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Introduction
* Shape of the scalar
potential — vacuum
structure
° minimum at the origin:
symmetric phase

* QFTs with scalars are a
framework to describe phase
transitions

. o 2
* Critical phenomena and = > M
features of universality ° non-trivial minimum:
broken fhase
m? < in

crit

In relativistic 44 spacetimes approaching the critical region requires a fine tuning of the

L =2 . . . . —
parameters: m“ with quadratic precision — mZ,.

Relevant parameter — large UV sensitivity.
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Self-organized criticality

* Prominent example: Higgs sector of the Standard Model — naturalness problem
* Alternative idea fro a solution from statistical and dynamical systems

Self-organized criticality

If a system has a critical point that is an attractor of the evolution, critical phenomena
emerge without fine-tuning; the dynamics itself drives the system to criticality.

RG language: existence of an IR attractive fixed point and a slow RG running of the (¢),
stabilized by a sufficiently large scalar anomalous dimension.

S. Bornholdt and C. Wetterich, Phys. Lett. B, 282, 399-405 (1992)

In our Yukawa model of scalar fields interacting with relativistic Luttinger fermions
self-organized criticality emerges naturally.
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What is a Luttinger fermion?

¢ Effective degrees of freedom in solid-state physics j . tusinger phys. rev. 102, 1050 (1956)
* Description of Quadratic Band Touching/Crossing (QBT/QBC) points:

d
H=Y Gyppj, H>=p'1
ij=1

L. Janssen and I. F. Herbut, Phys. Rev. B 92, 045117 (2015)

Figure: doi.org/10.1103/PhysRevB.101.161111

Inspired by the diverse set of structures emerging from Luttinger fermions in solid-state
physics, we generalized these d.o.f. to the relativistic case.
H. Gies, P. Heinzel, J. Laufkoétter, and M. Picciau, Phys. Rev. D, 110, 065001 (2024)
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Relativistic Luttinger fermions

Our model is inspired by the asymptotically free purely fermionic model of self-interacting
relativistic Luttinger fermions with classical Euclidean action

Sp = / dAx[~p Gy 1”4 - %(?/_)7117/1)2]

H. Gies and M. Picciau, Phys. Rev. D, 111, 085001 (2025) mean-fieid study of this and other sel-interacting models
Gup are d~ x d~ (32 x 32) matrices which satisfy the relativistic Abrikosov algebra

2 d
{G/.LV/ G/@)\} = _ﬂgpugnA + ﬁ(g}uﬁgu)\ +g,u/\gl/l€)

Hubbard-Stratonovich transformation — introduce an auxiliary scalar field to linearize the
fermionic self-interaction
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The 711 Yukawa model

Generalize the model by considering a fully dynamical scalar field
4 b v 1 P 1 o9 Ay
S=[dx _wG;wa'ua v+ §8u¢8“¢_h¢w711¢ + 57’1 "+ §¢

Zy symmetry broken by (¢) = v: the fermions become massive

Im(p?)
from the massive * branch cut in the imaginary axis
fermionic imiy * no spectral representation
Lagrangian: Re(p?)

5 512 Luttinger fermions are not asymptotic states.
p* = Fimiy Context of confinement (QCD).

M. Stingl, Phys. Rev. D 34, 3863 (1986)
—im}y :
M. Stingl, Z.Phys.A 353, 423-445 (1996)
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Functional Renormalization Group

Nonperturbative implementation of Wilson’s RG idea that physics at different momentum
scales is obtained by integrating out fluctuations step by step.

Effective average action I'y interpolates between the microscopic action S at k = A and the
full quantum effective action I" at k = 0, where all fluctuations are integrated out.

A
The flow of 'y is governed by the Wetterich
equation

OrRy

1
&Tk = § STr FI(CZ) N Rk

C. Wetterich, Phys. Lett. B 301, 90 (1993)

.
\/

Image source: H. Gies, Lect. Notes Phys. 852, 287-348 (2012)
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RG flow

Ansatz into the Wetterich equation — flow equations for all k-dependent quantities:
_ Z -
= [ d's [—zwwcwa“aw + 520,00 6= o + U(9)

Polynomial expansion of the potential:
Estimates for the physical observables are

Ne determined once the RG flows are computed
> unp" (SYM) )

n down to low scales k:
n=1

u(p) ~
(0) Np v=kv 2H|k%0
un(p—r)" (SSB) e

nz:; ! mo = kV2Xk[;

my = k262

u(p) dimensionless effective potential, p
dimensionless renormalized field invariant.
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Leading order

We consider the large-N; (Luttinger flavors)
limit at leading order and we find

* Gaussian fixed point;

* Interacting fixed point for the Yukawa

coupling
3272
hi:m & 1, =2 for Nydy — oo,

e and for the scalar self-interaction A
) Fully IR attractive fixed point.
128w Critical exponents 0,2 = -2 & 0 = —4: both
A= 25N¢d., for Ndy = oo. couplings are RG irrelevant.
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Self-organized criticality

The previous FP is only a partial fixed point, since the mass parameter flows
logarithmically slowly towards zero and to the SSB regime:

4
Ore = % for N¢d~, — oo,

At the partial FP the mass parameter is marginal, since 7 ~ 2.

e Large scale separation ksgg < A is obtained for generic initial conditions and without
the need for fine-tuning. Moreover, the system always ends up in the broken regime.

° Reminiscent of self-organized criticality: the RG flow drives the system to criticality.
* Same conclusions can be drawn from a perturbative analysis.
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Universal IR observables

Alarge region in the space of initial parameters leads to universal long-range physics: no
fine-tuning.

35F
30F
. . 250 universal regime
* The degree of universality of the
: 20¢ — tssp = —20
long-range observables is governed by &
the RG time spent at the partial fixed ” s =10
. of tssg = —5

pomt ~ tSSB =In ks% ! .

5r non-universal regime

0 2 4 6 8
2
h/\
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Physical masses

o At kSSB/ e —0:

° mass spectrum quantitatively
determined by the SSB flow
¢ the flow “freezes out”

¢ For increasing order Np, of the
polynomial truncation, we find
convergence on the sub-permille level of
the values of m, /v ~ 1.36 and
1y, /v~ 1.72.

0.8+

""" T
.
.
I
.
0 5 10 15 20

N,

.« my/v

1« me/v

Small difference between the estimates (fixed point values) and the r:umerical results = the
properties of the long range observables are governed by the partial fixed point.
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Mass ratios

0.792
0790
¢ Deviation of the ratio from m, ~ 2m,, is L 0788
a measure for the binding energy of the Eb orsel .
scalar state. g . . .
* mg/my ~ 0.786 < 2: deeply bound o784
relativistic state. 0.782f
0.780 : : : :
1 2 3 1 5
N
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Scalar anomalous dimension

* The flow rapidly approaches the fixed 25
point value 74 ~ 2 and remains there for 2.0}
a wide range of scales.
L5}
* The scalar mass parameter becomes
marginal at the partial fixed point and = 10r
all the other couplings (h2, \, ys2) 05l
become irrelevant. .
* When € < 0, the fixed point controlled
. ; —0.5 : : : : :
flow stops and 74 — 0: massive modes o5 %0 s 10 s 0
decouple. "
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High-energy completion

The irrelevant coupling are repulsive in the UV = the only RG trajectories for which we
have UV control are the ones emanating from the partial fixed point.
h2
Study the flow of g = =
e UV limit: ¢ — 400, same result as the purely fermionic 711 model (¢ = matching
condition in HS transformation)

¢ The beta function is negative and the theory is asymptotically free and UV complete
1 2
08 =~ 5 (Nidy = 2)g

¢ Since 74 =~ 2 near the partial fixed point = Z4 ~ k%: scalar kinetic term is suppressed
in the UV — nondynamical auxiliary field.
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Recap I

Yukawa model with relativistic Luttinger fermions features an IR attractive partial fixed
point:
* emerges for generic initial conditions: no fine-tuning needed to get universal
long-range behavior;
¢ all couplings (h2, A, Uy) become RG irrelevant;

* scalar mass parameter € is RG marginal (1, = 2) with slow logarithmic running
towards low energies;

e large scale separation between UV cutoff and low energy scales emerges naturally.

The system always ends up in the SSB phase.
IR physics characterized by mass gap generation in both scalar and fermionic sector.
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Recap 1II

Above mentioned properties are reminiscent of the phenomenon of self-organized
criticality in dynamical or statistical systems:

* physical time < RG time;
¢ slow driving force < slowly running mass parameter;
¢ the system always evolves to criticality < SSB.

Moreover:
The Yukawa model features UV complete extension by virtue of the asymptotically free
purely fermionic v1; model.
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Outlook

Include a separate Luttinger fermionic sector to the standard model,
* or embed the SM fermionic content into Luttinger spinors.

Application of other techniques like Dyson-Schwinger equations or lattice field theory.

Shed light on existence or not of Luttinger fermions as asymptotic states.
* Spin-statistic or CPT theorem satisfied?

— — — ——
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Properties of the algebra
Span G, by an Euclidean Clifford algebra

Gp,l/ = aﬁz/VAr {’YA/ ’YB} = 26AB aﬁl/ eC A/B =1.. ~d6

° Number of linearly independent elements to span the algebra
de=3d(d-1)+d-1
* Dimension of the Clifford algebra
d’y,irr = 2|'d8/2J
Define the conjugate spinor: 1,[_} = 1/1”1 h Spil’l MELTiC H. Gies and s. Lippoldt, Phys. Rev. D 89, 064040 (2014)
Reality of the kinetic action implies nt=n,{h, Goit =0, [h, Gij] =0, [h, GM] =0.
We find a solution for hif d, = 11 — d, = 32 (ind = 4).

The spin metric we use is h = y17273710-

FRIEDRICH-SCHILLER- . O s . : : d
UNIVERSITAT Self-organized criticality in a relativistic Yukawa theory with Luttinger fermions September 23, 2024
ENA Marta Picciau 18/23



Spin-base invariance
The algebra is invariant under Lorentz transformations
Guv = Gy AiAy, A €SO(1,d-1)
and under spin-base transformation
Gu — SGuwS™, S eSL(d,C)
which correspond to the similarity transformations of the G, matrices.

The action is spin-base invariant ¢ — St, provided & — (ST)™'hS.

Lorentz transformations Sy o, of Luttinger spinors = subgroup of the spin-base group
SL(32, C) which rotates the Lorentz transformed G,,, matrices back to their original
constant forms:

STo:GuvSior = GoaAiA v,

— — — ——
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Mass terms I

In order to classify different possibilities of gap formation, we look at the different mass
terms that can be constructed for Luttinger fermions.

Standard mass term

L = =1pGp, 0191 — m* * spin-base & Lorentz invariant
Equation of motion for : * real
( #VP”P W =0 e regular mass poles (p? = m?)
J(p* +m*)y =0 e tachyons (p2 = —m?)

Bilinear with v

L = =G, 019”4 — im3ghyi09 * same kind of solutions
(regular mass and tachyons)
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Mass terms 11

Bilinear with 711

L =Gy 0P —m2 119 * two complex conjugate zeros
Equation of motion: (p* + m*)i =0 (? = iim%l)

Bilinear with v

® 01 :=-iv0M1 Y01 = 781
° again two complex conjugate zeros

L= _&Guyauauw - im(Q)ﬂ;’YOlw
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Structure of the massive propagators

Re(p?)

¢ standard mass & tachyon

¢ branch cut (square root singularities)
* higher derivative theory: the tachyon is also

* no Kallén-Lehmann spectral representation
a ghost
Tm(p?) Tm(p?)
* complex poles & complex branch cut
imgy imi; ° no spectral representation
Re(p?) Re(p®)  Luttinger fermions are not asymptotic states.
Context of confinement (QCD).
M. Stingl, Phys. Rev. D 34, 3863 (1986)
—img, —im?, M. Stingl, Z.Phys.A 353, 423-445 (1996)
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Flow equations

Opu(p) = —du + (d -2+ ny)pu’ + 204 [zg (' + 201" ng) - Ned, 1§ (2ph2; nw) ]

O = ~(2 - 20y, — g )h? + 8og D (w1, w3y, ms)

16 2, (LB)d
771/) — mvdh m1’2 (w1,w27771p/ 17(]5)/

8vy4 d
Ng = 7&(3u + 2ku"™") m‘éQ(wg,n(z,) + —N dy W2 <m§l )d (w1, my) —2h2/<;mg“)’ (wl,nw)) .

1, m threshold functions encoding the regularization of loop integrals; wy = 2rh?,
wo = u/(k) + 2ku” (k); anomalous dimensions 7y, ¢ = -0 InZy 4.
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