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The integrand lives on the Riemann sphere with some marked points
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b

ij
~only logs ~ same transcendentality
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J=1

d%; (k, - p) Yk, - p)~s
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* Parametric representation (Baikov): I 110, = s@—D)/zJ
4
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21223 B(z,8) D)2
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* Fix integer number of dimensions (D = 2): 1;110,. =
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le .. .dZ5 Z5
21273 B(z,s)3D)2

Vs

" le. . .dZ5 Z5_

* Fix integer number of dimensions (D = 2): 1;110,. =
L0 212223) B(z,s)

Zi:O

vy
two simple poles, same

 Simplify the analysis: residue (up to sign)
dZ4,

J (24 —A*T(2Z5) W24 — A~ (25))

Vs

subset of the analytic structure: 1, ,,. rmzmzm0 = szsz;
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le . .dZ5 Z5
21273 B(z,s)3D)2

Vs

" le. . .dZ5 Z5_

* Fix integer number of dimensions (D = 2): 1;110,. =
L0 212223) B(z,s)

Y
;= 0
. . . . two simple poles, same
Simplify the analysis: residue (up to sign)
_ " dZA
subset of the analytic structure: I ) = sz Z | 4
Y L0 by =mzm0 = [O55 T A )Mz — A-(29))

derivative of a log!
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le . .dZ5 Z5
21273 B(z,s)3D)2

Vs

" le. . .dZ5 Z5_

* Fix integer number of dimensions (D = 2): 1;110,. =
L0 212223) B(z,s)

Y
;= 0
. . . . two simple poles, same
Simplify the analysis: residue (up to sign)
_ " dZA
subset of the analytic structure: I g = sz Z | 4
Y L0 by =mzm0 = [O55 T A )Mz — A-(29))

derivative of a log!
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le . .dZ5 Z5
21273 B(z,s)3D)2

" dzy...dzs 7

* Fix integer number of dimensions (D = 2): 1;110,. =

), (212223) B(z,5)

;= 0
. . . . two simple poles, same
Simplify the analysis: residue (up to sign)
_ i dZA
subset of the analytic structure: I |, im0 = sz A . 4
Y L0 by =mzm0 = [O55 T A )Mz — A-(29))
derivative of a log!
dzszs

dz,0, log f(z4, 25, S)

7 Il,l,l,O,US 21:Z2:Z3:O ~ J
\/ (225 + 5 + M2)(M2s — 22)(4m2 — M2 — 5 — 2z5) *
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le .. .dZ5 Z5
21273 B(z,s)3D)2

" dzy...dzs 7

* Fix integer number of dimensions (D = 2): 1;110,. =

), (212223) B(z,5)

;= 0
. . . . two simple poles, same
Simplify the analysis: residue (up to sign)
_ i dZA
subset of the analytic structure: I |, im0 = sz A . {
Y L0 by =mzm0 = [O55 T A )Mz — A-(29))
derivative of a log!
dzszs

1,0-, QIS

7 Il,l,l,O,VS Z1=Z2=Z3=O ~ J
\/ (225 + 5 + M2)(M2s — 22)(4m2 — M2 — 5 — 2z5) *
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le .. .dZ5 Z5
21273 B(z,s)3D)2

" dzy...dzs 7

* Fix integer number of dimensions (D = 2): 1;110,. =

), (212223) B(z,5)

;= 0
. . . . two simple poles, same
Simplify the analysis: residue (up to sign)
_ i dZA
subset of the analytic structure: I g = sz A - {
Y L0 by =mzm0 = [O55 T A )Mz — A-(29))
derivative of a log!
dzszs

mn i 11,1,1,0,y5 21=2,=23=0 ~ J

G0, i)

\/ (225 + 5 + M2)(M2s — 22)(4m2 — M2 — 5 — 2z5) *

d log that we wanted
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le...dZ5 Z5 .
21273 B(z,s)3D)2

" dz...dze 2"

* Fix integer number of dimensions (D =2): 1;;10,. =

e Simplify the analysis:

Wit
W SR
SR
X 4
k- % \“‘
o =
. ;?g
%
- _—— __ —u
\ \
'l ,
i .
i /
=7 = = e

subset of the analytic structure: 1, ,,l._. . = szszs

derivative of a log!

. Il’l’l’O’VS 6=0=23=0 " J dZ4az4ﬂ

d log that we wanted
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two simple poles, same
residue (up to sign)
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Integrand analysis

* Parametric representation (Baikov): I 110, = s@—D)/zJ
4

le...dZ5 Z5 .
21273 B(z,s)3D)2

" dz...dze 2"

* Fix integer number of dimensions (D =2): 1;;10,. =

e Simplify the analysis:

Wit
W SR
SR
X 4
k- % \“‘
o =
. ;?g
%
- _—— __ —u
\ \
'l ,
i .
i /
=7 = = e

subset of the analytic structure: 1, ,,l._. . = szszs

derivative of a log!

. Il’l’l’O’VS 6=0=23=0 " J dZ4az4ﬂ

$ d log that we wanted

\/ P4(z5): elliptic curve!
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two simple poles, same
residue (up to sign)
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Case1: M =0
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Case1: M =0
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Case1: M =0

simple pole in Zs
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Case1: M =0

simple pole in Zs \/PZ(Z5)
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Case1: M =0

simple pole in Zs \/PZ(Z5)
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Case1: M =0

simple pole in Zs \/PZ(Z5)

» Re(xs)
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Case1: M =0

simple pole in Zs \/PZ(Z5)

» Re(xs)

¥

one independent cycle!
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Case1: M =0

simple pole in Zs \/PZ(Z5)

Im(x5)
POl C1
—9— >~ Re(xs)
one independent cycle!
J' dZ5 dZ5 1
X X
Ci 25\/ (2z5+ 5)(4m? —s —2z5) G 25\/ (2z5 + 5)(4dm? — 5 — 2z5) V/s(s — 4m?)
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Case1: M =0

simple pole in zs \/PZ(Z5)

Im(x5)
A C1
—9— » Re(xs)
‘.__/,
one independent cycle!
J' dZ5 dZ5 1
X X
Ci 25\/ (2z5+ 5)(4m? —s —2z5) G 25\/ (2z5 + 5)(4dm? — 5 — 2z5) V/s(s — 4m?)
1 i
11 1100 | 2=2=2,=0 dlogg, |dlogf
\/ s(s — 4m?) .
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Case1: M =0

simple pole in Zs \/PZ(Z5)

» Re(xs)

¥

one independent cycle!

dZ5 dZ5 1

X

X
J Ci 25\/ (2z5+ 5)(4m? —s —2z5) G 25\/ (2z5 + 5)(4dm? — 5 — 2z5) V/s(s — 4m?)

1
\/ s(s — 4m?) .

RN LT
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Case1: M =0

simple pole in Zs \/PZ(Z5)

» Re(xs)

4

one independent cycle!

dZ5 dZ5 1

X

X
J Ci 25\/ (2z5+ 5)(4m? —s —2z5) G 25\/ (2z5 + 5)(4dm? — 5 — 2z5) V/s(s — 4m?)

1
\/ s(s — 4m?) .

e Anyesim
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Case1: M =0

Im(x5)
PR C1
—— >~ Re(xs) >~ Re(xs)
one independent cycle!
J' dZ5 dZ5 1
X X
Ci 25\/ (2z5+ 5)(4m? —s —2z5) G 25\/ (2z5 + 5)(4dm? — 5 — 2z5) V/s(s — 4m?)
1 e
11 1100 | 2=2=2,=0 dlogg, |dlogf
\/ s(s — 4m?) .

RN LT
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Case1: M =0

simple pole in Zs \/PZ(Z5)

> Re(xs)

Im(x5)
POl C1
—9— >~ Re(xs)
|- ,
N B/ |
one independent cycle! pole at oo |
J' dZ5 dZ5 1
X X
Ci 25\/ (2z5+ 5)(4m? —s —2z5) G 25\/ (2z5 + 5)(4dm? — 5 — 2z5) V/s(s — 4m?)
1 M
I 1100l 2=2=23=0 dlogg, [dlogf
\/s(s — 4m?) .

RN LT
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Case1: M =0

Im(x5)
PR C1
*— » Re(xs) » Re(xs)
N
one independent cycle! pole at oo !
d d 1 d d
J' <5 . % o - [ < X 5 o 1
C 25\/ (2zs + 5)(4m? — s — 2z5) G 25\/ (2zs + 5)(4m? — s — 275) \/S(S — 4m?) Coo \/ (2zs + 5)(4m? — s — 275) G \/ (2zs + 5)(4m? — s — 275)
1 fd
11 1100 | 2=2=2,=0 dlogg, |dlogf
\/ s(s — 4m?) .

e AT
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Case1: M =0

Im(xs)
SN, C1
& » Re(xs) > Re(xs)
.y
one independent cycle! pole at o !
d d 1 d d
J' <5 . % o - [ < X 5 o 1
C ZS\/ (2z5 + $)(@m? — s — 275) G ZS\/ (2z5 + $)(@m? — s — 275) V(s — 4m?) Cos \/ (2z5 + $)(dm? — s — 275) G \/ (2z5 + $)(@m? — s — 275)
I | : dl dlog f |

e AT
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Case1: M =0

Im(xs)
SN, C1
& » Re(xs) > Re(xs)
.y
one independent cycle! pole at o !
d d 1 d d
J' <5 . % o - [ < X 5 o 1
C ZS\/ (2z5 + $)(@m? — s — 275) G ZS\/ (2z5 + $)(@m? — s — 275) V(s — 4m?) Cos \/ (2z5 + $)(dm? — s — 275) G \/ (2z5 + $)(@m? — s — 275)
I | : dl dlog f |

R A <
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Case1: M =0

simple pole in Zs \/PZ(Z5)

Im(xs)
SN, C1
C e » Re(xs) > Re(xs)
: v ,
one independent cycle! pole at o !
d d 1 d
J' <5 . % o - [ < X % o 1
C ZS\/ (2z5 + $)(@m? — s — 275) G ZS\/ (2z5 + $)(@m? — s — 275) V(s — 4m?) Cos \/ (2z5 + $)(dm? — s — 275) G \/ (2z5 + $)(@m? — s — 275)
I/ | : r.dl dlog f »
1,1,1,0,0 | 7 =7,=7,=0 \/S(S —an?) - 881 g Iy 1101 2===0 " dlog 82Jd10gf
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Case2: M # 0
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Case2: M #0

e vs=0 1st kind integral

dZ5 i
11,100 = =m0 ™ dlog f(z4, zs, 8)
| dZ5
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Case2: M £ 0

C2

e vs=0 1st kind integral

dZ5 i
Iy 1100l f=2=23=0 dlog f(z4, 25, S)
dzs holomorphic period of
the elliptic curve!
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Case2: M £ 0

C2

e vs=0 1st kind integral

dZ5 i
Ii11000;=0=20 ™ dlog f(z4, 25, 9)
dzs holomorphic period of
the elliptic curve!
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Case2: M £ 0

C2

e vs=0 1st kind integral

dZ5 i
Ii11000;=0=20 ™ dlog f(z4, 25, 9)
dzs holomorphic period of
the elliptic curve!
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Case2: M £ 0

e vs=0 1st kind integral

dZS " " dZ5 <5 "
11,1,1,0,0 |Z1=z2=z3=0 Nh d lng(Z4, <59 S) 11,1,1,(),_1 |21=Zz=23=0 ~ d logf(z4, <5, S)
dzs holomorphic period of
the elliptic curve!

° ]/5=—1
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Case2: M £ 0

.
: @
- L]
. g

e vs=0 1st kind integral

dZS " " dZ5 <5 "
11,1,1,0,0 |21=Z2=z3=0 Nh d logf(z4, <59 S) 11,1,1,(),_1 |zl=z2=23=0 ~ d logf(z4, <5, S)
dzs holomorphic period of
the elliptic curve!

° ]/5=—1
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Case2: M #0

-
: @
. .
. «

e Us=0 1st kind integral + vs=—1 3rdkind integral

dZS i dZs <5 i
11,1,1,0,0 |Z1=z2=z3=0 Nh dlogf(z4, <59 S) 11,1,1,(),_1 |Z1=Z2=23=0 Ni dlogf(z4, <5, S)
dZs hol hi lod of dZS 45 :
O om.orp IC perioa o simple pole at 0o
the elliptic curve!
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Case2: M #0
Coo

o :
. x
. g

e Us=0 1st kind integral + vs=—1 3rdkind integral

dZS i dZs <5 i
11,1,1,0,0 |Z1=z2=z3=0 Nh dlogf(z4, <59 S) 11,1,1,(),_1 |Z1=Z2=23=0 Ni dlogf(z4, <5, S)
dZs hol hi lod of dZS 45 :
O om.orp IC perioa o simple pole at 0o
the elliptic curve!
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Case2: M £ 0
Coo

o
- L]
. g

. Us = 0 1st kind integral ¢ Us = — ] 3rd kind integral ¢ Us= — 9)

dZS i dZs <5 i
11,1,1,0,0 |Z1=z2=z3=0 Nh dlogf(z4, <59 S) 11,1,1,(),_1 |Z1=Z2=23=0 Ni dlogf(z4, <5, S)
dZs hol hi lod of dZS 45 :
O om.orp IC perioa o simple pole at 0o
the elliptic curve!
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Case2: M #0

: @
. o

- j .

. Us = 0 1st kind integral ¢ Us = — ] 3rd kind integral ¢ Us= — 9)

dZS " dZs <5 i i
11,1,1,0,0 |Z1=Z2=Z3=O ~ d logf(z49 ZS’ S) 11,1,1,0,_1 |21=ZZ=Z3=O ~ d logf(z49 ZS’ S) 11,1,1’0,—2 |Z1=Z2=Z3=0 ~

dzs holomorphic period of dzs zs -

Sara Maggio | Canonical Feynman integrals beyond polylogarithms | 24/09/2025

dZ5

<5

d logf(z4a ZSa S)
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
I1,1,1,00; 20 =2.=0 ~h dlog f(z4,:25,8) 1y 110-11,—0 220 Ni dlogf(z4:25,8) 111102, o™ ﬁ dlog f(z, zs, S)
dzs hol hi iod of dzs z5 . dzs z2 .
O Omlorp IC perlo O S|mp|e pole at oo dOUble p0|e at oo (nO reS|due)
the elliptic curve!
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
11,1,1,0,0 |Z1=Z2=Z3=() Nh d logf(z4, Zs, S) 11,1,1,0’_1 |Zl=zz=23=0 ~i d Ing(Z4, <55 S) 11,1,1,0,—2 |Z1=Z2=z3=0 ~ ﬁd Ing(Z4, 259 S)
dzs hol hi iod of dzs z5 . dzs z2 .
olomorphic period o simple pole at oo double pole at oo (no residue)
the elliptic curve!
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Case2: M #0

: @
. K4

- j .

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
I1,1,1,00; 20 =2.=0 ~h dlog f(z4,:25,8) 1y 110-11,—0 220 Ni dlogf(z4:25,8) 111102, o™ ﬁ dlog f(z, zs, S)
dzs hol hi iod of dzs z5 . dzs z2 .
O Omlorp IC perlo O S|mp|e pole at oo dOUble p0|e at oo (nO reS|due)
the elliptic curve!
— - no Iog Si“gUIaritieS?!
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
11,1,1,0,0 |Z1=Z2=Z3=() Nh d logf(z4, Zs, S) 11,1,1,0’_1 |Zl=zz=23=0 ~i d Ing(Z4, <55 S) 11,1,1,0,—2 |Z1=Z2=z3=0 ~ ﬁd Ing(Z4, 259 S)
dzs hol hi iod of dzs z5 . dzs z2 .
olomorphic period o simple pole at oo double pole at oo (no residue)
the elliptic curve!

no log singularities?!

— - [GOrges, Nega, Tancredi, Wagner '23]

[Duhr, SM, Nega, Sauer, Tancredi, Wagner '25]
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
11,1,1,0,0 |Z1=Z2=Z3=() Nh d logf(z4, Zs, S) 11,1,1,0’_1 |Zl=zz=23=0 ~i d Ing(Z4, <55 S) 11,1,1,0,—2 |Z1=Z2=z3=0 ~ ﬁd Ing(Z4, 259 S)
dzs hol hi iod of dzs z5 . dzs z2 .
olomorphic period o simple pole at oo double pole at oo (no residue)
the elliptic curve!

no log singularities?!

— - [GOrges, Nega, Tancredi, Wagner '23]

[Duhr, SM, Nega, Sauer, Tancredi, Wagner '25]
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
IR F— ~i dlog f(z4,25.8)  I11,10-11,2,=2.=0 ~_ dlog f(z4,25,8) I 1 10-2l, . oo™ H dlog f(z4, 25, S)
dzs hol hic period of dzs s dzs 23 .
O Omlorp IC perioa o Simple pole at oo double p0|e at oo (nO reS|due)
the elliptic curve!
no log singularities?!
— - [GOrges, Nega, Tancredi, Wagner '23]

[Duhr, SM, Nega, Sauer, Tancredi, Wagner '25]
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
11,1,1,0,0 |Z1=Z2=Z3=() Nh d logf(z4, Zs, S) 11,1,1,0’_1 |Zl=zz=23=0 ~i d Ing(Z4, <55 S) 11,1,1,0,—2 |Z1=Z2=z3=0 ~ ﬁd Ing(Z4, 259 S)
dzs hol hi iod of dzs z5 . dzs z2 .
olomorphic period o simple pole at oo double pole at oo (no residue)
the elliptic curve!

[Duhr, SM, Nega, Sauer, Tancredi, Wagner '25]

no log singularities?!
— - [GOrges, Nega, Tancredi, Wagner ‘23]
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Case2: M #0

: @
. K4

e vs=0 1st kind integral » Us =—1 J3rdkind integral « U: =—2  2ndkind integral

dZ5 i dZ5 <5 i dz Z2
I1,1,1,00; 20 =2.=0 ~h dlog f(z4,:25,8) 1y 110-11,—0 220 Ni dlogf(z4:25,8) 111102, o™ ﬁ dlog f(z, zs, S)
dzs hol hic period of dzs s dzs 23 .
O Omlorp IC perioa O Simple pole at oo double p0|e at oo (nO reS|due)
the elliptic curve!
no log singularities?!
— - [GOrges, Nega, Tancredi, Wagner '23]

[Duhr, SM, Nega, Sauer, Tancredi, Wagner '25]
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