
Technical University of Munich
Department of Physics

Establishing the relation between instantons and resonant states
(based on arXiv:2507.23125)

DESY Theory
Workshop 2025

Nils Wagner

24th September 2025

Supervisor: Prof. Dr. Björn Garbrecht
Research Group: T70 (TUM)

https://arxiv.org/abs/2507.23125
https://arxiv.org/abs/2507.23125


ub
If
8b

uz
Iu
b@

If
8x

aI
6&

I2
c@

Ic
I9
Fc

@3
fI
1c

03
b@

Iz
4z

uI
0z

If
6c

:
zf

8I
1c

@8
le
az
OS
uf

xu
Ic
dI
Su

2l
99

zu
Of
al
XI
0@

k
yI
0z

If
8@

bj
zf

8I
Fc

:
fO
ub

8I
2;

I6
ly
8I
b@

I6
cr

le
O2
S8

I2
;I
0z

I9
x1

Ic
dI
fz

e@
z8

IF
b@

el
jf

Ib
3I
0z

IF
b@

a9
IlC
za
3P

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner

Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Overarching goal

While there exist various methods of computing decay rates, most analytical approaches fit
into basically two overarching categories:

Wave function techniques based on
special solutions of the Schrödinger
equation [1, 2, etc.]

Path integral approaches based on
the (Euclidean) propagator, hinging
on instanton calculus [3, 4, etc.]

Why do both procedures yield identical results?
What is the relation between the two methods?

[2] Berry & Mount (1972), RPT 35 (1)
[1] Gamow (1928), Z. Physik 51 (3)

[4] Callan & Coleman (1977), PRD 16 (6)
[3] Langer (1967), Annals Phys. 41 (1)
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on instanton calculus [3, 4, etc.]

Why do both procedures yield identical results?
What is the relation between the two methods?

[2] Berry & Mount (1972), RPT 35 (1)
[1] Gamow (1928), Z. Physik 51 (3)

[4] Callan & Coleman (1977), PRD 16 (6)
[3] Langer (1967), Annals Phys. 41 (1)
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator: For convenience, one chooses [4,5]. One finds two important critical
trajectories: FV trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

KE
(
zi, zf ;T

)
=

〈
zf

∣∣∣∣ exp
(

− ĤT

ℏ

)∣∣∣∣ zi

〉

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

KE
(
zi, zf ;T

)
=

∞∑
ℓ=0

〈
zf

∣∣∣∣ exp
(

− ĤT

ℏ

)∣∣∣∣Ψℓ

〉〈
Ψℓ

∣∣zi
〉

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

KE
(
zi, zf ;T

)
=

∞∑
ℓ=0

Ψℓ(zf) Ψℓ(zi) exp
(

−EℓT

ℏ

)

T →∞−−−−→ const.× exp
(

−E0T

ℏ

)
.

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

KE
(
zi, zf ;T

)
=

∞∑
ℓ=0

Ψℓ(zf) Ψℓ(zi) exp
(

−EℓT

ℏ

)
T →∞−−−−→ const.× exp

(
−E0T

ℏ

)
.

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

[
KE

(
zi, zf ;T

)]}
.

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zf

z(0)=zi

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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have
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about
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zf

z(0)=zi

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zf

z(0)=zi

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses [4,5]. One finds two important critical trajectories: FV
trajectory & “bounce” .
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zFV

z(0)=zFV

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses zi = zf = zFV [4,5].

One finds two important critical
trajectories: FV trajectory & “bounce” .

z

V (z)

zFV zescape

[5] Andreassen, et al. (2017), PRD 95 (8)
[4] Callan & Coleman (1977), PRD 16 (6)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zFV

z(0)=zFV

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses zi = zf = zFV [4,5].

One finds two important critical
trajectories: FV trajectory & “bounce” .

z

−V (z)

zFV zescape

[5] Andreassen, et al. (2017), PRD 95 (8)
[4] Callan & Coleman (1977), PRD 16 (6)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zFV

z(0)=zFV

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses zi = zf = zFV [4,5]. One finds two important critical
trajectories:

FV trajectory & “bounce” .

z

−V (z)

zFV zescape

[5] Andreassen, et al. (2017), PRD 95 (8)
[4] Callan & Coleman (1977), PRD 16 (6)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zFV

z(0)=zFV

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses zi = zf = zFV [4,5]. One finds two important critical
trajectories: FV trajectory

& “bounce” .

z

−V (z)

zescapezFV

t

z(t)

zFV

zescape

FV trajectory
0 T

[5] Andreassen, et al. (2017), PRD 95 (8)
[4] Callan & Coleman (1977), PRD 16 (6)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Traditional instanton method

The ground state energy can be computed from the late-time behavior of the Euclidean
propagator:

E0 = −ℏ lim
T →∞

{
T−1 log

∫ z(T )=zFV

z(0)=zFV

DE[z] exp
(

− SE[z]
ℏ

)}
.

For convenience, one chooses zi = zf = zFV [4,5]. One finds two important critical
trajectories: FV trajectory & “bounce” .

z

−V (z)

“bounce”

zescapezFV

t

z(t)

zFV

zescape

FV trajectory

“bounce”

0 T

[5] Andreassen, et al. (2017), PRD 95 (8)
[4] Callan & Coleman (1977), PRD 16 (6)
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Heuristic potential-deformation argument

z

V (z)

zFV

[4] Callan & Coleman (1977), PRD 16 (6)
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Heuristic potential-deformation argument

z

V (z)

zFV

C
(
[0, T ]

)

iC
(
[0, T ]

)

zFV(t)
JFV

[4] Callan & Coleman (1977), PRD 16 (6)
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Heuristic potential-deformation argument

z

V (z)

zFV

C
(
[0, T ]

)

iC
(
[0, T ]

)

zFV(t)
JFV

z

V (z)

zFV

deformation

[4] Callan & Coleman (1977), PRD 16 (6)
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Heuristic potential-deformation argument
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deformation
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)
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(
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zFV(t) zbounce(t)
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[4] Callan & Coleman (1977), PRD 16 (6)
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[4] Callan & Coleman (1977), PRD 16 (6)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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What is the “decay rate”?

Upshot 1

Only in a special temporal regime
does the loss of probability follow
a simple exponential decay law,
amenable to analytical studies [5,6].

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)

[5] Andreassen, et al. (2017), PRD 95 (8)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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What is the “decay rate”?

z

V (z)

zFV zescape

zTV
VTV

VFV

Upshot 1

Only in a special temporal regime
does the loss of probability follow
a simple exponential decay law,
amenable to analytical studies [5,6].

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)

[5] Andreassen, et al. (2017), PRD 95 (8)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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What is the “decay rate”?

z

V (z)

zFV zescape

zTV
VTV

VFV

Ψt=0(z)

Upshot 1

Only in a special temporal regime
does the loss of probability follow
a simple exponential decay law,
amenable to analytical studies [5,6].

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)

[5] Andreassen, et al. (2017), PRD 95 (8)
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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What is the “decay rate”?

z

V (z)

zFV zescape

zTV
VTV

VFV

Ψt=0(z)

t

PFV(t) =
∫

FV

∣∣Ψ(z, t)
∣∣2dz

0

1

0.9

Upshot 1

Only in a special temporal regime
does the loss of probability follow
a simple exponential decay law,
amenable to analytical studies [5,6].

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)

[5] Andreassen, et al. (2017), PRD 95 (8)
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Upshot 1

Only in a special temporal regime
does the loss of probability follow
a simple exponential decay law,
amenable to analytical studies [5,6].

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)

[5] Andreassen, et al. (2017), PRD 95 (8)
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things,
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amenable to analytical studies [5,6].
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Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].
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Upshot 1

Only in a special temporal regime
does the loss of probability follow
a simple exponential decay law,
amenable to analytical studies [5,6].

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].
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Introduction to resonant states

z

V (z)

zFV zescape

zTV
VTV

VFV

Ψt=0(z)

t

PFV(t) =
∫

FV

∣∣Ψ(z, t)
∣∣2dz

0

1

0.9

initial
sloshing
phase

exponential
decay phase

PFV(t) ≈ P0e−Γt

back-reaction
effects take over

decay rate

Key features during the exponential regime:

Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)
[5] Andreassen, et al. (2017), PRD 95 (8)
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Quasi-stationary wave function
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PFV(t) ≈ P0e−Γt
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effects take over
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Key features during the exponential regime:
Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Upshot 2

Due to uniformity during these in-
termediate times, we can transform
the time-dependent problem into a
time-independent one [1,7].

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)
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Key features during the exponential regime:
Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Solve the time-independent Schrödinger
equation ĤΨ = EΨ

demanding outgoing
Gamow–Siegert boundary conditions:

Im(E) = − ℏ
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FV
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∣∣2 dz

}−1

Joutward

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)
[5] Andreassen, et al. (2017), PRD 95 (8)

4444444444444444444444444444444



ub
If
8b

uz
Iu
b@

If
8x

aI
6&

I2
c@

Ic
I9
Fc

@3
fI
1c

03
b@

Iz
4z

uI
0z

If
6c

:
zf

8I
1c

@8
le
az
OS
uf

xu
Ic
dI
Su

2l
99

zu
Of
al
XI
0@

k
yI
0z

If
8@

bj
zf

8I
Fc

:
fO
ub

8I
2;

I6
ly
8I
b@

I6
cr

le
O2
S8

I2
;I
0z

I9
x1

Ic
dI
fz

e@
z8

IF
b@

el
jf

Ib
3I
0z

IF
b@

a9
IlC
za
3P

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner

Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.

=    Ú   ÅÚ         Ä¿ÈÆ   Ú   Å     ¿  ¿ÈÄ     ÄÄ Â  Å ¿ÈÄ         Åè "    Ú ÈÅÂ "  Æò  ÄÅ     ÅÅÉ  òÅ     ¿   ÈÆ  ÅÚÂ       Ä Å:

Introduction to resonant states

z

V (z)

zFV zescape

zTV
VTV

VFV

Ψt=0(z)

t

PFV(t) =
∫

FV

∣∣Ψ(z, t)
∣∣2dz

0

1

0.9

initial
sloshing
phase

exponential
decay phase

PFV(t) ≈ P0e−Γt

back-reaction
effects take over

decay rate

Key features during the exponential regime:
Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Solve the time-independent Schrödinger
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Introduction to resonant states
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PFV(t) =
∫
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∣∣Ψ(z, t)
∣∣2dz

0

1

0.9

initial
sloshing
phase

exponential
decay phase

PFV(t) ≈ P0e−Γt

back-reaction
effects take over

decay rate

Key features during the exponential regime:
Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Solve the time-independent Schrödinger
equation ĤΨ = EΨ demanding outgoing
Gamow–Siegert boundary conditions:

Im(E) = − ℏ
2

{∫
FV

∣∣Ψ(z)
∣∣2 dz

}−1

Joutward

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)
[5] Andreassen, et al. (2017), PRD 95 (8)
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Introduction to resonant states

z

V (z)

zFV zescape

zTV
VTV

VFV

Ψt=0(z)

t

PFV(t) =
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∣∣2dz
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sloshing
phase

exponential
decay phase

PFV(t) ≈ P0e−Γt

back-reaction
effects take over

decay rate

Key features during the exponential regime:
Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Solve the time-independent Schrödinger
equation ĤΨ = EΨ demanding outgoing
Gamow–Siegert boundary conditions:

Γ = −2
ℏ

Im(E) .

[7] Siegert (1939), Phys. Rev. 56 (8)
[1] Gamow (1928), Z. Physik 51 (3)

[6] Peres (1980), Annals Phys. 129 (1)
[5] Andreassen, et al. (2017), PRD 95 (8)

4444444444444444444444444444444



ub
If
8b

uz
Iu
b@

If
8x

aI
6&

I2
c@

Ic
I9
Fc

@3
fI
1c

03
b@

Iz
4z

uI
0z

If
6c

:
zf

8I
1c

@8
le
az
OS
uf

xu
Ic
dI
Su

2l
99

zu
Of
al
XI
0@

k
yI
0z

If
8@

bj
zf

8I
Fc

:
fO
ub

8I
2;

I6
ly
8I
b@

I6
cr

le
O2
S8

I2
;I
0z

I9
x1

Ic
dI
fz

e@
z8

IF
b@

el
jf

Ib
3I
0z

IF
b@

a9
IlC
za
3P

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner

Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.

=    Ú   ÅÚ         Ä¿ÈÆ   Ú   Å     ¿  ¿ÈÄ     ÄÄ Â  Å ¿ÈÄ         Åè "    Ú ÈÅÂ "  Æò  ÄÅ     ÅÅÉ  òÅ     ¿   ÈÆ  ÅÚÂ       Ä Å:
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∣∣2dz

0

1

0.9
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exponential
decay phase

PFV(t) ≈ P0e−Γt

back-reaction
effects take over

decay rate

Key features during the exponential regime:
Quasi-stationary wave function
inside the FV region
Constant, outward-directed flux

−→ equilibrated steady-state situation,
sustained for a long period of time

Solve the time-independent Schrödinger
equation ĤΨ = EΨ demanding outgoing
Gamow–Siegert boundary conditions:

Γ = −2
ℏ

Im(E) .
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Imposing the correct boundary conditions

How are radiating Gamow–Siegert boundary conditions encoded precisely?
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Imposing the correct boundary conditions

How are radiating Gamow–Siegert boundary conditions encoded precisely?
−→ illustrate with the example V (φ)(z) = 6eiφz4 + z3 + 3z2
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How are radiating Gamow–Siegert boundary conditions encoded precisely?
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Imposing the correct boundary conditions

How are radiating Gamow–Siegert boundary conditions encoded precisely?
−→ illustrate with the example V (φ)(z) = 6eiφz4 + z3 + 3z2
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How are radiating Gamow–Siegert boundary conditions encoded precisely?
−→ illustrate with the example V (φ)(z) = 6eiφz4 + z3 + 3z2

z

V (φ = 0)(z)

zTV

Cz
n = 4
φ = 0

R

re
gi

on
of

su
bd

om
in

an
ce

purely decaying
for z → ±∞

Cz
n = 4
φ = −π

3

re
gi

on
of

su
bd

om
in

an
ce

R

Cz
n = 4
φ = −2π

3

reg
ion

of
su

bd
om

in
an

ce

R

z

V (φ = −π)(z)

zFV

Cz
n = 4
φ = −π

reg
ion

of
su

bd
om

in
an

ce

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

purely oscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatory
for z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞

deforming φ from 0 to −π−−−−−−−−−−−−−−−−−−→

5555555555555555555555555555555



ub
If
8b

uz
Iu
b@

If
8x

aI
6&

I2
c@

Ic
I9
Fc

@3
fI
1c

03
b@

Iz
4z

uI
0z

If
6c

:
zf

8I
1c

@8
le
az
OS
uf

xu
Ic
dI
Su

2l
99

zu
Of
al
XI
0@

k
yI
0z

If
8@

bj
zf

8I
Fc

:
fO
ub

8I
2;

I6
ly
8I
b@

I6
cr

le
O2
S8

I2
;I
0z

I9
x1

Ic
dI
fz

e@
z8

IF
b@

el
jf

Ib
3I
0z

IF
b@

a9
IlC
za
3P

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner

Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.

=    Ú   ÅÚ         Ä¿ÈÆ   Ú   Å     ¿  ¿ÈÄ     ÄÄ Â  Å ¿ÈÄ         Åè "    Ú ÈÅÂ "  Æò  ÄÅ     ÅÅÉ  òÅ     ¿   ÈÆ  ÅÚÂ       Ä Å:

Imposing the correct boundary conditions

How are radiating Gamow–Siegert boundary conditions encoded precisely?
−→ illustrate with the example V (φ)(z) = 6eiφz4 + z3 + 3z2
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purely oscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatoryoscillatory
for z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞z → ±∞

deforming φ from 0 to −π−−−−−−−−−−−−−−−−−−→
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Imposing the correct boundary conditions
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things,
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Upshot
Gamow–Siegert BC naturally emerge
for real, unstable potentials, as the
real axis borders two Stokes sectors.
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Hobbits
delighted
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such

things,
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were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
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things
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already

knew,
set

out
fair
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Retreat to a single real dimension

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2

2m
d2

dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ

−Eℓ

}
Ψℓ(z)

=
{

− ℏ2

2m
1

γ′(s)
d
ds

[
1

γ′(s)
d
ds

]
+ V

[
γ(s)

]
︸ ︷︷ ︸

transformed Hamiltonian Ĥγ

−Eℓ

}

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form

Cz

re
gi

on
of

su
bd

om
inance

S−

region of subdominanceS+

R
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Retreat to a single real dimension

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2

2m
d2

dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ

−Eℓ

}
Ψℓ(z)

=
{

− ℏ2

2m
1

γ′(s)
d
ds

[
1

γ′(s)
d
ds

]
+ V

[
γ(s)

]
︸ ︷︷ ︸

transformed Hamiltonian Ĥγ

−Eℓ

}

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Retreat to a single real dimension

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2

2m
d2

dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ

−Eℓ

}
Ψℓ(z)

=
{

− ℏ2

2m
1

γ′(s)
d
ds

[
1

γ′(s)
d
ds

]
+ V

[
γ(s)

]
︸ ︷︷ ︸

transformed Hamiltonian Ĥγ

−Eℓ

}

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form

Cz

re
gi

on
of

su
bd

om
inance

region of subdominance

R

Γ

7777777777777777777777777777777



ub
If
8b

uz
Iu
b@

If
8x

aI
6&

I2
c@

Ic
I9
Fc

@3
fI
1c

03
b@

Iz
4z

uI
0z

If
6c

:
zf

8I
1c

@8
le
az
OS
uf

xu
Ic
dI
Su

2l
99

zu
Of
al
XI
0@

k
yI
0z

If
8@

bj
zf

8I
Fc

:
fO
ub

8I
2;

I6
ly
8I
b@

I6
cr

le
O2
S8

I2
;I
0z

I9
x1

Ic
dI
fz

e@
z8

IF
b@

el
jf

Ib
3I
0z

IF
b@

a9
IlC
za
3P

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner

Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.

=    Ú   ÅÚ         Ä¿ÈÆ   Ú   Å     ¿  ¿ÈÄ     ÄÄ Â  Å ¿ÈÄ         Åè "    Ú ÈÅÂ "  Æò  ÄÅ     ÅÅÉ  òÅ     ¿   ÈÆ  ÅÚÂ       Ä Å:

Retreat to a single real dimension

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2
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dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2

2m
d2

dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ

−Eℓ

}
Ψℓ(z)

=
{

− ℏ2

2m
1

γ′(s)
d
ds

[
1

γ′(s)
d
ds

]
+ V

[
γ(s)

]
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transformed Hamiltonian Ĥγ

−Eℓ

}
Ψℓ

[
γ(s)

]

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2

2m
d2

dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ

−Eℓ

}
Ψℓ(z)

=
{

− ℏ2

2m
1

γ′(s)
d
ds

[
1

γ′(s)
d
ds

]
+ V

[
γ(s)

]
︸ ︷︷ ︸

transformed Hamiltonian Ĥγ

−Eℓ

}
ψℓ(s)

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

0 =
{

− ℏ2

2m
d2

dz2 + V (z)︸ ︷︷ ︸
original Hamiltonian Ĥ

−Eℓ

}
Ψℓ(z)

=
{

− ℏ2

2m
1

γ′(s)
d
ds

[
1

γ′(s)
d
ds

]
+ V

[
γ(s)

]
︸ ︷︷ ︸

transformed Hamiltonian Ĥγ

−Eℓ

}
ψℓ(s)

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

Ĥγψℓ(s) = Eℓψℓ(s) is defined on RRR
The normalizable eigenfunctions ψℓ(s) decay
at s-spatial infinity
Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat: Ĥγ is non-Hermitian
−→ standard QM tools require slight modification

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

Ĥγψℓ(s) = Eℓψℓ(s) is defined on RRR

The normalizable eigenfunctions ψℓ(s) decay
at s-spatial infinity
Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat: Ĥγ is non-Hermitian
−→ standard QM tools require slight modification

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

Ĥγψℓ(s) = Eℓψℓ(s) is defined on RRR
The normalizable eigenfunctions ψℓ(s) decay
at s-spatial infinity
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−→ standard QM tools require slight modification

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

Ĥγψℓ(s) = Eℓψℓ(s) is defined on RRR
The normalizable eigenfunctions ψℓ(s) decay
at s-spatial infinity
Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat: Ĥγ is non-Hermitian

−→ standard QM tools require slight modification

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Hobbits
delighted

in
such

things,
ifthey

were
accurate;they

liked
to

have
conference

talks
about

quantum
tunneling

filled
with

things
that

they
already

knew,
set

out
fair

and
square

with
no

contradictions.
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Associated eigenvalue problem on R

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

Ĥγψℓ(s) = Eℓψℓ(s) is defined on RRR
The normalizable eigenfunctions ψℓ(s) decay
at s-spatial infinity
Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat:Caveat: Ĥγ is non-Hermitian
−→ standard QM tools require slight modification

−→ Ĥγψℓ(s) = Eℓψℓ(s) takes a suggestive form
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Associated eigenvalue problem on R: “Propagator”

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

What is the transition amplitude of a point
particle propagating from γ(si) to γ(sf)

in
case the motion is fully constrained to Γ?

K
(γ)
E

(
si, sf ;T

)
:=

〈
sf

∣∣∣∣ exp
(

− ĤγT

ℏ

)∣∣∣∣ si

〉
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Associated eigenvalue problem on R: “Propagator”

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

What is the transition amplitude of a point
particle propagating from γ(si) to γ(sf) in
case the motion is fully constrained to Γ?

K
(γ)
E

(
si, sf ;T

)
:=
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Associated eigenvalue problem on R: “Propagator”

Let us investigate the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z) , Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S± .

Restrict the view to a single-dimensional complex
contour Γ parameterized by γ(s) with s ∈ R.

What is the transition amplitude of a point
particle propagating from γ(si) to γ(sf) in
case the motion is fully constrained to Γ?
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Accessing the spectrum with a functional integral

Given the generic eigenvalue problem

ĤΨℓ(z) =
{

− ℏ2

2m
d2

dz2 + V (z)
}

Ψℓ(z) = Eℓ Ψℓ(z)

with Ψℓ(ηz)
η→∞−−−→ 0 for z ∈ S±,

one finds the
relation:

Cz

re
gi

on
of

su
bd

om
inance

region of subdominance

R

Γ
zi

zf

S+

S−

Master formula∫ z(0)=zi
z(T )=zf

C
(
[0, T ], Γ

) DE[z] exp
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− SE[z]
ℏ

)
=

∞∑
ℓ=0

exp
(

−EℓT

ℏ

)
Ψℓ(zi) Ψℓ(zf)

{∫
Γ

Ψℓ(z)2 dz
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