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Status of Neutrino Masses
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No lower limit on the lightest neutrino mass allowing one massless neutrino
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Can we have an exactly massless neutrino?
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a) Two RHNs

One massless neutrino
b) Three RHNs and Rank-2 neutrino Yukawa matrix

This vanishing neutrino mass is stable against one-loop Renormalization
Group (RG) running effects without threshold effects

J. A. Casas, J.R. Espinosa, A. Ibarra, 2000; S. Antusch et al., 2001;2003;2005; J. W. Mei, Z. Z. Xing, 2004;
Z.Z. Xing, 2005; J. W. Mei, 2005; T. Ohlsson, H. Zhang, S. Zhou, 2013; T. Ohlsson, S. Zhou, 2014;...

But the case with hierarchical RHN masses is still unclear!!!

S. Antusch et al., 2002; N. J. Benoit et al, 2022



Threshold Effects in Seesaw Mechanism

In the mass-independent renormalization scheme, e.g., the MS/MS scheme:
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One-loop RGEs and Threshold Effects

One-loop RGEs for non-degenerate seesaw scales:  s. Antusch et al., 2003; 2005
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One-loop RGEs and Threshold Effects

One-loop RGEs for non-degenerate seesaw scales:  s. Antusch et al., 2003; 2005
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Revisiting the One-loop RGEs

Overlooked UV divergent 1Pl diagrams:
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New contributions to the RGEs among seesaw scales:
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Revisiting the One-loop RGEs
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> The counteraction of new contributions in x, leaves k, in the same form

as before

> New contributions affect the running behaviors of 4, xp, and C5

» The running behavior of k, is indirectly influenced by those of 4, xj, and Cs




Revisiting the One-loop RGEs

Relative differences between the results with/without new contributions
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Threshold Effects on the Massless Neutrino

(n)

dxk, 1 (n) 3 9 (n) 1m®, 3 n) M /1)@, 3 T
K d[l: = 1672 (2T o 59% - 593) Ky, + (§YUYJ - EYEY?L> K, + K, (QYUYLT o é}/l}/l-r)
3 3 (n)
+ (4)\ + 59? + 593) 05] :

O Above the highest or below the lowest seesaw scale:

dek,
dt

= ak, + Bk, + Iiy,BT UTHZVU* = Diag{x1, X2, X3} B = UtpU

dd)iiz(o“r?@i)xi X; (t) = x; (tp) - exp Ut: (a+25ﬁ)dt] t=Inp

Neutrino masses are proportional to their initial values, therefore, they can
not be generated if they are initially zero

O Among seesaw scales (i.e., including threshold effects):

drk,,

dt = ah, +’8HV + K:yﬁT +O/C5

It becomes much more complicated due to the coexistence of k, and C5



Threshold Effects on the Massless Neutrino

(n)

dk, B 1 (n) 3 5 9 1 (n) (n) 3 ; (n) (n) /1) (’n)Jr 3 ; T
H d[,l, - 1672 (2T— 591 2 ) Ky + (2YVYV - §YEYE ) Ky + Ky (§Yv v i}/l}/l
3 3 (n)
(4)\+ gl+ gz) ] )

2 2 dDet (M) dM

——  ~ =Tr | Adj(M)—
dx ' ( dj(M) dx )

(n) (n) (n) (n) _ _
Re[Det(x,)] = X1 X2 X3 MAdj(M) = Adj(M)M = Det(M)1

(n)
dDet( k, 1 (n) (n) (n) (n)  (n) (n) (n)
y dL(L ) = 163 [(3&1 +20 ) Det(k,) + <a2 — al) Tr (Adj(ﬁ;l,)q;)}

() () (n) (n) m) 1 /)@

a1=2T—ggf—gg§, oy = AN+ 2T — 392, L (YYT—E;YY“)
,  (Mmae) ()

Above the highest seesaw scale: Tr ( Adj( k, ) C5 | =0

(0) (0) (0)
Below the lowest seesaw scale: (AdJ Ky ) ) = 3Det(kx,)

(n (n)
Among seesaw scales: Tr (Adj(f{v)o ) Q Det (k)




Threshold Effects on the Massless Neutrino
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Threshold Effects on the Massless Neutrino

(n)
(n) (n) (n) dDet( k,, 1 (n) (n)  (n) (n) (n)
Tr (Adj(ﬁ;,,)cg) = (3—n)Det(k,) mmp u ilp(zﬁ ) = 162 [3@1 + (3 —n) (a2 — al) + 26] Det(x,)

Solution for the determinant:

Det(k,(t)) = Iy (1) - Det(r,(t,))
( (31) J—
‘([I)nt (t.14) (a) by <t<ty| 1) = ln(,u(n))
2 3 _
I (8, t5) Th (t3:2,) ty<t<ty| Hn =My
b =0 o ®) i = Mgy
Iy (1) Tny (Eo,3) Iy (3, 14) t, <t <ty
(OI) (1,) (2’) (3/)
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The vanishing neutrino mass is stable against one-loop RG running effects
EVEN with threshold effects 10



Two-loop RG Running Effects

Rank-increase diagram for renormalization of the Weinberg operator:
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S. Davidson, G. Isidori, A. Strumia, 2007; Z. Z. Xing, DZ, 2020; A. Ibarra, N. Leister, DZ, 2024
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Conclusions

We revisit the one-loop RGEs in the canonical seesaw mechanism among
seesaw scales and obtain the missed terms

We achieve the running behavior of the determinant of the effect neutrino
mass matrix against the energy scale

We strictly prove that if the lightest neutrino is initially massless, it remains
massless at the one-loop level even threshold effects are taken into account.

Nevertheless, two-loop RG running effects can generate a non-zero mass for
the initially massless neutrino

THANKS TOR YOUR ATTENTION
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Backup

For 3x3 matrix M, its adjugate can be written as
Adi(M) = 5 [(Tr(M))? — T (M?)] 1 — MTe(M) + M
-
Adj(M + W) =Adj(M) + Adj(W) — MTx(W) — WTr(M) + MW + WM
+ [Tr(M)Te(W) — Tr(MW)| 1
¥
Tr (Adj(M + W)W) =3Det(W) + 2Tr (Adj(W)M) + Tr (Adj(M)W)

\ 4

Tr (Adj(6(?)C8") =3Det(C{”) + 2Tr (Adi(CE”)w) + Tr (Adj(x5)CE")
Tr(Adj(ﬁ,(,”))mg")) 3Det (k™) + 2Tr (Adj( (“))05(“)) (Adj(o(n)) 5’;))

.
Det( n)) Det(C(n)) + Det(x (n )) + Tr (AdJ(O )r.;ﬁ_?})) (AdJ( )C(n))
. o

[AdJ( <n))c(”)] — Det (k™) + 2Det(C™) — Det(x (”))JrTr[Adj(C(”))ﬁ:(”)]

[Adj( <n>)c§“>] — 2Det (k™) + Det(C™) — 2Det (k) — Tr [Adj( (“>)c§”>]
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Backup

Some essential points used for discussion:

> For 3-by-3 matrices, one can prove

/ Tr (Adj(M + W)W) = 3Det(W) + 2Tr (Adj(W)M) + Tr (Adj(M)W) Linear algebra relation

(n) (n) (n) (n) (n) (n) (n)
Tr ( Adj(k,)Cs Det(x,) + 2Det( Cs Det + Tr [ Adj(C
\ (Adi(R)C,) = Den(,) + 2Der(E}) - Det(p) + T (Adi( o) independent of
(n) (n) (n) (n) (n) (n) (n) the energy scale
Tr (Adj(/i,,)C%) = 2Det(k,) + Det(Cy) — 2Det(kp) — Tr (Adj(ﬁ:D)C5) 9y

dX .
» The differential equation of C5 has the form hay =X +BX + X0, leading to
that its rank will not be changed by running effects

OEENOIOINO
> The rank of «, = Y, M,'VT is determined by those of Y, and M, i.e.,

Rank(ﬁ;D) = mln{Rank(( Y)), Rank((n) My)}

> If Rank(M) < n - 2 with n being the dimension of M, then Adj(M) =

» Subadditivity: Rank(M+W) < Rank(M) + Rank(W)
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Backup

B Two right-handed neutrinos: trivial

A

The determinant of the effect neutrino mass matrix

y

(1) 2) (2 (1)
(Cs)aﬁ = ( u)az(yy)ﬁz/Mg m) Rank(C.(M,)) =1

1 1 1 1 (1)
Rank(Ch(u)) = 1 ip() = Yo () Y2 (/M () wp Rank(rp () = 1

Rank(t, (1)) < Rank(Ch (1)) + Rank(p (1)) — 2 wmb Det(r, (1)) = 0

(0) (1) (0)
ky (My) = ky (My)  wp Det(r, (M;)) =0

(0)
Det(x, (1)) =0

) Massless neutrino

remains vanishing against RG running effects
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Backup

B Three right-handed neutrinos:

M3

(n) ( ) (n)
Tr (Ad_] ) = Det(ﬁ )+ 2Det(C'5) Det(ﬁD) + Tr (AdJ(C'

)())

(3) (3) (Ad_] )(5*5) 2Det +Det(C 2Det((m;)Tr(Adj(:D)C5)

Rank(x, (1)) = Rank(Y, (n)) < 3
(2) (3) (3) (2)
(C5)ag = (¥,)a3(Y, ) gs/M; wmhp Rank(C5(Ms)) =1
Rank( % (1)) = Rank(CQ’)( M) =1 Rank((fsjg(u)) = Rank((}%,)j(u)) <2
(2) (2)

Det(Ch(10)) = Det(ip(n)) =0 Adj(Ch(1s) = 0

(2) (2) (2)
T Adito, () () ) = Det(s (1)

(Ch)as = (Co)as Vo)t Y2 s/ My b Rank(C ”5 My)) < Rank(Ch(My))+Raank(yy (My)y £ (My)/My) = 2
Rank(C5(u)) Rank(C’5( ) <2 mmp Det @) =0
Rank(sp (1)) = Rank(Y, (1)) = 1 mmp Det(op () = Adi(rp(s)) = 0
€3] 1) (1)
i Adin ()4 (1)) = 2Det(, 1)
o . 0 ~(n) (n) (n)
o, (M,) = Cy(M,) = ry (M,) Tr | Adj(ky)C5 | = (3 —n)Det(ky)

(0)

(0) (0)
Tr (Adj(ﬁ:y (1)C m)) — 3Det(ry (1))
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Backup

Running of the determinant against u: Det(x,(¢)) = I}, (t) - Det(x,(t,))

—— In(Iper)

- - -« In(ny)

S
N
IIII|IIII|IIII|IIII|IIII|IIIIIIIII|IIII|

-08 coul ¢vvod v vl 1o
10? 10* 10° 108 109 102 101 106
u/GeV

Ipe(t) = Det(k, (t))/Det(x,(t,)) is calculated directly from «,

I (1) is calculated from its expression with Higgs, gauge and Yukawa couplings
17



Backup

. . . (n) (n) (n)
A little more discussion on Tr (Adj(m,,)cs) = (3 —n)Det(k,)

(n), (n) (n) (n) (n) (n)
(n) (n)(n)  (n)(n) (n) (n) (n) (n) (n) (n) (n) U}k, Ur = Diag{x,, Xa, X3}
(B=n)x1XaX3 = X2X3(Cs)11 + X1X3(Cs)az + X1 X2(Cs)33 (n) ({})T(n) (n)
. (n) (n) . 5 — v—5>v
Running of R, = (C;),;/x; against the energy scale:
05

3.0 -

- 04

= —— Re(Ry) = — Im(Ry)
2.5:— Re(R,) 03F — ImRy

C Re(Rs) waf  —— m@®
200  — ZLiRe®) - I Im®)

C 0.1
15[ 0.0"

- —01F
1.0 -

- 021
0.5 ~03F

- —04C
0.0 -

<

10? 104 10° 103 10'° 1012 10 106 104 108 108 1010 1012 104 10'¢
u/GevV p/GevV

n n “] .
; RE[{%:)&/ [x)] =3-n ; Im[((f,’s)ﬁ /{x:] -0 18
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