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Running example: two-loop sunrise

Iν1,…,ν5
(s; d) = ∫

2

∏
j=1

ddkj

iπd/2

(k1 ⋅ p)−ν4(k2 ⋅ p)−ν5

(k2
1 − m2)ν1(k2

2 − M2)ν2((k1 − k2 − p)2 − m2)ν3

M

m
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Two cases:

•    polylogarithmicM = 0

•    ellipticM ≠ 0

• Integrals to make properties of the scattering amplitude manifest?
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Running example: two-loop sunrise

Iν1,…,ν5
(s; d) = ∫

2

∏
j=1

ddkj

iπd/2

(k1 ⋅ p)−ν4(k2 ⋅ p)−ν5

(k2
1 − m2)ν1(k2

2 − M2)ν2((k1 − k2 − p)2 − m2)ν3

M

m

Two cases:

•    polylogarithmicM = 0

•    ellipticM ≠ 0

• Integrals to make properties of the scattering amplitude manifest?

• Properties independent of the geometries?
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Case 1: M = 0
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∑
i

Ri(sij)∫γ
d log fn ∧ … ∧ d log f1
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∫C∞
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y
∝ 1 simple pole at ∞
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[Duhr, SM, Nega, Sauer, Tancredi, Wagner ’25]
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Ĩ3 = ∂I1,1,1,0,0
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[Duhr, SM, Nega, Sauer, Tancredi, Wagner ’25]

Ĩ3 = ∂I1,1,1,0,0

• factorised differential equations: ε− ∂sij
J = ε A(sij) J
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Ĩ3 = ∂I1,1,1,0,0

• factorised differential equations: ε− ∂sij
J = ε A(sij) J

• The entries of  have only simple polesA(sij)
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∫C∞

dz5 z5

y
∝ 1

J2 = I1,1,1,0,−1

• ν5 = − 2

I1,1,1,0,−2 |z1=z2=z3=0 ∼ ∫
dz5 z2

5

y ∫ d log f(z4, z5, s)

∫
dz5 z2

5

y
double pole at  (no residue)∞

2nd kind integral

simple pole at ∞

no log singularities?!

[Duhr, SM, Nega, Sauer, Tancredi, Wagner ’25]

Ĩ3 = ∂I1,1,1,0,0

• factorised differential equations: ε− ∂sij
J = ε A(sij) J

• The entries of  have only simple polesA(sij)
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C1 C2

[Görges, Nega, Tancredi, Wagner ’23]


