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From N = 4 Super Yang Mills to real world
Arguably the “simplest” QFT: Supersymmetric, (dual) conformal, integrable,...

Ideal theoretical lab:

e Canonical Differential Equations e )

Derive differential equations for the Feynman Integrals

D=4-2¢
df(g, E) — G[Z Azd log (1,(5)]f(5, E) A;: constant matrices

f : Feynman Integral family,

z : Kinematics,

«; : letter, ® = {a;} : alphabet,
F.IL is singular when «&; — OO

Letters dictate analytic
structure!
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Arguably the “simplest” QFT: Supersymmetric, (dual) conformal, integrable,...

Ideal theoretical lab:

e (Canonical Differential Equations!te 3]
o Generalized Unitarity[Bern, Dixon, Dunbar, Kosower. . .]
® MPLs, the Symbol Map[GoncharO‘a Spradlin, Vergu, Volovich]
’
@ C I u Ste r AI ge b FA$S [Golden, Goncharov, Spradlin, Vergu, Volovich][Drummond, Foster,

Gurdogan]
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Planar N = 4 Super Yang Mills

Massless DCI kinematics

Di = Tij41 — X4

Siitl,..j = (a:, —Z; 2 = a:?,j [DCI acts here ]
T3 1% ,
Uiy = DCI variables
2 2
LiiTit1,5+1 , ,

2 2 2
pi:0_>wi,i+1=() t=1,...,9



Planar N = 4 Super Yang Mills

Massless DCI kinematics

Pi = Ti+1 — T4

2 _ .2
Sii+1,...,.5 — (:BZ — :L‘j) =T;; DCI acts here

2 2

L1741 :
Ujj = DCI variables
x? .2 . .
4,77 1+1,5+1
. . . 2 2 .
What is the sub-kinematic space that p;=0—z;,,,=0 i=1,...,9

does not depend on j;and Tg?
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Massive DCI kinematics

P1:P1 + Pn

Di = Tij41 — X4

Siitl,..j = (a:, —Z; 2 = a:?,j [DCI acts here]

P3

2 2

i, j+1%5+1,5
2 .2

L i1 +1

4

Ujj = [DCI variables ]

p:=0, i+#38,9, Pf,Pf;éo



Planar N = 4 Super Yang Mills

Massive DCI kinematics

Pi:pl + Pn

Pi = Ti+1 — T4

Sii+l,...,5 — (a:, —Z; 2 = :L'Zj | DCI acts here I

P3
2 2
Lij+1%5+1,5 .
Ujj = DCI variables
2 .2
L3 iTi11,541

Can I break DCI using the

2 _ ; 2 p2
unconstrained g ? p; =0, i#8,9, PP #0

(iL'g — :1:1)2 7& 0
(wg — :133)2 7é 0
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From DCI to Lorentz Invariant kinematics

I

[

r7T—>00
7| DCI |73 >

[Broadhust 93] [Usyukina, Davydychev
[ /{
93] - r
— o —
x5

® Due to the adjacent massive legs, the dual variables are of the 4
mass DCI box are not constrained!
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From DCI to Lorentz Invariant kinematics
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[Broadhust 93] [Usyukina, Davydychev
_ 93] e —
T \
® Due to the adjacent massive legs, the dual variables are of the 4
mass DCI box are not constrained!
Y

Its limit under &7 — oo breaks DCI and makes it equal to the
three mass Lorentz invariant triangle !



Planar N = 4 Super Yang Mills

From DCI to Lorentz Invariant kinematics

71 [
r7T—>00
r7| DCI |3 > 3
[Broadhust 93] [Usyukina, Davydychev
- 93] ) —
5 \
® Due to the adjacent massive legs, the dual variables are of the 4
mass DCI box are not constrained!
® [tslimit under £y — 0o breaks DCI and makes it equal to the
three mass Lorentz invariant triangle !
e Naturally the corresponds letters match!
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9 point massless

DCI

9 particle alphabet reduction

7 point-2 mass

DCI

P2

6 point-1 mass

LI




6 point-1 mass

5 point-2 mass

Results

Graph Variables | # Rationalised Letters | # Algebraic Letters
12 3078 2349
- 11 1050 692
10 692 395
~ ‘@ 8 178 68
8 166 46
8 192 81
~ @ 6 52 19
6 36 0
~ U 4 12 8
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v/ Only known information restricted to one loop: included in our prediction.
v'  Novel features:

O TWO IleSted Square roots «[Cordero, Figueiredo, Kraus, Page, Reina 24][Becchetti, Dlapa, Zoia 25]

_ P(S) + Q(S)€2346
Tr. (2346)

O Corresponding letters form parity doubles!
: : : At — /T
P(ly) =lh, lh="—2Z
Al +ty
TTi(ZJkl) = sz‘jskl — 8,']'3]'1 + 3i13jjk == fz‘jkl fijkl — \/ deth *PJ, I, J & {2,3,4, 6}
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® 6 point massless

Alphabet for 4D gauge theory amplitude recently computed up to L=2;Henn Marijasic,

Miczajka, Peraro, Xu, Zhang ‘25][Abreu, Monni, Usovitsch ‘25]

(N Recent Cluster algebraic approaches missed some letters, (Pokraka Spradiin, Volovich, Weng
25’][Bossinger, Drummond, Glew, Giirdogan, Wright 25]

v/ All relevant letters are included in our prediction.
v We predict 84 new letters (relevant at L=3?)
® 5 point 2 mass
The relevant integrals have been recently computed up to L=2;Abreu Chicherin, Zoia 24]
v We reproduce 165 rational + 241 algebraic letters, but fail to do so for
6 rational + 114 algebraic.
v We predict 12 new letters (relevant at L=3?)
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Conclusion

Provide the first genuinely new predictions of Cluster algebras for QCD amplitudes.

Predictions involve 6 point massive kinematics, not yet analyzed by Feynman
Integral techniques.

Unveil novel letter structure only observed in F.I. with massive internal
propagators.

Correctly predict all amplitude letters for 6 point massless scattering as well as new
letters.

Can we retrieve the missing letters from Gr(4,9)

Can the letters be embedded in known Cluster Algebras? (Cluster Adjacency)

Is there an underlying geometric object similar to the Amplituhedron for QCD?
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