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Physics Motivation

e Perturbative expansion of string amplitudes leads to decomposition in

integrals over the moduli space of punctured Riemann surfaces:

e At genus zero the integrals evaluate to single valued multiple zeta values.

e At genus one, some integrands are (elliptic) modular graph forms:
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e Understanding analytic structure essential to carry out all integrations.

e Objective: Express them as iterated integrals!



Modular forms:

e Functions which transform nicely under rescalings of a torus with peri-

ods 1, 9.
-6 B
(05 cd (5] cd

e The normalised period 7 = % and marked points z transform as
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e [lisenstein series GGz modular forms of weight k:
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Modular forms:

e The normalised period 7 = % and marked points z transform as
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e We can deform Gj. to depend on 2z = ur + v.
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e functions f (k) are still is a modular form:
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e Question: Are integrals of these modular forms still modular forms?
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Modular forms:

e Question: Are integrals of these modular forms still modular forms?
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e However, linear combinations are modular again!
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e Nice feature: decouple holomorphic and anti-holomorphic in eMGFs!
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e Our results: Whole class of such modular forms as iterated integrals:
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elliptic Modular Graph forms (eMGFs):

e At depth one only need iterated integrals and complex conjugate:
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e At depth two encounter multiple zeta values and Bernoulli poly-

nomials as coefficients:
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Generating series for eMGF's

e Main result: A generating series for eMGEF's:
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e Can be expanded in free Lie algebra generators b]ij >:
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Generating series for eMGF's

e Main result: A generating series for eMGEF's:
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o I, is the generating series for the iterated integrals in 7/ f () is solution

to a differential system 0,1, = —I,/C; which is solved through

I, = Pexp (/ dTlKTl) =1+ / dr s, + / dr /iCr, Ak, + ...
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with the connection reading:
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e The Lie algebra generators ;7" have relations with by
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Generating series for eMGF's

e Main result: A generating series for eMGEF's:
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o I_ is the generating series for the iterated integrals 77 f (k) and can be
constructed in a similar fashion to I, with the with the appropriate
complex conjugations. Note that the tilde simply signals to invert the

order of the Lie algebra generators e](cj ) and b](cj ) (like a transpose).



Generating series for eMGF's

e Main result: A generating series for eMGEF's:
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o VIV (with MI)" being a subset of this series), accounts for the single

valued multiple zeta values and the Bernoulli polynomials in .
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where the coefficients Yy, (u) are non-trivial infinite series in the gener-

ators egg ) and b;{m .
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e Differential equation and modular properties fully fix >;. to given order.
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Conclusion and Outlook

e Have constructed generating series for eMGFs expressible as iterated
integrals over modular forms f (%) and G but will also include single

valued multiple zeta values and Bernoulli polynomials.

e Additionally connection for I, can be shown to generate elliptic mul-
tiple polylogarithms (eMPLs) [Brown, Levin, 1110.6917] Implies that 1°1V

depends on eMPLs and their c.c. (as for single valued MPLs).

e Towards one-loop analog of (open string)® = (closed string)

Thank you for your attention !




