F)

 single-valued solution to Kn.—Za. eq. with the same matrices  and ⟹ e0 e1

 limits contain closed-string amplitudes, related through an associator!⟹

Goal: formalism translating between  and Mn−1 Mn



from 3- to 4-point amplitude

Closed-string amplitude recursion

e0 = (s −s
0 0 ), e1 ( 0 0

−t t)

Φsv(e0, e1) 𝒞0 = Φsv (1
0) = 𝒞1 = ( Γ(1 + s) Γ(1 + t) Γ(1 − s − t)

Γ(1 − s) Γ(1 − t) Γ(1 + s + t)
… )

3-point amp

Virasoro—Shapiro 
(4-point amp)

KB, Broedel, 
Zerbini ’24
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 closed-string amplitudes only have svMZVs in -expansion⟹ α′￼
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Can this be generalized beyond flat space?



String amplitudes in AdS
large radius expansion

A(s, t) = A(0)(s, t) +
α′￼

R2
A(1)(s, t) + ( α′￼

R2 )
2

A(2)(s, t) + …

flat-space tree-level amp 
(Veneziano/Virasoro—Shapiro)

first curvature 
correction

Alday, Hansen, 
Silva et al. ’22-’25



String amplitudes in AdS
large radius expansion

A(s, t) = A(0)(s, t) +
α′￼

R2
A(1)(s, t) + ( α′￼

R2 )
2

A(2)(s, t) + …

flat-space tree-level amp 
(Veneziano/Virasoro—Shapiro)

first curvature 
correction

 is a linear combination of integrals of the formA(k)(s, t)

Alday, Hansen, 
Silva et al. ’22-’25

Jw(s, t) = ∫
1

0
dx xs−1(1 − x)t−1Lw(x)

Iw(s, t) = ∫ℂ
d2z |z |2(s−1) |1 − z |2(t−1) ℒw(z)

Open string:

Closed string:

flat-space amplitudes 
with insertions of 

(sv-)polylogarithms



AdS amplitude building blocks from associators

Flat-space associator structure directly translates to AdS:
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(s + t,0,1,0,0,0,0,0) ⋅ Φ(e0, e1) ⋅ (0,0,0,0,0,0,1,0)Te.g.

8x8 matrices
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AdS amplitude building blocks from associators

Flat-space associator structure directly translates to AdS:
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In general:

 generated through Drinfeld associator  multiple zeta valuesJw ⟹

 generated through Deligne associator  single-valued multiple zeta valuesIw ⟹



Summary
Tree-level string amplitudes in flat space and AdS background can be generated through associators 

‣ Open string: Drinfeld associator  multiple zeta values in -expansion 

‣ Closed string: Deligne associator  single-valued multiple zeta values in -expansion
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Summary

Outlook
• Closed-string one-loop recursion? (lifting open-string one-loop recursion of [Broedel, Kaderli ’22]) 

• Applications of mechanism to other types of amplitudes?
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Thank you!


